ABSTRACT

MADARIAGA ROMAN, JAVIER IVAN. Stochastic Iterations in Hilbertian Nonlinear Analysis.
(Under the direction of Dr. Patrick Combettes).

This dissertation focuses on the development and the analysis of stochastic iterative methods
for solving nonlinear analysis problems in Hilbert spaces, including minimization, monotone in-
clusion, and fixed point problems. The methods under consideration are stochastic in the sense
that, at every iteration, the update is constructed using random quantities, e.g., problem data
defined over probability spaces, activation of random blocks of operators or coordinates, use of
stochastic approximations of the operators, averaging of operators with random weights, and
random relaxation parameters. Abstract frameworks are constructed to analyze in an unified
fashion these methods and establish both almost sure and mean-square convergence results
for the sequences of iterates they produce. They allow us to design novel stochastic algorithms
for composite inclusion problems, fixed point iterations, gradient descent, and extrapolated
parallel algorithms for feasibility problems. They also allow us to improve existing results on
the convergence of stochastic methods such as the stochastic Krasnosel’skii-Mann algorithm
and the stochastic gradient algorithm. Finally, an abstract stochastic version of the Haugazeau
method is proposed to compute the best approximation from a closed convex set by successive
projections onto randomly generated stochastic outer approximations of that set. Throughout
the dissertation, numerical experiments are provided to illustrate the theoretical findings.

This dissertation was supported by the U.S. National Science Foundation grants CCF-
2211123 and DMS-2513409 (PI: P. L. Combettes).
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DEDICATION

Para Catalina: Sine qua non.

Resumen. Iteraciones Estocasticas en el Andlisis no lineal Hilbertiano (Bajo la direccion de
Patrick L. Combettes.) Esta disertacién se enfoca en el desarrollo y el analisis de métodos
iterativos estocasticos para resolver problemas de analisis no lineal en espacios de Hilbert, in-
cluyendo problemas de minimizacion, inclusion mondétona, y punto fijo. Los métodos bajo con-
sideracion son estocdsticos en el sentido de que, en cada iteracion, la actualizacion es construida
usando cantidades aleatorias, por ejemplo, datos del problema definidos sobre espacios de prob-
abilidad, activacion de bloques aleatorios de operadores o coordenadas, uso de aproximaciones
estocasticas de los operadores, promediado de operadores con pesos aleatorios, y parametros de
relajacion aleatorios. Esquemas abstractos son construidos para analizar de una manera unifi-
cada estos métodos y establecer resultados de convergencia tanto casi segura como en media
cuadratica para las secuencias de iterados que ellos producen. Ellos nos permiten disefar al-
goritmos estocasticos novedosos para problemas de inclusion compuesta, iteraciones de punto
fijo, descenso de gradiente, y algoritmos paralelos extrapolados para problemas de factibilidad.
Ellos también nos permiten mejorar resultados existentes sobre la convergencia de métodos
estocasticos tales como el algoritmo estocastico de Krasnosel’skii-Mann y el algoritmo de gra-
diente estocastico. Finalmente, una version estocastica abstracta del método de Haugazeau
es propuesta para computar la mejor aproximacién desde un conjunto convexo cerrado por
proyecciones sucesivas sobre aproximaciones exteriores estocasticas generadas aleatoriamente
de ese conjunto. A lo largo de la disertacién, experimentos numéricos son proporcionados para
ilustrar los hallazgos tedricos.
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NOTATION AND DEFINITIONS

The following notation is used throughout this dissertation.

General notation

e (Q,F,P): Complete probability space.
(E,9), (K,X): Measurable spaces.
e X, X,,: Sub c-algebras of 7.

e o, B, x,y, T (sans-serif letters): Deterministic variables.
e a, f, x,y, T (italicized serif letters): Random variables.
e H, H;, G, G.: Separable real Hilbert spaces.

e (-] -): Scalar product of a real Hilbert space.

e || -||: Norm.

o (P, Hi: Hilbert direct sum of a finite family (H;)ic; of real Hilbert spaces, that is,

@ Hi = {X = (X )ier

i€l

(Vi S I) Xj € Hi}

equipped with the scalar product (x,y) = Yicr (X | yi)n,-
e |d: Identity operator.
o 2M: Power set of H.
e L*: Adjoint of a bounded linear operator L: H — G.
e —: Strong convergence.
e —: Weak convergence.

e |IL|| = sup{|ILx|| | x € H, ||| < 1}: Norm of a bounded linear operator L: H — G.

Notation and definitions relative to a function f: H — [—co, +c0]

e domf = {x € H|f(x) < +co}: Domain of f.

epif = {(x £) e HxR | f(x) < &}: Epigraph of f.

f is proper if —co ¢ f(H) and domf # @.

Suppose that f is proper. Then Argminf = {x € H | f(x) = inf f(H)} is the set of minimizers
of f over H.

f is convex if epif is a convex subset of H ® R.

f is lower semicontinuous if epif is a closed subset of H & R.

Ih(H): Set of proper lower semicontinuous convex functions from H to |—co, +oo].



e Conjugate of f: f*: H — [—co, +00] : X* > sup, .y ({(x|x*) — f(x)):

e Suppose that f is proper. Then
of :H- 2" xs {x" e H| (Y eH) (y—x|x")+f(x) < f(y)} (1)

is the subdifferential of f.

e Suppose that f € IH(H). Then, for every x € H, prox; x denotes the unique minimizer of
the function f + (1/2)|| - — x||?. The proximity operator of f is prox;: H — H: x > prox; x.

Notation and definitions relative to a subset C of H

e ic: Indicator function of C, that is,

0, if xeC;
ic: H— [0,+00] : x > (2)
+o0o, if x¢ C.
e int C: Interior of C.
e C: Closure of C.
e sri C: Strong relative interior of C, that is,
sriC = {x eC U AMC —x) is a closed vector subspace of H}. 3
A€]0,+00[
e 1i C: Relative interior of C, that is,
riC = {x eC U AMC —x) is a vector subspace of H}. 4

A€]0,+00

dc: H — [0,400]: x — inf||C — x||: Distance function to C.

e Suppose that C is nonempty, closed, and convex. Then projc = prox,..

Notation and definitions relative to an operator T: H —» H

e FixT = {x € H | Tx = x}: Set of fixed points of T.

e T is cocoercive with constant f§ € |0, +oo[ if

(Vx e H)(Wy € H)  (x—y|Tx=Ty) > Bl Tx - Tyl*. ()

e T is Lipschitzian with constant f§ € [0, +oo| if

(Vxe H)(Yy e H)  [[Tx=Tyll < Bllx - yll. 6)

xi



e T is nonexpansive if it is Lipschitzian with constant 1.

e T is firmly quasinonexpansive if

(Vx € H)(Vy € FixT) [ Tx =yl + [ Tx = xII” < [Ix - yl%. (7)

Notation and definitions relative to a set-valued operator M: H — 2"

e domM = {x € H | Mx # @}: Domain of M.

e ran M = |,y Mx: Range of M.

e zerM = {x € H | 0 € Mx}: Set of zeros of M.

e graM = {(x,x*) eHxH|x"e Mx}: Graph of M.

e M~L: Inverse of M, that is,
M H - 2" x5 {xe H | x* € Mx}. (8)

e Ju = (Id + M)~1: Resolvent of M.

o M is monotone if
(V(xx") € graM)(Y(y,y*) € graM) (x—y|x"—y*) > 0. 9

e M is maximally monotone if M is monotone and, for every monotone operator M’: H —
2H graM c graM’ = M= M.

Notation and definitions relative to a random variable ¢{: Q —» R

o E&= L &(w)P(dw): Expectation of &.

E(£]9): Conditional expectation of ¢ given G.

o({&}ier): The c-algebra generated by the family of random variables {& }ic:.

(Vp € [1,+c0]) LP(Q,F,P;R): Space of equivalence classes of P-a.s. equal random vari-
ables ¢ such that E|£|P < +oo.

L®(Q,JF,P;R): Space of equivalence classes of P-a.s. equal random variables ¢ such that
inf{n € [0, +co[ | |£] < n P-a.s.} < +o0.

xii



AUTHORSHIP STATEMENT

Chapter 1

Javier I. Madariaga: sole author of Chapter 1.

Chapter 2

First Published in: P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly
activated monotone operator splitting methods, SIAM Journal on Imaging Sciences, vol. 18, pp.
2177-2205, 2025, published by the Society for Industrial and Applied Mathematics (SIAM).
Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Chapter 3

P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic iterations, Mathe-
matics of Computation, to appear. First published in Mathematics of Computation (to appear),
published by American Mathematical Society.

© American Mathematical Society.

Chapter 4

P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic scheme for

solving monotone inclusions, submitted.

Chapter 5

J. I. Madariaga, Convergence of the iterates of the stochastic proximal gradient method, sub-
mitted.

Chapter 6

J. I. Madariaga, An abstract stochastic Haugazeau method for best approximation, submitted.

Chapter 7

Javier I. Madariaga: sole author of Chapter 7.

Use of generative artificial intelligence: No generative artificial intelligence was used to

write this dissertation.

xiii



Chapter

INTRODUCTION

1.1

Overview

The objective of this dissertation is to propose general algorithmic frameworks and convergence

principles for dealing with stochasticity in a broad class of algorithms arising in optimization

and nonlinear analysis. Throughout, H is a separable real Hilbert space with scalar product (- | -)

and induced norm [|-||, and the underlying probability space (Q, F, P) is complete. We denote

by Z c H the set of solutions to the problem of interest and assume that it is nonempty, closed,

and convex. This setting covers a broad range of models in nonlinear analysis, including the

following ones in which the solution set Z is assumed to be nonempty.

Let f: H — ]—o0,+o0] be a lower semicontinuous convex function. The problem is to
minimize f, where Z = Argminf.

Let T: H — H be a nonexpansive operator, i.e., 1-Lipschitzian. The problem is to find a
fixed point of T, i.e., apointin Z=FixT={ze H | Tz=z}.

Let M: H — 2H be a maximally monotone operator, i.e.,
(V(xx") € Hx H) [ (x,x*) € graM & (V(y,y") € graM) (x—y|x" —y*) > 0]. (1.1)

The problem is to find a zero of M, i.e., to find a pointin Z =zerM = {z € H | 0 € Mz}.

Let (Zx)1<k<p be a finite collection of closed convex subsets of H. The problem is to find a

common point of the collection, where the solution set is Z = (;<x<p Zk-

Let B: H — H be a maximal monotone operator and let ¢: H — ]—o0,+o0]| be a lower
semicontinuous convex function. The variational inequality problem consists in finding a
point in

z:{zeH|(vXeH) (z—x|Bz>+<p(z)<<p(x)}. (1.2)



These examples are prominent in equilibria across diverse fields such as mechanics [46,58], dy-
namical systems [1], domain decomposition methods [3,6,7], machine learning [5, 33,50, 71],
partial differential equations [16, 23, 49, 67], signal processing [35, 36, 52], image process-
ing [22, 24,47, 63] data science [32,45], neural networks [12,31, 72, 73], and optimization
[4,8,9,13,28,53]. A central notion for finding a point in Z is Fejér monotonicity: A sequence
(Xn)nen in H is Fejér monotone with respect to Z if

(VzeZ)(Yn €N) %01 =zl < |Ix0 — 2| (1.3)

Provided that every weak sequential cluster point of (x,)nen belongs to Z, the sequence con-
verges weakly to a point in Z [11, Theorem 5.5]. This fact has been used to show the weak
convergence of a wide range of deterministic algorithms in nonlinear analysis [26, 27].

When studying algorithms for solving nonlinear problems, stochasticity can arise at different
levels.

* The problem itself is defined using probability spaces [14,15,19,48,54,61].
* The activation of randomly selected blocks of operators [38,51,60,62, 68].
* The randomized activation and updating of coordinate blocks [17,29,30,59].

* The use of stochastic approximations for the underlying operators [20,40,43,55,64,65].
State-of-the-art stochastic methods address only specific aspects of stochasticity, and there is no
unified analysis for them. Moreover, their results for asymptotic behavior remain unstandard-
ized. Indeed, a significant volume of research focuses exclusively on weaker forms of conver-
gence, such as ergodic convergence or convergence of the values of the objective function in
the context of minimization. The few studies concerning iterates convergence focus on almost
sure convergence and LP convergence, mostly in finite dimensional settings.

Our goal is to analyze stochasticity in iterative algorithms in full generality. Furthermore,
we aim at exploring conditions that guarantee almost sure and LP convergence of sequences
constructed by stochastic methods. To achieve this, we leverage concepts analogous to those
used in deterministic methods by applying (1.3). Unlike their deterministic counterparts, how-
ever, stochastic iterations are not generally Fejér monotone in an almost sure sense. In practice,
random updates introduce perturbations that modify the trajectory of the algorithm. For ex-
ample, the stochastic gradient descent method is not a “descent” method in the strict sense.
Given this, the generated sequences often move away from the target set of solutions Z during
individual steps. Thus, the condition of (1.3) is too restrictive for the analysis of these methods.
To address this issue, the concept of stochastic quasi-Fejér monotonicity was introduced to an-
alyze stochastic iterations, first in the late 1960s for Euclidean spaces in the works of Ermol’ev
[41,42,44], and later extended to Hilbert spaces in [29, 30]. A sequence (x,)nen of H-valued
random variables is stochastic quasi-Fejér monotone with respect to Z if

(VzeZ)(Yn € N)  E(|[xne1 — zlI*| o (x0,- - -, X)) < llxn — 2l1* + 10 (2) P-as., (1.4)



where, for every z € Z, (1,(z))nen is a sequence of [0, +oo[-valued random variables satisfying

Yinent In(2) < +o00 P-a.s. Conceptually, this means that for any solution z € Z and any iteration n €

N, the update x,,1 is conditionally expected to be closer to every solution z than x,, up to some

stochastic error 7, (z). If, for almost every o € Q, the weak cluster points of (x,(®))neny belong to

Z, then (x,)nen converges weakly P-a.s. to a Z-valued random variable [29, Proposition 2.3(iv)].

The analysis of stochastic iterative methods has seen significant development in the last

decades. Yet, many important open questions remain unanswered. We list below the ones that

will be addressed in this dissertation:

QD)

(Q2)

(Q3)

(Q4)

Many stochastic splitting algorithms have been proposed in the literature for solv-
ing large-scale composite inclusion problems involving monotone and linear operators
[2,21,39,62,69]. To establish convergence, these methods rely on restrictive assump-
tions, such as finite-dimensional spaces, strong monotonicity or cocoercivity of the op-
erators, or knowledge of a bound on the norm of the linear operators (Ly)i<k<p, among
many others. Further, just a few of them guarantee weak P-a.s. convergence of the it-
erates. Can we develop stochastic splitting methods for solving the composite inclusion
problem by avoiding the extra assumptions and that guarantee weak P-a.s. convergence
of the constructed sequence (xp)nen?

A notable fact about Fejér monotonicity is that every Fejér monotone sequence (x,)nen
can be constructed by an iterative process in which, at every iteration n € N, x,,1 is a
relaxed projection of x, onto a half-space H, of H that contains Z [10, Proposition 2.7].
This fact is important for the design and the analysis of iterative methods for finding
a point in Z. (see, e.g., [27, Section 4.2]) and leaves the following question: Does a
geometric framework exist that covers the construction of stochastic quasi-Fejér monotone
sequences and explains their asymptotic behavior?

In [27, Section 4.4], a monotone inclusion problem is studied that considers the sum of
two operators W + C, where W: H — 2" is maximally monotone and C: H — H is cocoer-
cive. An abstract framework to solve it is provided, which covers classical algorithms such
as the proximal point algorithm [56,66], the forward-backward-forward algorithm [70],
the unrelaxed forward-backward algorithm [57], among others. Additionally, in [18], this
framework is explored in the context of saddle block-iterative projective splitting meth-
ods. Can this framework be extended to the context of stochastic iterations?

The problem of minimizing the sum of two convex functions when one of them is smooth,
has been extensively studied via the proximal-gradient method; see [33, 34,37]. In mod-
ern applications, such as those in machine learning, a common approach is to express
those functions as the sum (or integral in the continuous case) of a collection of func-
tions. These individual components are simpler in the sense that their proximity operator
and gradient (for the smooth function) are known and easy to evaluate. Can we provide
suitable assumptions that guarantee the convergence of the proximal-gradient method



(Q5)

1.2

when the functions are selected randomly?

Haugazeau’s scheme has been used to solve the best approximation problem from closed
convex sets in Hilbert spaces. Under mild conditions, one can construct a sequence that
converges strongly to the solution [10,25]. However, this deterministic scheme does not
allow for the incorporation of randomness as in stochastic block-coordinate splitting iter-
ations. Can we construct a version of Haugazeau’s scheme to solve the best approximation
problem through stochastic iterations?

Contributions and organization

The main contributions of the thesis are outlined below.

In Chapter 2, we answer (Q1) positively by introducing three different algorithmic frame-
works for solving large-scale composite inclusion problems involving monotone and linear
operators in Hilbert spaces. Each framework guarantees weak almost sure convergence
to a solution without extra assumptions.

We address (Q2) in Chapter 3, where we propose a geometric framework to construct
stochastic quasi-Fejér monotone sequences. This framework recovers the deterministic
case and provides a template to create new stochastic methods. We establish conditions to
achieve almost-sure convergence, convergence in expectation, and convergence in mean-
square. We apply this framework to derive novel results in the context of the stochastic
gradient descent method in Hilbert spaces, stochastic extrapolated parallel algorithms for
feasibility problems, among others.

In Chapter 4, we focus on question (Q3) and specialize the geometric framework to de-
velop a stochastic scheme for solving a broad range of systems of composite inclusion
problems. The proposed scheme uses, at each iteration, stochastic approximations to
points in the graph of the operators to form the update. We apply the scheme to de-
rive the convergence of versions of the proximal point algorithm as well as randomized
block-iterative projective splitting methods.

Question (Q4) is addressed in Chapter 5. The convergence of a sequence generated by
the stochastic proximal gradient method is established under suitable assumptions on
the subgradients. Unlike state-of-the-art methods, this result requires neither bounded
variance of the random variables nor uniform boundedness of the subgradients.

Chapter 6 is devoted to (Q5). We introduce an abstract stochastic Haugazeau method to
compute the best approximation to a point from a closed convex set in a Hilbert space.
We also provide conditions to derive strong convergence in both the mean square and
the almost sure senses. We apply the results to design stochastic extrapolated parallel
algorithms for computing the best approximation from an arbitrary intersection of sets.

We conclude the dissertation in Chapter 7 and we provide future research directions.



1.3 Publications

This work has produced the following two conference articles and five journal articles:
1. P. L. Combettes and J. I. Madariaga, Randomly activated proximal methods for nons-
mooth convex minimization, Proceedings of the European Signal Processing Conference,
pPp. 2642-2646. Lyon, France, August 26-30, 2024.

2. P. L. Combettes and J. I. Madariaga, Stochastic block-iterative parallel subgradient pro-
jections method with super relaxations, Proceedings of the European Signal Processing
Conference, pp. 2757-2761. Palermo, Italy, September 7-12, 2025.

3. P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly activated mono-
tone operator splitting methods, SIAM Journal on Imaging Sciences, vol. 18, pp. 2177-
2205, 2025.

4. P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic iterations,
Mathematics of Computation, to appear.

5. P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic scheme
for solving monotone inclusions, submitted.

6. J. I. Madariaga, An abstract stochastic Haugazeau method for best approximation, sub-
mitted.

7. J. 1. Madariaga, Convergence of the iterates of the stochastic proximal gradient method,
submitted.
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Chapter

ALMOST-SURELY CONVERGENT
RANDOMLY ACTIVATED MONOTONE
OPERATOR SPLITTING METHODS

2.1 Introduction and context

We address question (Q1) of Chapter 1 by introducing three algorithmic frameworks for solving
large-scale composite inclusion problems involving monotone and linear operators.
This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly acti-
vated monotone operator splitting methods, SIAM Journal on Imaging Sciences,
vol. 18, pp. 2177-2205, 2025.

2.2 Article: Almost-surely convergent randomly activated mono-
tone operator splitting methods

Abstract. We propose stochastic splitting algorithms for solving large-scale composite inclu-
sion problems involving monotone and linear operators. They activate at each iteration blocks
of randomly selected resolvents of monotone operators and, unlike existing methods, achieve
almost sure convergence of the iterates to a solution without any regularity assumptions or
knowledge of the norms of the linear operators. Applications to image recovery and machine
learning are provided.
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2.2.1 Introduction

The problem of extracting information from data is at the core of many tasks in signal process-
ing, inverse problems, and machine learning. A prevalent methodology to seek meaningful solu-
tions is to build a mathematical model that incorporates the prior knowledge about the object of
interest X and the data, which consist of observations mathematically or physically related to x
(see Figure 2.1). Since the first mathematical formalizations of Euler [23] and Mayer [31] in the

Prior knowledge

Mathematical model

Algorithm

G
Figure 2.1 Data processing flowchart.

late 1740s, which contained the embryo of least-squares data fitting techniques, convex mini-
mization formulations have been a tool of choice. The following problem encapsulates a broad
range of minimization models found in data analysis problems [2,4,5,7,10,12,16,25,28,39]
(see Section 2.2.2.1 for notation).

Problem 2.1 H is a separable real Hilbert space and f € IH(H). For every k € {1,...,p}, Gk is
a separable real Hilbert space, g € Ip(Gk), and 0 # Lx: H — Gy is linear and bounded. It is
assumed that zer(of + ZE=1 Ly o (dgk) o Lx) # @. The task is to

P
minimize f(x) + Z g (Lix). 2.1
xeH
k=1

In recent years, an increasing number of problem formulations have emerged, which cannot
be naturally reduced to tractable minimization problems and which are best captured by more
general notions of equilibria provided by inclusion problems [14,15,17,18,24,27,35,41,42]. A
formulation covering such models, as well as Problem 2.1, is the following composite monotone

inclusion formulation.

Problem 2.2 H is a separable real Hilbert space and A: H — 2" is maximally monotone. For
every k € {1,...,p}, Gy is a separable real Hilbert space, By : G, — 2% is maximally monotone,
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and 0 # L.: H — G, is linear and bounded. It is assumed that Z = zer(A + ZEZl Ly oBkoly) # @.

The task is to .
find x € H such that 0 € Ax+ )" Lj(By(Lix)). (2.2)

k=1
Splitting algorithms for solving Problem 2.2 operate on the principle that each nonlinear
and linear operator is used separately over the course of the iterations. Since the nonlinear
operators are general set-valued monotone operators, they must be activated through their
resolvent. Various deterministic operator splitting methods are available to solve Problem 2.2,
most of which require the activation of the resolvents of the p + 1 operators A and (By)i<k<p at
each iteration [11]. Our specific focus is on solving Problem 2.2 in instances when p is large,
as is often the case in data analysis problems. In such scenarios, memory and computing power
limitations make the execution of standard monotone operator splitting algorithms inefficient if
not simply impossible. We aim at designing monotone splitting algorithms which are stochastic
in the sense that they activate a randomly selected block of operators at each iteration and, in
addition, allow for random errors in the implementation of these resolvent steps. Furthermore,

the proposed algorithms satisfy the following requirements:

R1: They guarantee the almost sure convergence of the sequence of iterates to a solution
to Problem 2.2 (respectively Problem 2.1) without any additional assumptions on the
nonlinear operators (respectively the functions), the linear operators, or the underlying
Hilbert spaces.

R2: At each iteration, more than one randomly selected resolvent of the operators
(A, Bq,...,Bp) can be activated.

R3: Knowledge of bounds on the norms of the linear operators is not required.

R4: The operators are available only through a stochastic approximation.

Requirement R1 imposes actual iterate convergence to a solution and not a weaker form of con-
vergence such as ergodic convergence, vanishing step sizes, or, in the context of Problem 2.1,
convergence of the values of the objective function. It also asks that Problems 2.2 and 2.1 be
addressed in their generality, without restricting their scope by introducing additional assump-
tions. Requirement R2 makes it possible to activate more than one operator, hence opening
the way to matching efficiently the computational load of an iteration to the possibly parallel
architecture at hand. Requirement R3 broadens the scope of the methods by not assuming any
knowledge of the norms of the linear operators present in the model. For instance, in domain
decomposition methods, it is quite difficult to obtain tight upper bounds on the norms of the
trace operators [3]. Finally, in the spirit of the classical stochastic iteration models of [8,22,37],
R4 addresses the robustness of the algorithm to stochastic errors affecting the implementation
of the operators.

As will be seen in the literature review of Section 2.2.2.2, there does not seem to exist meth-
ods that satisfy simultaneously R1-R4. Our main contribution is presented in Section 2.2.3,
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where we propose three algorithmic frameworks that comply with R1-R4. Section 2.2.4 is de-
voted to the minimization setting of Problem 2.1. The last section of the paper is Section 2.2.5,
where the proposed algorithms are applied to signal restoration, support vector machine, clas-
sification, and image reconstruction problems.

2.2.2 Notation and existing algorithms
2.2.2.1 Notation

Throughout, H is a separable real Hilbert space with power set 2", identity operator Id, scalar
product (- | -), and associated norm || - ||.

Let A: H — 2M. The graph of A is graA = {(xx*) e Hx H | x* € Ax} and the set of zeros
of A is zerA = {x € H | 0 € Ax}. The inverse of A is the operator A~t: H — 2H with graph
graA™l = {(x,x) e HxH | x* € Ax} and the resolvent of A is Jo = (Id + A)~1. Further, A is
maximally monotone if

(V(xx") € Hx H) [ (xx*) e graA & (Y(y,y") € graA) (x—y|x*—y*) >0 ] (2.3)
An operator F: H — H is firmly nonexpansive if
(Vx € H)(Yy e H)  (x—y|Fx—Fy) > ||Fx — Fy|?. (2.4)

Lemma 2.3 Let F: H — H be firmly nonexpansive and let y € ]0,+oo[. Then there exists a maxi-
mally monotone operator A: H — 2" such that the following hold:

(i) F=Ja.
(i) JyF = 1d = yJ14y1a © (1 +y)7Md.

Proof. (i): See [6, Corollary 23.9].

(ii): This follows from (i) and [6, Proposition 23.29]. 0O

Ih(H) denotes the class of lower semicontinuous convex functions f: H — ]—oo, +00] such
that domf = {x eH | f(x) < +00} # @. Let f € TH(H). The subdifferential of f is the maximally
monotone operator

of: H—2": xis {x* e H| (Vze H) z—x|x") +f(x) < f(2)} (2.5)
and the proximity operator of f is
prox; = Jyr: H — H: x + argmin (f(z) + %Hx - z||2). (2.6)
zeH

Let C be a nonempty closed convex subset of H. Then ic denotes the indicator function of C, d¢
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the distance function to C,

{x*eH | (Vy € O) <y—x|x*)<0}, if xe C;

Nc =adic: x> 2.7)

@, otherwise

the normal cone operator of C, and projc = prox, = J. the projection operator onto C. In
particular, if V is a closed vector subspace of H, then

H V4, if xeV;
Ny: H—2":x— (2.8)
@, otherwise.

The underlying probability space (Q,F, P) is assumed to be complete and By denotes the
Borel c-algebra of H. An H-valued random variable is a measurable mapping x: (Q,F) —
(H, Bl). The c-algebra generated by a family ® of random variables is denoted by o(®). Given
x:Q > Hand S c H, we set [x € S] = {w € Q | x(w) € S}. The reader is referred to [6]
for background on monotone operators and convex analysis, and to [29] for background on
probability in Hilbert spaces.

We use sans-serif letters to denote deterministic variables and italicized serif letters to de-
note random variables. Finally, in connection with Problem 2.2, we define the Hilbert direct
sum

G=G1® - -8G), (2.9)

as well as the subspace
WZ{XEHGBG‘ (Vk e {1,...,p}) Xk+1:LkX1}, (2.10)

and note that

p
WLz{x*eHEBG xiz—Z [zx[;l}. (2.11)

k=1

2.2.2.2 Existing algorithms

It seems that no algorithm satisfying requirements R1-R4 has been explicitly proposed to solve
Problem 2.2 — or even Problem 2.1 — in the literature. There is a vast body of papers on
random activation algorithms in the special case of Problem 2.1 that consists in minimizing a
sum of smooth functions ZE:I g« in H = RN via so-called stochastic gradient descent methods.
Their principle is to activate a randomly selected gradient in (Vgy)i<k<p at each iteration; see
[21] and its bibliography and [19, 40] for related work with random proximal activations for
this type of problem. These methods focus on a very specific instance of Problem 2.1 and they
do not satisfy R1-R2. The only random activation algorithm tailored to Problem 2.1 which
guarantees almost sure convergence of the iterates without additional assumptions such as
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strong convexity is the following (see also [1] for a nonadaptive version).

Proposition 2.4 ([9, Theorem 2.1 and Algorithm 3.1]) Consider the setting of Problem 2.1
and suppose that H = RN and that, for every k € {1,...,p}, G, = RM, all considered as standard
Euclidean spaces. Let (my)1<k<p be real numbers in ]0,1] such that ZE:l m. = 1, and let (ky)nen
be identically distributed {1,..., p}-valued random variables such that, for every k € {1,...,p},
Plko = k] = mx. For every k € {1,...,p} and every n € N, set & = L[k =k Let 79 € ]0,+oo[ and
o9 € ]0, +oo[ be such that

LI
Toop IMax
1<ksp Tk

<1 (2.12)
Further; let yo € [0,1[, n € ]10,1[, and 8 € |1,+oo[, set po = 0 and vy = 0, let x1,0 be a H-valued
random variable, and let y, be a G-valued random variable. Set zo = yyand L: H — G: x

(Lix)1<k<p, and iterate

forn=0,1,...
Th . )
(T2 on(T= s an) o> Ly

[ .
(oot 001, 1) = 1 (L= g0). 775 gon). 4 i < LIS
n

. L|lv
(0,0 1), if 1% < < L

X1n41 = X1 +PIOX, ¢(x1n = Tns1 Xp_; Lizicn)
fork=1,...,p

(2.13)
Ykn+l = Ykntl T+ Ekn (proxgmlg;: (yk,n + On+1 kal,n+1) - yk,n)
1
Zkn+l = Yk,n T En (yk,n+1 + j_[_k(yk,n+1 - yk,n) - yk,n)
1 1
Pn+l = . (xn - xn+1) - TE_knL;;" (ykn,n - ykn,n+1)H1
1 1
Vel = _”Lkn (xn - xn+1) - _(ykn,n - ykn,n+1)” )
T[kn n+1 1
where || - ||1 denotes the £'-norm. Then (x1.,)nen converges P-a.s. to an Argmin(f + ZE:1 g o Ly)-

valued random variable.

Algorithm (2.13) is of interest because it guarantees R1 in a finite-dimensional setting.
However, it does not satisfy R2 since, at each iteration, f must be activated together with one of
the functions (gx)1<k<p- It does not satisfy R3 either since it requires the knowledge of the norms
of linear operators in (2.12). We also note that it does not tolerate errors in the evaluation of
the proximity operators, which means that R4 is not satisfied.

Let us now turn to the general Problem 2.2. The only algorithm that satisfies R1 is that
of [34], which corresponds to an implementation of the random block-coordinate forward-
backward algorithm of [13, Section 5.2] suggested in [13, Remark 5.10(iv)].
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Proposition 2.5 ([34, Proposition 4.6]) Consider the setting of Problem 2.2. Let W: H — H
and, for every k € {1,...,p}, let Uc: G, — Gy be bounded linear strongly positive self-adjoint
operators such that

p
D2t < % (2.14)
k=1

Let (An)nen be a sequence in ]0,1] such that inf,ew Ay > 0, let x10 and (ajn)nen be H-valued
random variables, let vy and (b,)nen be G-valued random variables, and let (&,)nen be identically
distributed {0, 1}P \ {0}-valued random variables. Iterate

forn=0,1,...
Yi.n = Jwa (xl,n -W(ZP_, L;:Uk,n)) +ain

X1,n+1 = X0 + A (Y10 — X1,0)
fork=1,...,p

[ Un = gk,n(JUkB;1 (Uk,n + Uk (L (2y1,n — X1,n))) + bk,n)

Uk n+l = Okn + Ek,nxn (uk,n - Z)k,n),

(2.15)

and set (Vn € N) &, = o(&,) and X, = o(x1,,9))o<i<n- In addition, assume that the following hold:
(D) Znew VEUlarnll? [ Xs) < +eo and Fnew VE(IIbnll? [ Xq) < +oo.

(ii) Foreveryn e N, &, and X, are independent.
(iii) Foreveryle {1,...,p}, Plao=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Let us note that algorithm (2.15) satisfies R1 but not R2 since it must activate A at each
iteration, nor does it satisfy R3 since it requires the knowledge of the norms of linear operators
to implement (2.14). Another framework related to Problem 2.2 is that of [20], which allows
for random activations in Problem 2.2 in a finite-dimensional setting when no linear operator
is present and under the assumption that the operators (By)i<k<p are cocoercive. It therefore
does not satisfy several requirements of R1 and activates only one operator per iteration, which
violates R2. On the other hand, the recent work [38] solves Problem 2.2 in a finite-dimensional
setting when no linear operator is present and under strong monotonicity of the nonlinear
operators. Hence, it does not satisfy R1 and, since it does not allow for multiple activations at
each iteration, it does not satisfy R2 either.

2.2.3 Proposed algorithms
2.2.3.1 Multivariate framework

Our strategy consists in embedding Problem 2.2 into multivariate problems that have the fol-
lowing general form studied in [13] and involve m agents (xi,...,Xm)-
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Problem 2.6 Let (Xi)i<i<m and (Yj)1<j<r be families of separable real Hilbert spaces with Hilbert
direct sums X = X1®---®Xpand Y =Y &---®Y,. Foreveryi € {1,...,m}and everyj € {1,...,r},
let C: X, — 2% and D;: Y — 2Yi be maximally monotone, and let M;ji: Xi — Y; be linear and
bounded. Set

M: X—>Y:x— (221 MliXi,...,Zinqu I\/Irixi)

C: X - 2%: x> Cixg X - - X CnXm (2.16)

D:Y —2Y: y > Diy; X -+ X Dyyy.

The task is to
find x € X such that 0 € Cx+ M*(D(Mx)). (2.17)

The set of solutions to (2.17) is denoted by Z and assumed to be nonempty. Further, the projec-
tion operator onto the subspace

V={(xy) eXaY|y=Mx} (2.18)
is decomposed as

Vi 1,... i - XY — Xi
projy: (%) > (Q0ey)) e where {0 © Lo mh) Qi@ 2.19)
Vje{l,...,r}) Qm.,.jZX@Y—)Yj.

Our approach is ultimately based on the Douglas—Rachford algorithm implemented in X&®Y.
Define
A: XY - 2% (xy) > CxxDy and B=Ny. (2.20)

Then it follows from [13, Eq. (5.23)] that (x,y) € zer(A+B) if and only if x € zer(C+M* oD o M)
and y = Mx. We can construct a point in zer(A+B) iteratively by the Douglas—Rachford algorithm
[6, Section 26.3], which requires the resolvents of A and B. By [6, Proposition 23.18], Ja can be
decomposed in terms of (Jc,,...,Jc,,Jb;,---,Jp,). On the other hand, Jg = proj,, and it follows
from (2.18) and [6, Example 29.19(ii)] that

(Vx € X)(Vy € Y) projy(xy) = (p,Mp), where p=(Id+M*oM)™(x+My). (2.21)

This operator is decomposed in terms of the operators (Q))i<icms+r in (2.19). The following
result provides a randomly block-activated implementation of this product space version of the

Douglas-Rachford algorithm.

Theorem 2.7 ([13, Corollary 5.3]) Consider the setting of Problem 2.6. Set O = {0, 1}™"\ {0},
let y € 0, +co|, let (An)nen be a sequence in 10, 2[ such that inf,en Ay > 0 and sup,, o An < 2, let xo,
20, (@n)nen, and (cn)nen be X-valued random variables, let yy, wo, (bn)nen, and (dp)nen be Y-valued
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random variables, and let (&,)nen be identically distributed O-valued random variables. Iterate

forn=0,1,...
fori=1,...,m
Xint1l = Xin + &0 (Qi(Zn, Wn) + din — Xin)
| Zinel = Zin + Enhn (JyG (2Xine1 — Zin) + Cin — Xine1) (2.22)
forj=1,...,r

Yin+l = Yin T Em+jn (Qm+j (zn:Wn) + bj,n - yjn)

| Win+l = Wjnt 5m+j,n>\n (JyDj (zyj,n+1 - Wj,n) + dj,n - yj,n+1),

and set (Vn € N) €, = o(g,) and 8,, = o(z,w))o<i<n- In addition, assume that the following are
satisfied:
D Znew VE(lanll2[8n) < 400, Ynew VE(IIBnll2[8n) < +00, Fnaw VE(llenll2[8n) < +oo,
Ynen VE(ldall? | 8n) < 400, @, — 0 P-a.s., and b, — 0 P-a.s.
(ii) Foreveryn e N, &, and 8, are independent.
(iii) Foreveryle {1,....,m+r}, P[go=1] > 0.

Then (xp)nen converges weakly P-a.s. to a Z-valued random variable.

Remark 2.8 The measurability of the weak limit in [13, Corollary 5.3] relies on [13, Propo-
sition 2.3], which involves Pettis’ theorem [36, Corollary 1.13]. The applicability of the latter
follows from the separability of H and the fact that (Q, &, P) is a complete probability space; see
[26, Sections 1.1a-b] for details.

Remark 2.9 At iteration n, the random variables (¢ n)1<i<m and (em+jn)i<j<r act as switches
which control which components are updated, while the random variables a;n, bjn, ¢in, and d;,
model approximations in the implementation of the operators Q;, Q;, Jy¢;, and Jyp,, respectively.

We now present three frameworks for solving Problem 2.2 which are based on specializa-
tions of Theorem 2.7.

2.2.3.2 Framework 1

The first approach stems from the observation that Problem 2.6 reduces to Problem 2.2 when
m=1,r=p,X; =H, C; =A, and (Vk € {1,...,p}) Yk = G, M1 = Lk, and Dy = By. Surprisingly,
this basic observation does not seem to have been exploited in attempts to design random block
activation algorithms for solving Problem 2.1 or Problem 2.2 (or special cases thereof) using
the stochastic quasi-Fejér framework of [13]; see for instance [9, 30, 32, 33].

We derive from Theorem 2.7 the following convergence result.

Proposition 2.10 Consider the setting of Problem 2.2. Set O = {0, 1}1*P \ {0}, let y € 10, +oo], let
(An)nery be a sequence in ]0,2[ such that infoen Ay > 0 and sup,cy An < 2, let x1,0, 21,0, (¢1,n)nens
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and (en)nen be H-valued random variables, let y,, wo, and (dy)nen be G-valued random variables,
and let (&,)nen be identically distributed O-valued random variables. Set Q = (Id + Zlle Lyo L)t
and iterate

forn=0,1,...
sn = Q(z1n + 25:1 L[iWk,n) + eq
X1,n+1 = X1n + €10 (Sh — X1,n)
Z1n+l = Z1n + €Lnn (JyA(2X1 041 = Z10) + CLn — X1n41) (2.23)
fork=1,...,p
Yn+l = Yion + E14kon (LkSn = Yin)
Wienel = Wign + €1ukonMn (JyB, (20 ne1 = Wien) + dicn = Y1)

In addition, assume that the following are satisfied:

@) Snew VE(lernll2 [0 (211 vosicn) < +00, Tnew VE(ldnl? [0 (211, 21)o<icn) < +09,

ZneN \/E(HenH2 | G(Zl,l’ UI)OSKn) < +00, and e, — 0.

(ii) For every n € N, o(&,) and o(z1,w)o<i<n are independent.
(iii) Foreveryle {1,...,p+1}, Plgo=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 2.6, setm = 1,r = p, X; = H, C; = A, and, for every k € {1,...,p}, Yk = G,
M1 = L, and Dy = By. Further, for every n € N, set a1, = ¢, and, for every k € {1,..., p}, set
bin = Lken. Then it follows from (i) that a; , — 0 P-a.s., b, — 0 P-a.s., and

p
D VEBIR o (2, )0c1c0) < | J E((Z ||Lk||2)||en||2
k=1

o(z, Ul)o<|<n)

neN neN
P
= | DLz > E(lenli? [0z onoctcn)
k=1 neN
< +o00. (2.24)

The assertion therefore results from Theorem 2.7. 0O

2.2.3.3 Framework 2

In Framework 1, Problem 2.6 collapses to Problem 2.2 by reducing the number of agents to
m = 1. Here, we use m = p + 1 agents in Problem 2.6 and capture Problem 2.2 by forcing these
agents (xi, ..., %p+1) to lie in the subspace W of (2.10).

Proposition 2.11 Consider the setting of Problem 2.2. Set O = {0,1}P*2 \ {0}, let y € ]0,+co],
let (An)new be a sequence in ]0,2[ such that infoey An > 0 and sup,ay M < 2, let xo, zo, uo, vo,

and (cp)nen be H @ G-valued random variables, let (en)nen be H-valued random variables, and let
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(en)nen be identically distributed O-valued random variables. Set Q = (Id + ZE:l Lyo L)L Iterate

forn=0,1,...
fori=1,...,p+1

{ Xi,n+1 = Xi,n +9|,n( - 2

Zine1 = Z1n + €L A (JyA (2%1 041 — 210) + C1n — X1ne1)
fork=1,...,p

{ Zk+1,n+1 = Zk+1,n t+ €k+1,n)\n (JyBk (2X1<+1,n+1 - Zk+1,n) + Ck+1n — xk+1,n+1)

fork=1,...,p+1
Zk,n T Ukn )
Uk,n

{ Ul = Un + €p+2,n(T -

(2.25)

Sn = Ep+2n (Q(2u1,n+1 — 010+ 2y L (2Us1.n41 = Oks1n)) + en)

U1,n+1 = 0U1n+ 5p+2,n)\n (sn - ul,n+1)
fork=1,...,p

{ Uk+1,n+1 = Uk+1,n T Ep+2n >\n(|-k3n - uk+1,n+1)~

In addition, assume that the following are satisfied:
() Znert VE(llenll? 10 (z o1)osicn) < +o0 and Tnew VE(llenll? | o (2, 1)ocicn) < +oo,

(ii) For every n € N, o(e,) and o(z), v))o<i<n are independent.

(iii) Foreveryle {1,...,p+2}, Plgo=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.
Proof. In Problem 2.6, set m = p+1,r =1, X; = H, (X{)2<i<m = (Gi—1)2<i<m, and Y1 = H& G. Thus,
Y =Y; =Ha® G =X. Moreover, for everyie {1,...,p+ 1}, set

M112X1—>H€|9G2Xi|—>(0,...,0, X ,0,...,0), (2.26)

ith position

which yields
Mi: He G — X: (xji,...,x;+1)l—>x;‘. (2.27)

Further, denote by x = (xy, ..., xp+1) a generic element in H® G and define D; = Ny, where W is
the subspace of (2.10). In this configuration, (2.17) reduces to

p+l

find xe H® G such that 0 € >< Cix; + Nwx. (2.28)
i=1
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We observe that

d, if i=l;
(Vie{L...p+1)Me{l....p+1}) M oMy = | (2.29)
0, if i+l

As a result, (Id + M* o M)~! = (1/2)Id and we derive from (2.19), (2.21), and (2.27) that

Qo2 (2.0) z;” and (Mef{l,...p+1) Q: (z0)— Z';“‘. (2.30)
Altogether, (2.22) with variables y; , = u, € H® G and w1, = v, € H & G becomes
forn=0,1,...
fori=1,...,p+1
Zin tUin
Xi,n+1 = Xi,n +9|,n( - 2 - _xl,n)
(2.31)

Zintl = Zin + &ntn(dyG (2% ns1 — Zin) + Cin — Xins1)
Zn + 0p
2

i Untl =0p + €p+2,n)\n (Projw(zun+1 - Un) + dl,n - un+1)s

Unpy] = Up + 6‘p+2,n(

where d; , is the error incurred when projecting onto W at iteration n. We derive from (2.10)
and [6, Example 29.19(ii)] that

projw: (X y1,....¥p) = (s,Lis,..., Lps),

p -1 p
where s= (Id + Z L, o Lk) (x + Z L[iyk). (2.32)
k=1

k=1

Set (Vn € N) d1, = (en, Lien, ..., Lpyen). Then we infer from (i) that

P
> JE(ld1all2] o (a1 o00c1en) < J E((l > ||Lk||2)||en||2
k=1

o(z, v|)0<|<n)

neN neN
p
= |1+ D02 > VE(llenll? | oz onocicn)
k=1 neN
< +00. (2.33)

Thus, it follows from Theorem 2.7 that, with Z denoting the set of solutions to (2.28),

the sequence (x1,n, X2, - - -, Xps1,n) oy 10 (2.31) converges weakly P-a.s.

to a Z-valued random variable X = (x1,X2,...,%p+1) if Z# @. (2.34)
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Next, we specialize (2.28) to
Ci=A and (ViE{2,...,p+1}) G =Bi_1. (2.35)

In this context, (2.31) reduces to (2.25). Recalling that Z denotes the set of solutions to Prob-
lem 2.2, in view of (2.34), it remains to show that

= {(Xl, |_1X1, ceey prl) | X1 € Z} (236)
Let x € H® G. We have

x € Z & x solves (2.28)

x e W
And p+1
(Ax e W) 0¢ X Cix; + x*
o (3 X1 € H) X = (X1,L1X1,...,LpX1)

(Ix* € WH) 0 € Axg x By(Lixg) X -+ x Bp(Lpxq) +x*
(3 X1 € H) X = (Xl, L1X1,. RN prl)
o 130y €6 (00....0) €

p
Ax1 X B1(Lix1) x -+ x Bp(Lpx1) + (Z LeYio =Y+ > —Yp
k=1

(3 X1 € H) X = (X1,L1X1,...,LpX1)
& 0eAx+3P . Ly
(3(ys....v5) €G) k=1 ""*
(Vk € {1,....p}) ¥ € Bi(Lixa).
(3 X1 € H) X = (X1,L1X1,...,LpX1)

0 € Axq + 3P, L (Bi(Lix1))

(=4 (E|X1 € Z) X = (X1, |_1X1, ceey prl), (237)
which completes the proof. 0O

2.2.3.4 Framework 3

Our last algorithm connects Problem 2.2 to Problem 2.6 by means of a coupling operator E
mapping to an auxiliary space K and such that ker E coincides with the space W of (2.10).

Proposition 2.12 Consider the setting of Problem 2.2, let (Kj)i<j<r be separable real Hilbert
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spaces, set

K=EDK, (2.38)

and let

E:HeG—-K:x—

p+1
> Ejixi) (2.39)
1<j<r

i=1

be linear, bounded, and such that ker E = W. Define V as in (2.18), where X is replaced with H& G,
Y with K, and M with E, and decompose its projection operator as projy: x = (RjX)1<j<p+1+r
where Ri: Hoe Go K — H, (Vi € {1,...,p})) Rui: H®e Gao K — G, and (Yk € {1,...,r})
Ro+1+k: H® G @ K — K. Set O = {0, 1}P+HH {0}, let y € ]0,+oo[, let (An)nen be a sequence
in ]0,2[ such that infoen Ay > 0 and sup,cy A < 2, let xo, 2o, (@n)nen, and (cp)new be H & G-
valued random variables, let y,, wo, and (bp)nen be K-valued random variables, and let (&n)nen be
identically distributed O-valued random variables. Iterate

forn=0,1,...
X1,n+1 = X1,n + €10 (Rl (Zn,Wn) +din— xl,n)

Z1n41 = Z1n + ELnhn (JyA (2X 1041 — Z10) + C1n — X1n41)

fork=1,...,p
Xk+1,n+1 = Xk+1,n + Ek+1;n (Rk+1 (2nsWn) + ak1,n — xk+1,n) (2.40)
| Zk+ln+l = Zk+ln t+ Ek+l,n An (JyBk (zxk+1,n+1 - Zk+1,n) + Cktln — Xk+1,n+1)
forj=1,...,r

Yin+l = Yjn + Ep+l+jn (Rp+1+j (Zn,Wn) + bj,n - yj,n)

i Wjn+l = Wjn — 6‘p+1+j,n}\nyj,n+1~

In addition, assume that the following are satisfied:

@ Znew VE(lanl2 [0 (21, W)ocicn) < +90, Sners VE(IIball | 6 (21, W1)o<i<n) < +00,

ZneN \/E(”an2 | G(ZI,WI)OSKn) < +00, @y — 0 P-a.s., and b, — 0 P-a.s.

(ii) For every n € N, o(e,) and o(z, w))o<i<n are independent.
(iii) Foreveryle {1,....,p+1+r}, P[go=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 2.6, set m = p+1, X1 = H, (X))2<i<m = (Gi—1)2<i<m, Y = K, foreveryj € {1,...,r},
D; = N¢oy, and, for every i € {1,...,m}, M;; = E;j;. Thus, the subspace V of (2.18) becomes

p+l
V= {(x,y) eXayY ‘ Vje{l,....r)y= Z Ejixi}, (2.41)
i=1
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Further, denote by x = (x1,...,X,+1) a generic element in H @ G. In this configuration, (2.17)

reduces to
p+l

find x € H® G such that 0. ¢ X Cpx + E* (N(o) (Ex). (2.42)
i=1

We note that Proposition 2.12 is the application of Theorem 2.7 to (2.42) when
Ci=A and (ViE{2,...,p+1}) G =Bi_1. (2.43)

Let Z be the set of solutions to (2.42) in the context of (2.43). Recalling that Z denotes the set
of solutions to Problem 2.2, it remains to show that

Z= {(xl, Lixt,...,Lpx1) [ x1 € Z}. (2.44)
Let x € H @ G. It follows at once from (2.39) that
wv (x) = 10y (Ex). (2.45)
Hence, we deduce from [6, Corollary 16.53] that
Nwx = E*(Nyoy (Ex)). (2.46)
Note that the set in (2.46) is nonempty if and only if x € W. Consequently,
x € Z & x solves (2.42) & x solves (2.28) (2.47)

and the claim follows from (2.37). O
Let us provide some examples of implementations of Proposition 2.12.

Example 2.13 In Proposition 2.12, set r = p, K = G, and, for every k € {1,...,p} and every
ie{l,...,p+1},
L, if i=1;
Exi=9-Id, if i=k+1; (2.48)
0, otherwise.

Letx e H® G, lety € G, and set q = (2ld + X L o Li)"1(2x1 + }_; L (Xs1 + yi))- Then, for
everyie{l,...,p+1},

1

Ri(xy) = E(Li_lq + X — yi_1), if 2<i<p+1; (2.49)
1
E(Li_p_lq = Xi—p +y;_p_1), if p+2<i<2p+1.
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Let (e))nen be H-valued random variables such that Y, o VE(|lenll2 | 6(2,Wi)o<icn) < +oo and
en — 0 P-a.s., and set

p -1
Q= (2Id +> Lo Lk) . (2.50)
k=1
Then (2.40) becomes

forn=0,1,...
P
dnh = Q(zzl,n + Z Li(zk+1,n + Wk,n)) +én
k=1

X1,n+1 = X1,n + El,n(CIn - xl,n)
Z1n41 = Z1n + €Lnhn (JyA (2X10e1 — 210) + C1n — X1041)
fork=1,...,p

I—kqn + Zk+1,n — Wkn (251)

Xk+1,n+1 = Xk+1,n T €k+1,n( 2 - xk+1,n)

i Zk+1,n+1 = Zk+1,n T €k+1,n>\n (JyBk (2xk+1,n+1 - Zk+1,n) + Cks1n — xk+1,n+1)
fork=1,...,p

qun — Zk+1,n T Wkn
Yk,n+l = Ykn + Ep+ltkn D) ~ Yk,n

i Wkn+l = Wkn — 5p+1+k,n>\nyk,n+1
and Proposition 2.12 asserts that (x1 ,)nen converges weakly P-a.s. to a solution to Problem 2.2.

The next examples focus on the special case of Problem 2.2 in which, for every k € {1,...,p},
Gk = H and Ly = Id, that is,

p
find x € H such that 0 € Ax+ Z Byx. (2.52)
k=1

Example 2.14 Consider the setting of Example 2.13 where, for every k € {1,...,p}, Gx = H and
Ly = Id. Then, in view of (2.48), the operator E is defined by setting, for every k € {1,...,p} and
everyie{l,...,p+1},
Id, if i=1;
Eii=1{-Id, if i=k+1; (2.53)

0, otherwise.
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Further, the operator Q of (2.50) is just (p + 2)~!ld. Thus, (2.40) becomes

forn=0,1,...
1 p
dnh = m(zzl,n + ;(zkﬂ,n + Wk,n))

X1,n+1 = X1,n + El,n(CIn - xl,n)
Z1n41 = Z1n + €Lnhn (JyA (2X1ne1 — 210) + CLn — X1041)

fork=1,...,p

gdn + Zk+1,n — Wkn (254)

2

Xk+1,n+1 = Xk+1,n T €k+1,n( - xk+1,n)
| Zk+1,n+1 = Zk+1n T €k+1,n>\n (JyBk (2xk+1,n+1 - Zk+1,n) + Cks1n — xk+1,n+1)

fork=1,...,p

Gdn — Zk+1,n T Wkn
Yk,n+l = Ykn + €p+1+k,n( D) ~ Yk,n

| Wkn+l = Wkn — 5p+1+k,n>\nyk,n+1

and Proposition 2.12 asserts that (x1 ,)neny converges weakly P-a.s. to a solution to (2.52).

Example 2.15 In Proposition 2.12, set r = p+ 1, K = HP*! and, for every k € {1,...,p+ 1} and
everyie{l,...,p+1},

%ld, if k= i;
Ey = pl (2.55)
———Id, if k#i.
p+1

Then ker E is the subspace of all the vectors x € HP*! such that, for every i € {1,...,p + 1},
xi=(p+1)7! ij:ll x;. Hence, for every i € {1,...,2p + 2}, every x € HP*1, and every y € HP*1,

1 1 p+l
E(><i+yi)+mZ(xj—yj), if i<p+1;
Ri(x.y) = o (2.56)
5 Ci+yi) - ﬁ_zl:(xj +yj), i p+2<i<2p+2.
e
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Then (2.40) becomes

forn=0,1,...

p+1
Z1n + Win

1
X1,n+1 = X1,n + gl,n( b} + Z(p n 1) lZl:(Zl,n - WI,n) - xl,n)

Z1n41 = Z1n + €Lk (JyA (2X1041 — Z10) + C1n — X1n41)
fork=1,...,p

p+1
Zk+1,n T Wk1n

1
Xk+1,n+1 = Xk+1,n T €k+1,n( 2 + 2(p n 1) Z(Zl,n - Wl,n) - xk+1,n) (2.57)
1=1

Zk+1,n+1 = Zk+1,n T E+1,n An (JyBk (zxk+1,n+1 - Zk+1,n) + Ck+1,n — xk+1,n+1)

forj=1,...,p+1

) ) p+1
ZJ,n + WJ,n

1
Yintl = Yjn + €p+1+j,n( 2 - 2(p n 1) ;(qn + Wl,n) — yj,n)

Win+l = Wjn — 5p+1+j,n>\nyj,n+1

and Proposition 2.12 asserts that (x; ,)neny converges weakly P-a.s. to a solution to (2.52).

Remark 2.16 In Example 2.14, the operator E applied to x € HP*! couples each agent in
(X2, - - -, %p+1) With x7. In Example 2.15 the operator E applied to x € HP*! couples each agent in
(x1,...,%+1) with the average of all the agents. Various alternative coupling operators E can be

considered to enforce the condition x; = - -+ = Xp41.

2.2.3.5 Computation of inverse operators

The existing algorithms presented in Section 2.2.2.2 require the computation of norms of arbi-
trary linear operators whereas the proposed algorithms of Sections 2.2.3.2-2.2.3.4 require the
inversion of strongly positive Hermitian operators of the type Id + L* o L. Note that, because of
the strongly positive Hermitian structure of Id+L" oL, the computation of the inverse is typically
much cheaper than the computation of the norm of L in (2.12) or those of (U&/ 2L wl/ ) 1<kep
in (2.14). In a finite-dimensional setting, in full generality, if Id + L* o L has size N, then its in-
version via the Cholesky decomposition method requires about N3/6 multiplications. However,
this complexity can be reduced in several standard scenarios. Here are two examples in H = RN
that will be used in Section 2.2.5.

Example 2.17
(i) If, for every k € {1,...,p}, Ly = Id, then

P * -1 1
(ld #3P Lo Lk) =150
,, L (2.58)
(21430, Lol) = 7l
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The cost of the inversion is O(1).

(ii) Suppose that, for every k € {1,...,p}, Ly is a block-Toeplitz. Then, following a standard
argument [2], each L, can be approximated by a block-circulant matrix with convolution
kernel 4 and

P -1 P
(Id +Y Lo Lk) DX s-l(ss(x) 5 (1 +Z|?s(fk)|2))
k=1

k=1
p -1 P

(2|d Lo Lk) X o 3-1(3(@ + (2 + ZWs(fk)F)).
k=1 k=1

where § denotes the discrete Fourier transform and + denotes pointwise division. The
cost of the inversion using the fast Fourier transform is O(Nlog(N)) [2].

(iii) The worst case is if the operators (Lx)i<k<p do not present a special structure. Even so,
the composed operators Id + ZL’:I Ly oLk and 2Id+ ZE:l L; o L are symmetric and positive-
definite. Hence they admit a Cholesky decomposition. The cost of computing the Cholesky
decomposition is O(N3) (one time) and the cost of solving the linear system using the
Cholesky decomposition is O(N?). It will be shown in the numerical experiments that
in the case when no special structure is present, Framework 2 is preferred since the
application of the inverse operator does not occur at every iteration.

2.2.4 Minimization problems

We dedicate this section to the minimization setting of Problem 2.1. Let us first formalize the
connection between Problems 2.1 and 2.2.

Proposition 2.18 In Problem 2.2, set A = of and (Vk € {1,...,p}) Bx = dgx. Then every solution
to (2.2) solves Problem 2.1.

Proof. SetL: H — G: x (Lix....,Lpx) and g: G — ]—0o,+c0]: y > 25:1 gk(y). ThenL*: G —
H:y— ZE:l Lyyk- Hence, it follows from [6, Proposition 16.9] that

P
X € Zer(af + Z Ly o (9gk) © Lk) = zer(of + L* o (9g) o L). (2.60)
k=1
However, [6, Proposition 27.5(i)] asserts that
p p
zer(af + Z L* o (9g) o L) c Argmin(f+gol) = Argmin(f + Z gk © Lk), (2.61)
k=1 k=1

which confirms the claim. O
Problem 2.1 relies on the assumption that zer(af + ZL’:I Ly o (9gk) o Lx) # @. Let us provide
sufficient conditions that guarantee it.

29



Proposition 2.19 Let H be a separable real Hilbert space and f € Ty(H). For every k € {1,...,p},

let Gy be a separable real Hilbert space, let g, € Ip(Gy), and let 0 # Ly: H — Gy be linear and
bounded. Set

S= {(ka — Yk)i<ks<p | x € domf and (Vk € {1,...,p}) yk € domgk}. (2.62)

Then zer(of + 3, L o (9g) o L) # @ if the following hold:
@) f(x)+ Zlle gk (Lx) — +oo as ||x|| — +oo.
(ii) Any of the following is satisfied:
(a) The cone generated by S is a closed vector subspace of G.
(b) Forevery k € {1,...,p}, g is real-valued.

(¢) Hand (Gk)1<k<p are finite-dimensional, and there exists x € ridom f such that

(Vke {1,...,p})) Lexeridomg, (2.63)

where ri stands for the relative interior.

Proof. SetL: H — G: x— (L1x,...,Lpx) and g: G — ]—co,+c0]: y > 3P gc(yi). Then L is linear
and bounded, g € IH(G), S = {Lx—y | x e domfandy € domg}, andf+gol="f+ ZL’:I gk o L.
On the other hand, it follows from (ii) that O € S, which implies that dom(f + g o L) # @. Thus,
because f + g o L is also lower semicontinuous and convex, we have f + g o L € Ij(H). Hence,
since (i) states that f(x) + g(Lx) — 40 as ||x|| — +o0, it follows from [6, Proposition 11.15(i)]
that

Argmin(f+gol) # @. (2.64)

However, (ii) and [6, Proposition 27.5(iii)] guarantee that
Argmin(f + g o L) = zer(af + L* o (9g) o L), (2.65)

which completes the proof. 0O

In view of Proposition 2.18 and (2.6), we obtain the following solution methods for Prob-
lem 2.1.

Corollary 2.20 Consider the setting of Problem 2.1 and set F = Argmin(f+ZE:1 groly). In (2.23),
(2.25), and (2.40), replace the resolvent operators (Jya JyBys - - - JYBP) by the proximity operators

(Prox,s, proxy,,, . . .,prongp). Then Propositions 2.10, 2.11, and 2.12 provide sequences (X1 .n)nen
which converge weakly P-a.s. to an F-valued random variable.
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2.2.5 Numerical experiments
2.2.5.1 Preamble

We present four experiments to illustrate the numerical behavior of the three algorithmic frame-
works presented in Section 2.2.3. These algorithms are initialized by setting xo, zo, y,, and wo
to 0, and they use the proximal parameter y = 1.0 and the relaxation strategy (Vn € N) A, = 1.9.

The random variable ¢y activates operator indices in {1,...,p+ 1} (Framework 1), {1,...,p+2}
(Framework 2), and {1,...,2p + 1} (Framework 3 using Example 2.13), with a uniform distri-
bution.

We also provide comparisons with the existing methods of Section 2.2.2.2 when applicable,
because they do provide almost sure iterate convergence to a solution, although they do not
satisfy the requirements R2-R3:

 Algorithm (2.13) is initialized with x;9 = 0 and y, = 0. Further, for every k € {1,...,p},

m = 1/p and, to enforce (2.12), we set 7o = 0.9/4/p and o = 1/(y/p maxickep [ILkl1?). In
addition we set yo = 0.5, n = 0.5, and = 1.5. We recall that algorithm (2.13) can activate
only one operator at each iteration and does not satisfy R2-R4.

* Algorithm (2.15) is initialized with x7 o = 0 and vy = 0. Further, W = 0.9tld and, for every
ke{l,...,p}, U = (t/|ILc]|*)Id, where A, = 1 and, to enforce (2.14), t = 1/\/2_p. We recall
that algorithm (2.15) does not satisfy R2-R3.

These parameters were found to enhance the performance of these two algorithms. The first
three experiments (Sections 2.2.5.2-2.2.5.4) correspond to minimization problems fitting the
format of Problem 2.1. The last experiment (Section 2.2.5.5) is a nonminimization problem
that fits the format of Problem 2.2, and algorithm (2.13) is therefore not applicable.

2.2.5.2 Signal restoration
The goal is to recover the original signal X € H = RN (N = 1000) shown in Figure 2.2(a) from
M = 10 noisy observations (1)1<i<m given by

VW e{l,...,M}) n=Lx+w (2.66)

where, for every | € {1,...,M}, L;: RN — RN is a known linear operator, iy € ]0,+co[, and

w € [-n, "
10, +co[M are not known exactly and are underestimated by (&)1<i<m € ]0, +oo[M. For every

is the realization of a bounded random noise vector. The parameters (1)1<i<m €

| € {1,...,M}, L, is a Gaussian convolution filter with zero mean and standard deviation taken
uniformly in [20,40], n; = 0.1, w; is taken uniformly in [—r]|,q|]N, and § = 0.07. For every
l e {1,...,M} and every j € {1,...,N}, set Z;; = [(n]¢) — &, (n|¢) + &]. Since the intersection
of these sets is empty, we cannot recover the signal by solving the associated convex feasibility
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problem. Instead, our objective is to solve an instantiation of Problem 2.1 with p = MN, to wit,

M N
minimize oc||x||+ZZdzU (Lix|e)), (2.67)
x€RN
=1 j=1

where « = 0.05. Since, for every x € RV, a|lx|| < «llx|| + ) %, dz,;((Lix| ¢))), condition (i)
in Proposition 2.19 holds. In addition, for every | € {1,...,M} and every j € {1,...,N}, dgz,
is real-valued. Hence, condition (ii)(b) in Proposition 2.19 holds as well, which confirms that
(2.67) is an instance of Problem 2.1. We can thus invoke Corollary 2.20. The three frameworks
of Sections 2.2.3.2-2.2.3.4 are used to solve (2.67), where the operator E in Proposition 2.12
is that of Example 2.13. Two experiments are conducted: the random variable ¢, produces (a)
1 activation with 1 core; and (b) 8 activations with 8 cores. Given y € ]0, +oo[, the operators
(prodeZU )1<l<M,1<j<N are computed via [6, Example 24.28] and prox, . via [6, Example 24.20].
Furthermore, the convolutions and the inversions of linear operators are implemented using
the fast Fourier transform [2]; see Example 2.17(ii). As mentioned in Section 2.2.5.1, we also
compare with:

* Algorithm (2.13), which can activate only one operator at each iteration.
e Algorithm (2.15), where the random variable ¢y activates (a) 1; and (b) 8 indices in
{1,...,p} with a uniform distribution at each iteration.

The solution produced by Framework 2 is shown in Figure 2.3. We display in Figure 2.4 the
normalized error versus execution time.

0 100 200 300 200 500 600 700 800 900 1,000
(a)
T :
08|
06/
04|
0.2
O =
_02 |
_OV4 L L L L L L L L L L 1
0 100 200 300 200 500 600 700 800 900 1,000
(b)

Figure 2.2 Experiment of Section 2.2.5.2. (a): Original signal x. (b): Noisy observation r;.
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Figure 2.3 Experiment of Section 2.2.5.2. Solution produced by Framework 2.

2.2.5.3 Overlapping group lasso regression

We address the overlapping group lasso regression problem of [44]. Here H = RN and q groups
of indices (lx)1<k<q in {1,...,N} are present, with ngl Ik = {1,...,N}. In addition, for every
ke{l,...,q},

Sk: RN — R x = (€)14en > (el (2.68)
The goal is to
q
minimize &[|Ax — b + = PN EX] (2.69)
x€RN 2 q o1

where A € RMN b = (B))1<1c<m € RM, and « € 0, +co[. In the experiment, M = 1200, N = 3610,
q = 40, and, as in [44], a = 5/q%. The entries of A are independent and identically distributed
(i.i.d.) samples from a A/(1, 10) distribution. The entries of the reference vector X € RN are i.i.d.
samples from a uniform distribution on [0, 10], and b = AX + w, where w € RM has entries that
are i.i.d. samples from a A/(0,0.1) distribution. We split the term ||Ax — b||? into a sum of 30

—25 -25

—-50} 50}

—75} =75}

-100

0 250 500 750 1,000 ~100g 50 100 150 200 250

(@ (b)

Figure 2.4 Experiment of Section 2.2.5.2. Normalized error 2010g;,(||x1,n — %o |l/||%1,0 —Xl|) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed violet: Algorithm (2.13).
Dashed red: Algorithm (2.15).
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blocks of 40 entries each. Finally, the groups are defined by
(Vke{1,...,q}) l={90k—-89,...,90k + 10}. (2.70)

Let (a))1<1<m be the rows of A. Then (2.69) is equivalent to

minimize L x (2.71D)
xeRN Z gk K

where p = 70,

LkZRNHRA‘OZXI—) <x|a|) _ <
(Vk € {1,...,30}) " a( Jaok-nyacicao ) (2.72)
gi: R >Ry Elly = (Baok-1)+1<1<40k %

and
Le: RN 5 R100: x +5 S, _5ox
(Vk € {31,...,70}) 100 1 (2.73)
g: R >Ry allyll-

Let x = (§)1<1<n € RN and j € {1,..., N}. Since UE=1 Ik ={1,...,N},

q
%Znskxn Zn(a)le.kn— Z D lEP > —|§J (2.74)
k=1

|€|k
In turn,
70 1 q 1 N
2 el = A =blP + = > lISexll > — > [ N Z 512 = —||x|| (2.75)
k=1 93 N =

which ensures that condition (i) in Proposition 2.19 holds. In addition, for every k € {1, ..., 70},
gk is real-valued. Hence, condition (ii) (b) in Proposition 2.19 holds as well. Therefore Proposi-
tion 2.19 guarantees that (2.71) is an instance of Problem 2.1 and we invoke Corollary 2.20 to
justify the convergence of the algorithms. We employ the three frameworks of Sections 2.2.3.2—
2.2.3.4 to solve (2.69), where the operator E in Proposition 2.12 is that defined in Example 2.13.
Two experiments are conducted: the random variable ¢y produces (a) 1 activation with 1 core;
and (b) 8 activations with 8 cores. Given y € ]0,+c[ and z € R*, we compute prox, via
[6, Example 24.20], PIOX,||._z|2 via [6, Proposition 24.8(i)], and the inverse operators by solv-
ing the linear systems with Example 2.17(iii). We also compare with:
e Algorithm (2.13).

* Algorithm (2.15), where the random variable &y activates (a) 1; and (b) 8 indices in
{1, ..., p} with a uniform distribution at each iteration.
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We display in Figure 2.5 the normalized error versus execution time.
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Figure 2.5 Experiment of Section 2.2.5.3. Normalized error 20 1og;(|[x1,n—Xw||/||X1,0 —Xw||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed violet: Algorithm (2.13).
Dashed red: Algorithm (2.15).

2.2.5.4 Classification using the hinge loss

We address a binary classification problem. The training data samples (u, &)1<k<p are in RN x
{-=1,1} and the goal is to learn a linear classifier x € H = RN. For this purpose, we solve the
instance of Problem 2.1 corresponding to the support vector machine model

1 p
minimize o [|x|2 += > g(x), (2.76)
xeRN 2 p =1
where o € ]0,+o0[ and, for every k € {1,...,p}, gc: x — max{0, 1 —€,(x | ux)}. In the experiment,

N =1500,a =1, p = 750, and, for every k € {1, ..., p}, the entries of uy are i.i.d. samples from a
N(100,10) distribution, and (€k)1<k<p are i.i.d. samples from a uniform distribution on {-1,1}.
Since, for every x € RN, (a/2)[Ix|1* < (a/2)|x||* + X &« (x), condition (i) in Proposition 2.19
holds. In addition, for every k € {1,..., p}, g« is real-valued, so that condition (ii)(b) in Propo-
sition 2.19 holds as well. This guarantees that (2.76) is an instance of Problem 2.1 and we can
therefore invoke Corollary 2.20. We employ four methods to solve this problem: Framework 1,
Framework 2, and Framework 3 using the operators E defined in Examples 2.14 and 2.15. In
the case of Example 2.15 in Framework 3, the random variable ¢ activates indices uniformly
in {1,...,2p + 2}. Three experiments are conducted: the random variable £y produces (a) 1 ac-
tivation with 1 core; (b) 8 activations with 8 cores, and (c) 32 activations with 32 cores. Given
Y € ]0,+oo[, the operators (prox,, )i<k<p are computed via [6, Example 24.37]. The inverse
operators are explicitly computed in Example 2.17(i).
We also compare with:

* Algorithm (2.13), which can activate only one operator at each iteration.
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* Algorithm (2.15), where the random variable ¢, activates (a) 1; (b) 8; and (c) 32 indices
in{1,...

We display in Figure 2.6 the normalized error versus execution time for each instance. The

, p} with a uniform distribution at each iteration.

execution time is evaluated based on the assumption that the computation corresponding to
each selected index is assigned to a dedicated core and that all the cores are working in parallel.

2.2.5.5 Image reconstruction from phase

In contrast with the previous examples, we consider a data analysis framework, first proposed
in [18], which requires the monotone inclusion format of Problem 2.2 and is not reducible to
the minimization setting of Problem 2.1. The goal is to recover an image in a nonempty closed
convex subset C of H from p nonlinear observations (ry)i<k<p produced by Wiener models,
namely,

find x € C such that (Vk € {1,...

P = Fr(Lix), (2.77)

where each operator F,: Gy — Gy is firmly nonexpansive and each operator L,: H — Gy is
linear and bounded. In many instances, the operators (Fi)1<k<p O (Lk)1<k<p may be imperfectly
known or the model may be corrupted by perturbations and, as a result, (2.77) may not have
solutions. A classical approach would be to relax it into a minimization problem such as the
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Figure 2.6 Experiment of Section 2.2.5.4. Normalized error 2010g,,(|[x1,n — Xwo|l/]Ix1.0 — Xwl|) (dB)
versus execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. (c): Block

size 32 with 32 cores. Green: Framework 1. Orange: Framework 2. Blue: Framework 3 with Exam-
ple 2.14. Magenta: Framework 3 with Example 2.15. Dashed violet: Algorithm (2.13). Dashed red:

Algorithm (2.15).
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least-squares model
p
minimize Z | Fi (Lix) — ril|?. (2.78)
xeC
k=1
However, because of the nonlinearity of the operators (Fy)i<k<p, the resulting optimization
problem is nonconvex and usually intractable. The strategy of [18] consists in relaxing (2.77)
into the variational inequality problem

P
find x € C such that (Vy € C) > ote(Lic(y =) | Fi(Liox) = 1) > 0, (2.79)
k=1

where the weights (ay)1<k<p are in ]0,+co[. As shown there, (2.79) is an exact relaxation of
(2.77) in the sense that, if (2.77) happens to have solutions, they are the same as those of
(2.79). Let us introduce the operators

(Vk € {1, cees p}) Bk = O(k(Fk - rk), (2.80)

which are maximally monotone by [6, Example 20.30]. Then, in terms of the normal cone
operator of (2.7), (2.79) is equivalent to

p
find x € H such that 0 € Nex + Z L (Bi (L)) (2.81)
k=1

This inclusion problem is now in the format of Problem 2.2 with A = N¢, which allows us to
apply the algorithms proposed in Sections 2.2.3.2-2.2.3.4 to solve it with guaranteed almost
sure convergence of the iterates to a solution.

The specific image recovery problem under consideration is similar to that of [18, Sec-
tion 5.1]. The goal is to recover the original image X € H = RN (N = 2562) of Figure 2.7(a) from
the following prior knowledge and p = 62 observations:

(i) Bounds on pixel values: x € C = [0, 255]N.

(ii) The degraded images (r)1<k<20 in RN are obtained via a blurring process, addition of
noise, and finally clipping. In terms of the model (2.77), for every k € {1,...,20}, G, =
RN, o = Fe(LX + wy), where L, performs convolution with a Gaussian kernel with a
standard deviation of 3, w, € RN is a noise vector with i.i.d. entries uniformly distributed
in [-50,50], and

Fo: RN - RN: y = projc, v, where C; = [0, 60]'\I (2.82)

models a hard clipping process. This nonlinear measurement process models a low-quality
image acquired by a device which saturates at photon counts beyond a certain threshold.
As an example, the first degraded image r; is shown in Figure 2.7(b).
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(iii) The degraded images (r)21<k<40 in RN are obtained by a process similar to (ii). Here,
for every k € {21, ...,40}, the blurring operator L, performs a convolution in the vertical
direction with a uniform kernel of length 20, the entries of the noise vector wy € RN are
i.i.d. and uniformly distributed in [-70, 70], and pixel values beyond 90 are soft-clipped
by

(2.83)

90 max{0, n;}
F: RN = RN: () 1gjen (—J :
<N

90 + [

As an example, the degraded image ry; is shown in Figure 2.7(c).

(iv) The degraded images (r.)41<k<6o in RN are obtained through an image formation process
similar to that of (iii). For every k € {41,...,60}, the blurring operator L, now performs
a convolution in the horizontal direction with a uniform kernel of length 24, and the
entries of the noise vector wy, € RN are i.i.d. and uniformly distributed in [-90, 90]. For
every k € {41,...,60}, pixel values beyond 90 are soft-clipped by the same operator Fy as
in (2.83).

(v) The mean pixel value p = 137 of X is known. This information is imposed on a candidate
solution x € RN via the equation (x|1) = Np, where 1 = (1,...,1) € RN, which corre-
sponds to the model rg; = Fg1(Le1x), with Gg1 =R, Lg1 = (- | 1), re1 = Np, and Fg; = Id.

&) | ©

Figure 2.7 Experiment of Section 2.2.5.5: (a): Original image x. (b): Degraded image r;. (c): Degraded
image ry;. (d): Degraded image r4;. (€): Recovered image.
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(vi) The phase 6 € [-m, n]N of the two-dimensional discrete Fourier transform of a noise-
corrupted version of X, i.e., ® = 2 DFT(X + wg>), where wgy € RN is uniformly distributed
in [-3, 3]. This information is enforced by forcing a candidate solution to lie in the closed
convex set Cez = {x € RN | Z/DFT(x) = 6}, i.e., by enforcing the constraint x = projc_, x.
This constraint corresponds to the model rgy = Fga(Lgax), with Ggs = RN, Ly = Id, rez = 0,
and Fgy = Id — projc,, that is [43],

Fez: RN 5 RV: x> x - IDFT(|DFTx| max{cos(z(DFTx) — 6),0} exp(ze)). (2.84)

Due to the presence of the measurement errors (wy)i<k<eo and wgs, problem (2.77) is incon-
sistent and we approximate it by (2.80)-(2.81), where o; = - = agz = 1. To implement
the algorithms of Sections 2.2.3.2-2.2.3.4, we require the expressions of the resolvent of the

operators N¢ and (By)1<k<p. The former is just

Ine = Projc: (§)1<jen — (min{max{0, g}, 255})1<j<N' (2.85)

For the remaining cases, it follows from (2.80) that the operators (By)i<k<p are firmly nonex-
pansive. We therefore invoke Lemma 2.3 to compute their resolvents. Let y € |0, +co[ and note
that [6, Proposition 23.17(ii)] entails that

(Vke{L,....p}) Jyg, = Jyr (- + ). (2.86)

First, set k € {1,...,20}. Then Fy = projc, = JNc1~ Hence, upon setting r, = (pij)i<j<n, We
deduce from Lemma 2.3(ii) and (2.86) that

. & + YPK;
3Bt (§)1cjen > (gj +YPKj —ymln{max{o, . - J},so} . (2.87)
1<j<N

On the other hand, for k € {21,...,60}, Jyr, : (nj)1<j<n — (§)1<j<n, Where

nj— 90(1+y) +Jny - 90(1+y)[? +360n; _
. ’ lf T]J>OJ
Vje{l,...,N}) §= 2 (2.88)

s otherwise.

Thus, we derive from (2.86) the expressions for J,g,. Next, we have J;g,, = (1 + )L+ yNp)
as a result of Jyr,, = (1+ y)~!ld and (2.86). Finally, we deduce from [6, Proposition 23.20] that

_ ~ Id — Ine |d — projc
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Hence, it follows from Lemma 2.3(ii) that J,,, = JyF,, = (1 + ) H(d + Y Projc,,), i-e.,

JyBgy 1 Y ﬁ + 1YTY IDFT(|DFTy| max{cos(« (DFTy) - 6), 0} exp(:6) ). (2.90)
Finally, we implement the inversions of linear operators using the fast Fourier transform and
Example 2.17(ii).

We employ the three frameworks of Sections 2.2.3.2-2.2.3.4 to solve (2.81), where Propo-
sition 2.12 uses the operator E defined in Example 2.13. Two experiments are conducted: the
random variable g9 produces (a) 1 activation with 1 core; and (b) 8 activations with 8 cores.
We compare with algorithm (2.15), where the random variable ¢y activates (a) 1; and (b) 8 in-
dicesin {1, ..., p} with a uniform distribution. The solution produced by Framework 3 is shown
in Figure 2.7(e). We display in Figure 2.8 the normalized error versus execution time on a
single-processor machine.

o5 -25

—s0f 50|

750 s N N o

~1005 200 200 600 ~100 20 80 120 160
@ (b)

Figure 2.8 Experiment of Section 2.2.5.5: Normalized error 2010g;,(||x1,n — %o || /]|¥1.0 — X« ||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed red: Algorithm (2.15).

2.2.5.6 Discussion

The three proposed frameworks differ in terms of storage requirements, use of resolvent oper-
ators, and use of linear operators.
* Framework 1: It stores 2p + 3 vectors. In addition, for each of the p + 1 random activation
indices, there is one resolvent evaluation.

* Framework 2: It stores 4p + 5 vectors. Out of the p + 2 random activation indices, those
in {1,...,p+ 1} involve the evaluation of a resolvent. In addition, the linear operators are
used only if index p + 2 is activated.

* Framework 3: It stores 2p + 2r + 2 vectors. Moreover, out of the p +r+ 1 random activation
indices, those in {1,...,p + 1} involve the evaluation of a resolvent operator, while those
in{p+2,...,p+r+1} do not require a resolvent evaluation.
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Although Framework 1 is the most efficient in terms of storage, it may not always be
the fastest, especially when resolvents are computationally expensive. For instance, in Sec-
tion 2.2.5.5, where it is the case, Framework 3 is the fastest. Framework 2 has an advantage
when the linear operators are costly, which is the case in Section 2.2.5.3. Finally, we observe
that the existing algorithms (2.13) and (2.15) which, as discussed in Section 2.2.2.2, do not sat-
isfy conditions R2-R3, are consistently slower than the methods proposed in Sections 2.2.3.2—
2.2.3.4.
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Chapter

A GEOMETRIC FRAMEWORK FOR
STOCHASTIC ITERATIONS

3.1 Introduction and context

This chapter is dedicated to answering question (Q2) of Chapter 1. We propose a geometric
framework to construct stochastic quasi-Fejér monotone sequences in the sense of (1.4), and
we derive asymptotic results concerning the convergence of the generated sequences of random
variables.

This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic itera-

tions, Mathematics of Computation, to appear.

3.2 Article: A geometric framework for stochastic iterations

Abstract. This paper concerns models and convergence principles for dealing with stochasticity
in a wide range of algorithms arising in nonlinear analysis and optimization in Hilbert spaces. It
proposes a flexible geometric framework within which existing solution methods can be recast
and improved, and new ones can be designed. Almost sure weak, strong, and linear conver-
gence results are established in particular for stochastic fixed point iterations, the stochastic
gradient descent method, and stochastic extrapolated parallel algorithms for feasibility prob-
lems. In these areas, the proposed algorithms exceed the features and convergence guarantees
of the state of the art. Numerical applications to signal and image recovery are provided.
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3.2.1 Introduction

The objective of this paper is to propose a general algorithmic framework and convergence
principles for dealing with stochasticity in a broad class of algorithms arising in optimization
and numerical nonlinear analysis. Throughout, H is a separable real Hilbert space and the
underlying probability space (Q,F, P) is complete. We denote by Z c H the set of solutions to
the problem of interest and assume that it is nonempty and closed.

In the recent paper [18], we showed that a simple geometry underlies most deterministic
monotone operator splitting algorithms and that, by exploiting this geometry, the convergence
analysis of existing methods could be simplified and improved. It was also argued that this
geometric framework provides a flexible template to create new algorithms. The basic idea is
to construct the update at iteration n of a deterministic algorithm for finding a point in the
solution set Z as a relaxed projection x,+1 = X, +An (Projy, %, — ) onto a half-space H, = {z eH|
(|t < nn} containing Z as follows (see Fig. 3.1(a)).

Algorithm 3.1 Let xo € H and iterate

forn=0,1,...
take t} € H and n, € R such that (Vz€ Z) (z|ti)y < M
(n [th)H = . \
nn*—Hznn if O [thdn > Mn;
=1  IElP

0, otherwise (.1

dn = ont;;
take A, € 10,2

| Xn+l = Xn — Andn.

Our approach consists in extending the above geometric construction to a general stochastic
environment by making the following changes at iteration n:

* The deterministic quantities t; and n, are replaced by random ones.
* A stochastic tolerance is added in the construction of the outer approximation.

* The relaxation parameter A, is now random and no longer restricted to the interval |0, 2[.

This leads to the following algorithmic scheme (see Section 3.2.2.1 for notation).
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Algorithm 3.2 Let xy € L?(Q, F, P; H) and iterate

forn=0,1,...

Xn=o(xo,...,%)

take t* € L2(Q,J,P; H) and , € L}(Q,F, P;R) such that

L12:201 (x> Tn

It 1l + Lz=0
L1201 Lo 1)y ] (o [ 8001 = 7n)

— o ; (3.2)

l&a I + Liz=0)
(Vze€Z) (z|E(anty | Xn))n < E(annn [ Xn) + (-, 2) P-ass.

€ L?(Q,F,P;R);

n

where ¢,(+,z) € [0, +oo[ P-a.s.
dn = ant;
take A, € L*(Q, F, P; 10, +o0[)

[ Xn+1 = Xn — Andy.

Implicitly, Algorithm 3.2 constructs a random outer approximation S, to Z, namely
ZcSy={zeH|Z|E(at |Xn))n < E(@nn | Xn) +&n(2)} P-as. (3.3)

and the update x,,,1 is obtained by performing a relaxed projection of the current iterate x,, onto
the simpler set

Hy={z e H| ]ty <m}, (3.4

which is a random affine half-space. It should be noted that, while Z c S,,, the more restrictive
inclusion Z c H, does not hold in general (see Fig. 3.1(b)). In terms of modeling, choosing t;
and 7, such that Z c H, would restrict the scope of the processes we intend to model, whereas
the more general inclusion Z c S, offers more flexibility. Let us observe that, if ¢, = 0, S, is
also a random half-space. However, as the following example shows, projecting onto it is not
judicious.

Example 3.3 For every k € {1,...,p}, let C, be a closed convex subset of H. Suppose that
Z = N, G # 2 and implement Algorithm 3.2 with A, = 1, & = 0, t; = x, — projc, x,, and
M = (Projc, *n | ta)m> where the random variable k is uniformly distributed in {1,...,p}. Then
E(t; | Xn) = %o — p~' Zp_, Projc, X and therefore

p
ZC {z eH Z(z — pl‘Ojck Xn |xn - projck xn>H < 0}

1
|

k=
={zeH|(z|E(t | Xn)), < E(mn|Xn)}
=5, P-as. (3.5)

47



Thus, Algorithm 3.2 yields the random iteration process x,41 = Projc, X, in which a single,
randomly selected set is projected onto at iteration n. By contrast, projecting onto S, would
yield the barycentric projection method xp,; = p~* ZE:l projc, xn, which is deterministic and
imposes the computation of all p projections at each iteration.

Another new feature of Algorithm 3.2 is that the relaxation parameters (A,)nen are random.
In addition, they need not be confined to the range ]0, 2] imposed in deterministic algorithms
[5,11,14,18,25]. We call such relaxations super relaxations.

Xn+1
Xn+1

Hn Hy Sn

Figure 3.1 Geometry of algorithms for finding a point in Z with A, = 1. (a) Left: Iteration n of the
deterministic Algorithm 3.1. (b) Right: Iteration n of the stochastic Algorithm 3.2 with ¢, = 0.

The deterministic setting of Algorithm 3.1 is known to capture a vast array of iterative
methods in nonlinear analysis and optimization [18]. Our premise is that Algorithm 3.2 can
serve the same purpose for their stochastic counterparts. Weak, strong, and linear convergence
results will be established for Algorithm 3.2. In turn, these results will be applied to fixed point
and feasibility problems, where they will be shown to provide new stochastic algorithms that
go beyond the state of the art not only in terms of convergence guarantees but also of flexibility
of implementation and scope.

The remainder of the paper is organized as follows. Notation and preliminary results are
introduced in Section 3.2.2. The main theorems are presented in Section 3.2.3, where the
asymptotic properties of Algorithm 3.2 are established. Section 3.2.4 is devoted to an applica-
tion of the proposed theory to a randomly relaxed Krasnosel’skii-Mann iteration process and
includes new results on the convergence of the stochastic gradient method. Section 3.2.5 con-
cerns an application to randomly activated and relaxed extrapolated fixed point methods for
common fixed point problems in the presence of possibly uncountably many operators. These
results significantly improve existing ones. Section 3.2.6 concludes the paper with applications
to signal and image recovery. Applications of the results of Section 3.2.3 to the design and the
analysis of stochastic splitting algorithms for monotone inclusion problems are addressed in the
companion paper [19].
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3.2.2 Notation and background
3.2.2.1 Notation

We use sans-serif letters to denote deterministic variables and italicized serif letters to denote
random variables.

The Hilbert space H has identity operator Id, scalar product (- | -), and associated norm ||-||4.
The symbols — and — denote weak and strong convergence in H, respectively. The sets of strong
and weak sequential cluster points of a sequence (x,)nen in H are denoted by &(x,)nen and
W (xn )nen, respectively. The distance function of a set C c H is denoted by dc : x = infjec |ly—x||H
and the projection onto a nonempty closed convex set C c H is denoted by proj.. The fixed
point set of an operator T: H » His Fix T = {x eH|Tx= x}. The following notion will play an
important role in Sections 3.2.4 and 3.2.5; see [2, Proposition 2.4] for examples of demiregular

operators.

Definition 3.4 [2] T: H — H is demiregular at x € H if, for every sequence (x,)nen in H such

that x, — x and Tx, — Tx, we have x, — x.

—_

Let (Z,9) be a measurable space. A =-valued random variable is a measurable mapping
x: (QF,P) > (£9).Givenx: Q > Eand S € G, we set [x € S] = {0 € Q | x(w) € S}. Let
x and y be random variables from (Q,, P) to (Z,9). Then y is a copy of x if, for every S € G,
P([x € S]) = P([y € S]). The Borel c-algebra of H is denoted by By. An H-valued random
variable is a measurable mapping x: (Q,F) — (H,By). Let p € [1,+o0[ and let X be a sub
o-algebra of F. Then LP(Q,X, P;H) denotes the space of equivalence classes of P-a.s. equal
H-valued random variables x: (Q,X,P) — (H, By) such that E||x|||’jI < +o00. Endowed with the
norm

1/p
I+ llzecopsmy : x > EMPlx||P = (L ||x(co)||,’jP(dw)) , (3.6)

LP(Q, X, P; H) is a real Banach space and L?(Q, X, P; H) is a real Hilbert space with scalar product

Clzanpan (1) = EE 9= | (r(0)[y(0)P(do). (3.7)

Further,
(VS € By) LP(QLX,P;S) = {x € LP(Q,X,P; H) | x€eS P-a.s.}. (3.8)

The c-algebra generated by a family ® of random variables is denoted by o(®). Let & = (F)nen
be a sequence of sub c-algebras of F such that (¥n € N) &, c F,,1. Then £,.(§) is the set
of sequences of [0, +oo[-valued random variables (&,)nen such that, for every n € N, &, is F,-
measurable. We set

(Vp €]0,+00[) £1(F) = {(§n)neN € (%)

Z £ < +00 P-a.s.}. (3.9)

neN
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We say that ¢: Q x H — R is a Carathéodory integrand if

for P-almost every w € Q, ¢(w, ) is continuous; (3.10)
for every x € H, ¢(-,x) is F-measurable. .

We denote by €(Q, F, P; H) the class of Carathéodory integrands ¢: Q x H — [0, +oo[.
The reader is referred to [5] for background on convex analysis and fixed point theory, and
to [31, 36] for background on probability in Hilbert spaces.

3.2.2.2 Preliminary results

Definition 3.5 Let X be a sub c-algebra of ¥, C € By, and x be an H-valued random variable.
Then x is a C-valued X-simple mapping if there exist a finite family of disjoint sets (F;)1<i<n in
X and a family of vectors (z)1<j<n in C such that

N
i=1

N

F,F=Q and x = Z Irz; P-a.s. (3.11)
i=1

Remark 3.6 Let p € [1, +oo[. Then every C-valued X-simple mapping is in LP(Q, X, P; C).

The following proposition is an adaptation of [31, Corollary 1.1.7].

Proposition 3.7 Let C be a nonempty closed subset of H, X be a sub c-algebra of &, p € [1, +oo],
and x € LP(Q, X, P; C). Then there exists a sequence (xn)nen Of C-valued X-simple mappings that
converges strongly P-a.s. to x with sup,cy ||xn||,‘_’| < ||x|||‘jI +1 P-a.s.

Proof. Let z € C be such that ||z|||'f| < infec ||y|||'f| + 1 and let {z, }nenw be a countable dense subset
of C with zg = z. For every n € N and every y € C, define I,y = {i € {0,...,n} | [lz I}, < llyll}; + 1}
and let i,y be the smallest integer i € I,y such that |ly —z||y = minj,, |ly —zl|n. Define, for every
neN, T,: C— C:ym z . It follows from the density of {z,}nen in C that, for every y € C,
T,y — y and

(Ve N) ITayl < Iyl +1. (3.12)

Set, for every n € N, x, = Tpx. Then (x,)nen converges strongly P-a.s. to x and
(VneN) [Ixllf; < lIxllf, + 1 P-as. (3.13)
It remains to show that (x,)nen is @ sequence of C-valued X-simple mappings. Fix n € N. Then

[0 =201 = {0 € | I1¥(0) ~ 20llu = min [1x() - lu]} (3.14)

n,x (o)
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and, for every i€ {1,...,n},

[0 =2 = {0 € | € Iy and x(@) = zllu = min [lx(@) = Zllk < _min_x(@) = z]u}.

nx(w) JEli-1,x(w)
(3.15)
By construction, (3.14) and (3.15) define sets in X. Further,
n n
U[xn = Zi] =Q and Xn = Z 1[xn=Zi]Zi’ (316)
i=0 i=0

which confirms that x, is a C-valued X-simple mapping. 0O

Lemma 3.8 Let § = (F,)nen be a sequence of sub o-algebras of F such that (¥n € N) F,, € Fpi1.
Let (on)nen € £4(F), (Onnen € £:(F), and (Mn)new € £(F). Then the following hold:
(i) Suppose that (nn)new € £1(F) and there exists a sequence (yn)nen € €1 (F) satisfying

(VneN) E(ans1|Fn) + 60 < (1+ yn)an + 10 P-as. (3.17)

Then (On)nen € €1(§) and (an)nen converges P-a.s. to a [0, +oo[-valued random variable.

(ii) Suppose that Eay < +co, Y i Enn < +00, and there exists a sequence (xn)nen in [0, +oo[
satisfying mxn < 1and

(Vn e N)  E(anh1 | Tn) + 6 < xnom +1n P-acs. (3.18)

Then Y,y E6n < +00 and Yy Ean < +00.

Proof. (i): This follows from [51, Theorem 1].
(ii): This follows from [22, Lemma 2.1({i)]. O

Corollary 3.9 Let (ctn)nen, (On)nen, (Nn)nen, and (xn)nen be sequences in [0, +oo[. Then the follow-
ing hold:
(D) Suppose that Tpeys M < +09, Tpers Xn < +00, and

(Vn eN)  ap1 +6, < (1+xn)otn + 1. (3.19)

Then Y hep O < +00 and (o, )nenw converges to a positive real number:

(i) Suppose that o fn < +o0, lim, < 1, and
(Vn eN)  ap1 +6n < Yooty + 1 P-ass. (3.20)

Then Y,cy O < 400 and ey oy < +00.

Proof. An application of Lemma 3.8 with (Vn e N) &, = {@,Q}. O
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Lemma 3.10 Let £ € L'(Q,F,P;R), let ® be a family of random variables, set X = o(®), and let
n € L1(Q, F,P;R) be independent of o({£} U ®). Then E(n¢|X) = EnE(¢]X).

Proof. Note that X C o({¢} U ®) and that ¢ is 6({¢} U ®)-measurable. Hence, it follows from
[54, Properties H*, K*, and J* in Section 2.7.4] that

E(né|X) = E(E(ry§| s({£} U D)) ‘ x) - E(§E(n|c({§} U D)) ‘:x) = E(£E5| %) = EnE(Z]X), (3.21)
which proves the identity. O

Lemma 3.11 Let x = (x1,..., xn) be an HN-valued random variable, let (K, X) be a measurable
space, and suppose that the random variable k: (Q,F,P) — (K,X) is independent of o(x). Let
f: (KxH, X®By) — R be measurable and such that E|f(k,x1)| < +o0, and defineg: H - R: x >
Ef (k,x). Then, for P-almost every o’ € Q,

E(f(k,x1) |G(x))(w’) = fQ f(k(w),x1(0"))P(dw) = g(x1(x")). (3.22)

Proof. Define f: K x HN — R: (k,x) — f(k,x1). Then f is an R-valued measurable function. Let
S € o(x). Then there exists A € Q) .y Bn such that S = [x € A]. Thus, it follows from the
image measure theorem [54, Theorem 2.6.7], the independence of k and o(x), and Fubini’s
theorem [54, Theorem 2.6.8] that

L f(k(w),x1(w))P(dw) = L} f(k(w), x(0))1a(x(w))P(dw)

:f £k ) LA () (P o (k%)) (dk, dx)
KxHN

:J f(k,x)1a(x)((P o k™) ® (P o x71)) (dk, dx)
KxHN

= f 1A(x)(f f(k,x)(P o k‘l)(dk))(P o x 1) (dx)
HN K

- f 1A<x>( f f(k,xo(Pok-1><dk>)<Pox-1><dx>
HN K

- |, 15090 (P o x )

- fQ 1a (x(0))g(x1 () P(do)

= Lg(xl (0))P(dw). (3.23)

Therefore g(x1) = E(f(k,x1) | o(x)) P-a.s. O

Lemma 3.12 Let p € |1, +o0[, let (& )nenw be a sequence in LP(Q, F, P; R) such that sup,y E|& [P <
+00, and let £: Q — R be measurable. Suppose that & — & P-a.s. Then E|é] < +oo0, & — &in
LY(Q,7,P;R), and E&, — E&.
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Proof. Set q = (p — 1) /p. It follows from the Holder and Markov inequalities that

0< lim supf |&,dP
[1&1>p]

p—too nen

< i (El/P PEl/aqd )
gt SUp(E-F | (151>6]

. 1/q
< sup El/p|§n|PﬁhrP sug(P([lgznl > f)]))
——+00 ne

neN
El/a)g, P
< supEYPIE P lim su L
neNP |§n| p—o+oo nelg Bp/q
_0. (3.24)

which shows that (&)nen is uniformly integrable. We can therefore invoke [54, Theo-
rem 2.6.4(b)], which asserts that £ € L'(Q,F,P;R), E&, — E& and & — ¢ in L1(Q, F,P;R).
O

Lemma 3.13 [31, Proposition 2.6.31] Let x € L?(Q,J, P; H), let X be a sub c-algebra of F, and
let y € L2(Q, X, P; H). Then E((x|y)n | X) = (E(x | X) |y>H.

Lemma 3.14 Let C be a nonempty closed subset of H and let (x,)nen be a sequence of H-valued

random variables. Define
X = (Xp)new, where (Vn e N) X, =o(xo,...,%n)- (3.25)

Let p € [1,+oco[ and suppose that, for every z € C, there exist (tin(2))nent € £ (%), (0n(2))nen € £:(%),
and (vq(z))nen € £} (X) such that

(VneN)  E(|lxne1 — z|||F_’| | Xn) +6n(2) < (14 (2))lIxn — Z”El +v,(z) P-a.s. (3.26)

Then the following hold:
(i) Let z € C. Then Y,,c 6n(2) < +00 P-a.s.
@) (||%n|lH)nen is bounded P-a.s.
(iii) W (xn)nen # @ P-a.s.
(iv) There exists Q' € F such that P(Q’) = 1 and, for every w € Q' and every z € C, (||x,(w) —
z||H)nen converges.

(v) Suppose that M (x,)nenw € C P-a.s. Then (x,)nen converges weakly P-a.s. to a C-valued ran-

dom variable.

(vi) Suppose that S(x,)nenw N C # @ P-a.s. Then (x,)nenw converges strongly P-a.s. to a C-valued

random variable.

(vii) Suppose that G(xn)nen # @ P-a.s. and that MW(xn)newy C C P-a.s. Then (x,)nenw converges

strongly P-a.s. to an C-valued random variable.
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(viii) Suppose that z € C and (xn)nen in [0, +oo[ satisfy
(Vn €N)  E(llxne1 = zlI} | %) < xollxn = 2|}, P-a.s. and limy, < 1. (3.27)

Then the following hold:

(a) Let n € N. Then E(]|xns1 — z|||'jI | Xo) < (HJ."ZO xXi) llxo — z||E| P-a.s.
(b) Suppose that xg € LP(Q, F, P; H). Then (x,)nen converges strongly in LP(Q, F, P; H) and
P-a.s. to z

Proof. (i)-(vii): Apply [20, Proposition 2.3] with ¢ = | - |P. The measurability of the weak limit
in (v) relies on [20, Proposition 2.3(iv)] which invokes [47, Corollary 1.13]. The applicability
of the latter follows from the separability of H and the completeness of (Q,J,P); see [31,
Sections 1.1a-b] for details.

(viii): Apply [22, Lemma 2.2] with ¢ = |- |P. O

3.2.3 Main results

3.2.3.1 An abstract stochastic algorithm

The analysis of the asymptotic behavior of the following algorithm will serve as the backbone
of subsequent convergence results. We recall from Section 3.2.1 that Z is the solution set of the
problem under consideration and that it is assumed to be nonempty and closed.

Algorithm 3.15 Let xg € L?(Q, 7, P; H). Iterate

forn=0,1,...

X, =o(xo,...,%n)

take A, € L*(Q, F, P;]0,+0[), dy € L%(Q, F, P; H), and &, € €(Q, F, P; H) such that
E(A(2 = A lldnlIZ | Xn) > O P-aus.;
(Vz € Z) E(An(z+dn = %0 [da)yy | Xn) < 8n(-2)/2 P-as.

| Xn+1 = Xn = Andhy.

(3.28)

Let us outline the weak and strong convergence properties of Algorithm 3.15.

Theorem 3.16 Let (x,)nen be the sequence generated by Algorithm 3.15. Then the following hold:
(D) (xn)ne is a well-defined sequence in L?(Q, F, P; H).
(ii) Let ne Nand z € Z. Then

E(||xn+1 - Z|||%| | xn) < ”xn - Z”a - E(/ln(2 - An)”dnna | xn) + 5n(': Z) P-a.s.
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(iii) Let n e Nand z € L*(Q, X, P; Z). Then

E(llxne1 = 2l | Xa) < [0 = 2l = E(A(2 = ) lldnllf [ Xa) +6a(-2) P-as.
(iv) Let n €e Nand z € L*>(Q, X, P; Z). Then

ll%n41 — Z||fz(95’p;H) <l - Z||fz(95’p;H) — E(A4n(2 = 20 lldnlI3) + ESn (- 2).

(v) Suppose that, for every z € Z, 3,cit On(+,2) < 400 P-a.s. Then the following hold:

(@) (||xnllH)nen is bounded P-a.s.

(b) Let z be a Z-valued random variable. Then (||x, — z||4)nen converges P-a.s.

(©) Ynew E(Aa(2 = An) lldnllfh [ Xn) < +00 P-aus.

(d) Suppose that W (xn)nenw C Z P-a.s. Then (x,)nenw converges weakly P-a.s. to a Z-valued
random variable.

(e) Suppose that S(xy)nenw N Z # @ P-a.s. Then (x,)nenw converges strongly P-a.s. to a Z-
valued random variable.

(f) Suppose that S(x,)nen # @ P-a.s. and that W (x,)new C Z P-a.s. Then (x,)nenw converges
strongly P-a.s. to a Z-valued random variable.

(vi) Suppose that, for every z € Z, 3,y Edn(+,2) < +00. Then the following hold:

@ (I%nllz2(.,p;H) e is bounded.

(b) Let z € L*>(Q,F,P; Z). Then (||xn — 2|11 (q,9,p;H) Inen cOnverges.

(©) Znew E(An (2= 20) lldnllf) < +oo.

(d) Suppose that (x,)nen converges weakly P-a.s. to an H-valued random variable x. Then
x € L>(Q,F,P; H) and (x,)nen converges weakly in L?(Q, F, P; H) to x.

(e) Let x be a Z-valued random variable. Then (x,)nen converges strongly P-a.s. to x if and
only if (xn)nen converges strongly in L'(Q, F, P; H) to x. In this case, x € L>(Q,F,P; Z)
and (xy)nen converges weakly in L?(Q, F, P; H) to x.

Proof. (i): By assumption, xg € L?(Q, F, P; H). Now suppose that x, € L?(Q, F, P; H). Then, since
dy € L2(Q, F,P;H) and A, € L®(Q, F, P; 10, +0[), Xns1 = Xn—Andn € L?(Q, T, P; H). This establishes

the claim by induction.
(ii): We derive from (3.28) that

E(llxe1 — 2lI7 | Xn)
= E(llx — I — 220 (%0 — 2| dn )y + AZlldn I | %)
=[x — zlIF = E(An(2 = A)[ldn I3 | Xn) + 2E(An(z + d — X1 [ dn)py | Xn)
< % = zlI3 = E(A (2 = ) lldallZ | Xn) + 8n(-,2) P-a.s. (3.29)
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(iii): First, let s be a Z-valued X,-simple mapping. Then there exists a finite family of disjoint
sets (Fy)iel in X, such that J;q Fi = Q, and a family (z)¢| in Z such that s = 3}, 1r,z. Then, by

(ii),
2
| )
H
E(Z llxns1 = zilIA1F,

i€l

= > E(llxne — 2l | %) 15,

iel
< >l = alI3 LR + ) (~E(A(2 = 20 a3 Xn) + 80 (20 ) 1

i€l i€l

E(|lns1 = sl | Xn)

Z 1F, (Xn41 — 71)

i€l

2
= Z 1Ir,(xn —z)|| —E(A(2- An)Hdn”a |9Cn) + Z 50 (- z) 1R,
i€l H i€l
= 1% = slIf = E(Aa(2 = Aa)ldnlIZ | Xn) + 8a (-,5) P-a.s. (3.30)

Next, Proposition 3.7 guarantees the existence of a sequence of Z-valued X,,-simple mappings

(5))jert such that § — z P-a.s. and supjey [Is|3 < llz|3 +1 P-a.s. Thus, we derive from (3.30) that
(V) €N)  E(llxne1 = §ill5 | Xn) < llxn = 5117 = E(Aa(2 = 2 ldnlI7 | Xn) + Sn (- 5) P-as.  (3.31)

Additionally,
(Vi €N)  [lxne1 = 5illf < 2lxnen I} + 2015117 < 2lxnanllfy + 21l21IF +2 P-as. (3.32)

Note that the right-hand term in (3.32) is integrable and that ||x,.1 — sj||a — ||%ne1 = zlla P-a.s.
as j — +oo. Therefore, by the conditional dominated convergence theorem [54, Theo-
rem 2.7.2(a)],

E(llxne1 = 5lI7 1 %) = E(llxne1 = 2l13 | Xn) P-a.s. as j — +oo. (3.33)

On the other hand, the continuity of &, with respect to the H-variable implies that &,(-,s)) —
60 (-, z) P-a.s. as j — +co. Altogether, taking the limit as j — +o0 in (3.31) yields

E(”xn+1 - Z”a |xn) < lx = Z|||%| - E(An(z - An)Hdn”a |xn) +6n(-2) P-as. (3.34)

(iv): Take the expected value in (iii).
(v)(a): This follows from (ii) and Lemma 3.14(ii).
(v)(b): Let Q” € F be such that P(Q”) = 1 and, for every v € Q”, z(w) € Z. Further, let
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Q' € F be given as in Lemma 3.14(iv), which holds as a consequence of (ii). Then
(Vo € Q' NQ")  (|Ixn(w) = 2(0)|IH), cOnverges, (3.35)

which confirms that (||x, — z||H)nen converges P-a.s. since P(Q' N Q") = 1.
(v)(c): Let z € Z. In view of (ii) and Lemma 3.14(i),

D E(An(2 = An) ldalI | %) < +o0 P-as. (3.36)
neN

W) (d)-() (©): These follow from (ii) and Lemma 3.14(v)—(vii).

(vi)(a): Note that {@, Q} C (Nhex Xn- It follows from (iv) and the assumption that, for every
z € Z, Yhen Edn(-,2) < 400, that (x,)nen is quasi-Fejér of Type III in L?(Q, T, P; H) relative to
L?(Q, {2, Q},P;Z) [16, Definition 1.1]. Hence, [16, Proposition 3.3(i)] implies that (x,)ney is
bounded in L?(Q, F, P; H).

(vi)(b): It follows from (vi)(a) that sup,.yE|lx — z||$| < +o00 and from (v)(b) that
(Jlxn = zllH)nenw converges P-a.s. We then invoke Lemma 3.12 to deduce that E||x, — z|[|y —
E(lim [|x, — zln) < +co.

(vi)(c): Let z € Z. Then, in view of (iv) and Corollary 3.9(i),

D E(n(2 = A)lldalIf) < +oo. (3.37)
neN

(vi)(d): In view of (vi)(a), (x,)new possesses a weak sequential cluster point w €
L2(Q,9,P;H), i.e., there exists a strictly increasing sequence (kn)ney in N such that x, — w
in L2(Q, 7, P; H). However, since H is separable, it contains a countable dense set {y;}c. Let
us fix temporarily j € N and identify y; with a constant random variable in L?(Q, &, P; H). Then
E(xk, =wl|y)u — 0 and we can therefore extract a further subsequence (x, )aen such that
(%, =wl|yj)n — 0 P-a.s. On the other hand, the assumption yields (x, —x|y)y — 0 P-as.
We deduce from the P-almost sure uniqueness of the limit that there exists Q; € J such that
P(Q) =1and

(Vo € Q) (x(0) [y = (w(w) [y (3.38)

Let us set Q” = (e & and note that P(Q”) = 1. Then (3.38) yields
(VjeN) (Vo € Q") (x(w) —w(w)|yj)y =0. (3.39)

By density, for every w € Q”, there exists a strictly increasing sequence (ij)jen such that y; —
x(w) — w(w) and it results from (3.39) that

() = w(w)If = (x(0) = w(w) |x(0) - w(w)y =0, (3.40)
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which shows that x(w) = w(w). Thus, x = w P-a.s. and it follows from [5, Lemma 2.46] that
Xy, — x in LZ(Q, F,P; H).

(vi)(e): Suppose that x, — x P-a.s. Then it follows from (vi)(a) and Lemma 3.12 that
x € LY(Q,F,P;Z) and x, — x in L}(Q,F, P; H). Conversely, suppose that x € L'(Q,F,P;Z)
and x, — x in L'(Q,F,P;H), ie., E|lx, — x|ly — 0. Then there exists a strictly increasing
sequence (kn)new in N such that ||x, — x|l — 0 P-a.s. On the other hand, (v) (b) guarantees that
(]It = x|lH)nexw converges P-a.s. Since the P-almost sure limit of any subsequence coincides with
the P-almost sure limit of the sequence, we conclude that ||x, — x||y — 0 P-a.s. Additionally;,
as P-almost sure strong convergence implies P-almost sure weak convergence, we deduce from
(vi)(d) that x € L?(Q,F,P; H) and x, — x in L?(Q,F,P; H). O

We now assume that the tolerance variables (&,),en are constant with respect to the H-

variable and depend only on the Q-variable.

Theorem 3.17 Let (x,)nen be the sequence generated by Algorithm 3.15. For every n € N, assume
that 6, is constant with respect to the H-variable and set, for every o € Q, 9,(®) = 6n(w,0). Then
the following hold:
(D) Let n € N. Then E(d2(xps1) | Xn) < d2(xn) + O P-aus.
(ii) Let n € N. Then Ed%(xn+1) < Ed% (xn) + Eh.
(iii) Suppose that Y,cy 9 < +o0 P-a.s. Then (dz(x,))nen converges P-a.s.

(iv) Suppose that Y, Edn < +co. Then the following hold:

(@) (EdZ(xn))nen converges.

(b) Suppose that Z is convex and that lim Ed% (xn) = 0. Then (xn)nen converges strongly in
L%(Q,F,P; H) and P-a.s. to a Z-valued random variable.

(c) Suppose that Z is convex and that there exists x € 10, 1[ such that

(Vn € N)  E(d3(xns1) | Xn) < xd3(xn) + 0 P-as. (3.41)

Then the following are satisfied:
[A] Let n € N. Then Ed%(xn+1) < xmt Ed%(xo) + Zj":o X"‘jEl‘ij.
[B] There exists x € L?>(Q, F, P; Z) such that (x,)nen converges strongly in L?(Q, F, P; H)

and P-a.s. to x, and

n-1
(Vn € N)  Ellx, — x[|2 < 4x"Ed2(x0) + 42 X"IES, + 2 Z ES,. (3.42)
j=0 j=n

Proof. (i): Let z € Z. Then Theorem 3.16(ii) yields E(||xn+1 — z||a | Xh) < |lxn — z||a + J, P-a.s. On
the other hand, dz(x,41) < ||xn+1 — z||H P-a.s. Thus,

E(d2 (ns1) | Xn) < E(llxns1 — I3 ] %n) < llxn — 2l + 91 P-aus. (3.43)
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Taking the infimum over z € Z yields the claim.

(ii): Take the expected value in (i).

(iii): This follows from (i) and Lemma 3.8(i).

(iv) (a): This follows from (ii) and Corollary 3.9(i).

(iv)(b): Let n € N, m € N\ {0}, and z € L*(Q, X, P; Z). Then z € Nigjem L*(Q, Xnuj, P5 H)
and we derive inductively from (3.28) and Theorem 3.16(iii) that

E (Il = Xnem I3 Xn) < 26 Iy = 213 + e — 213 | )

< 20l = 2l + 2E(E(Inem = 203 | Xoim-1) | %0
n+m-1
<4l -zl +2 ) G P-as. (3.44)

j=n

Now assume that z = proj; x, and recall that proj, is nonexpansive [5, Proposition 4.16] while
%, is (X, By)-measurable. Consequently, z is (X,, By)-measurable. Given y € L2(Q, X,,, P; Z),

1 1 . .
5Ellzlii = 5Ellz = y + ylli < Ellprojz x, - projz ylli + Ellyll
< ”xn - yH%Z(Q’xn,P;Z) + ||y”%2(Q,xn,P;z)s (345)

which shows that z € L2(Q, X,,, P; Z). Further, (3.44) yields

n+m-1
E(I1xn = XnemlI2 | Xn) < 4d2(x) + 2 Z 9 P-as. (3.46)
j=n
Therefore, upon taking expectations, we get
n+m-1
Ellxn = vy < 4EdZ(x) +2 > E9,. (3.47)
j=n

The assumption lim EdZ(x,) = 0 and (iv) (a) yield lim Ed2(x,) = 0. In addition,
n+m-1
(YmeN\{0}) 0< > E§< ) Ef—Oasn— +oo. (3.48)

j=n j=n

We thus infer from (3.47) that (x,)nen is @ Cauchy sequence in L2(Q, , P; H), which implies that

there exists x € L*(Q, F, P; H) such that x, — x in L2(Q, F, P; H). Further, since d2: H — [0, +oo[

is continuous, d% (xn) — d% (x) P-a.s. In addition, it follows from Fatou’s lemma that

0 < Ed3(x) < limEd3(x,) = 0. (3.49)

Hence Ed2(x) = 0, d3(x) = 0 P-as., and x € Z P-a.s. Finally, Theorem 3.16(vi)(e) yields
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xn, — x P-a.s.

@iv)(o):

[A]: Taking expectations in (3.41) yields Ed% (xne1) < XEd%(xn) + E&,. The claim follows by
induction.

[B]: It follows from Corollary 3.9(ii) that lim Ed%(xn) = 0. Therefore, (iv)(b) implies that
(xn)nen converges strongly in L2(Q, F, P; H) and P-a.s. to a Z-valued random variable. Finally,
arguing as in [16, Theorem 3.13(ii)], we obtain (3.42). O

3.2.3.2 A stochastic algorithm with super relaxations

We study an implementation of Algorithm 3.2 in which the standard condition that the relax-
ations are deterministic and bounded above by 2 is not imposed. In Section 3.2.1 we called

such relaxations super relaxations.

Algorithm 3.18 In Algorithm 3.2 assume that, for every n € N, ¢, € €(Q,F, P; H), A, is inde-
pendent of 6({xo, ..., xn dn}), and E(A,(2 — A,)) = 0.

Proposition 3.19 Algorithm 3.18 is a special case of Algorithm 3.15 where, for every n € N,
On = 2&,EAn.

Proof. Let (xn)nen be the sequence generated by Algorithm 3.18. Let us first show by induction
that it is a well-defined sequence in L?(Q, F, P; H). By assumption, xo € L>(Q,J, P; H). Fix n € N
and note that d, is measurable as a combination of measurable functions. Additionally, (3.2)

yields

1 2 1 *(12
§E||dn||H = EE”antn”H

2
< L[| o ticnlgnen) (O [ f0n = 1)
2 112 + 12207 " "
2
_ 1|00 nlzm] (X | 10w — 1)
2 ltalIH + 1z=0)

2
L3201 1¢xn 160> 01

ltalIH + Lz=0]
2

2
La:201 L1l >nnl On [ T0)H
It 1l + L=

N

142201 L (o 2Dy > 01 T
lt3 11 + 1z=0
2

Il 1R 1125111
lt3 11 + Lpz=oy

2
+E

N

1142201 L (3o 8204y > 01 7T
lz3 11 + 1pz=0

< +00. (3.50)

< Ellxnl3 +E

60



Thus, d, € L?(Q,F,P;H) and, since A, € L®(Q, F, P;]0,+0[), Xns1 = Xn — Andn € L2(Q, F, P; H),
which completes the induction argument. The fact that A, € L*(Q, F, P; ]0, +c0[) also guarantees
the integrability of A, and A, (2 — A,). Further, since A, is independent of o ({xo, ..., xn, d,}) and
E(A4,(2 - A,)) = 0, it follows from Lemma 3.10 that

E(2n (2 = A lldallZ [ Xn) = E(2(2 = 240))E(lldnll3 | Xn) = 0 P-as. (3.51)
Next, we infer from (3.2) that
(Yn €N)  antn = (xn [ antidp — a2 13115 = (| dadpy = lldallF (3.52)

which shows that a,n, € L} (Q,F, P; R). Now set 8, = 2¢6,EA, € €(Q,F,P; H) and let z € Z. Then
we deduce from (3.2), Lemma 3.13, and (3.52) that

(Vn eN)  E(@|dndn|Xn) = (z| E(enty | Xn))n
< E(antn | X)) + &n (-, 2)
= E((xn | dndy — ||dn||a |f)Cn) +¢&,(-,z) P-a.s. (3.53)

Finally, we derive from (3.53) and Lemma 3.10 that

(Vn € N)  E(A(z+dn = Xn | dadpy | Xn) = E((2+ dn — X [ dn)py | X ) EAn
= E((z|d)p + lldnlIZ = Gen | dadpy | Xn) EAn
< &(+2)EA,

_ 5n(': Z)

5 P-a.s., (3.54)

which yields the claim. O
The asymptotic behavior of Algorithm 3.18 is our next topic. We leverage Proposition 3.19
and Theorems 3.16 and 3.17 to obtain the following properties.

Theorem 3.20 Let (x,)nen be the sequence generated by Algorithm 3.18.
(i) Suppose that, for every z € Z, Y ci én(+ 2)EAy < +00 P-a.s. Then the following hold:

(@) Tnew E(An (2 = 2)E(lldnlI3 | Xn) < +00 P-as.

(b) Suppose that inf,ey E(4,(2—2,)) > 0 and there exists p € [1, +oo[ such that sup,eyy An <
p P-a.s. Then Yen E(llxne1 — xnll3 | Xn) < +00 P-as. and ¥ ey [lxne1 =X |l < +00 P-aus.

(c) Suppose that W (xp)neny C Z P-a.s. Then (x,)nen converges weakly P-a.s. to a Z-valued
random variable.

(d) Suppose that S(xy)neny N Z # @ P-a.s. Then (x,)nen converges strongly P-a.s. to a Z-
valued random variable.

(e) Suppose that S(xn)nenw # @ P-a.s. and that W (x,)new C Z P-a.s. Then (x,)nen converges
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strongly P-a.s. to a Z-valued random variable.

(ii) Suppose that, for every z € Z, Y e Eén (-, 2)EA, < +00. Then the following hold:

(@) et EC(2 = ) Elldnl? < +oo.

(b) Suppose that inf,ey E(4,(2—2,)) > 0 and there exists p € [1, +oo[ such that sup, ey An <
p P-a.s. Then Y o Ellxns1 — xn||a < +00,

(c) Suppose that M (x,)new C Z P-a.s. Then (x,)nen converges weakly P-a.s. and weakly in
L%(Q,F,P; H) to a random variable x € L*>(Q, F, P; Z).

(d) Suppose that S(xy)new N Z # @ P-a.s. Then (x,)nen converges strongly P-a.s. and
strongly in L' (Q, &, P; H) to a random variable x € L?(Q, F, P; Z). Additionally, (xy)nen
converges weakly in L?(Q,J, P; H) to x.

(e) Suppose that Z is convex, that, for every n € N, &, is constant with respect to the H-
variable, and that li_mEd% (xn) = 0. Then (xn)nen converges strongly in L?(Q, F, P; H)
and P-a.s. to a Z-valued random variable.

(f) Suppose that Z is convex, that, for every n € N, ¢, is constant with respect to the H-
variable, and that there exists x € 10, 1[ such that

(Vn €N)  E(d3(xne1) | Xn) < xd2(xn) +260EAn P-as. (3.55)

Set, for every n € N and for every o € Q, J,(w) = &(w,0). Then the following are
satisfied:
[A] Let n € N. Then EdZ(xns1) < ™ EdZ (x0) + 2 XLy X"ESEA,
[B] There exists x € L?>(Q, F, P; Z) such that (x,)nen converges strongly in L?(Q, F, P; H)
and P-a.s. to x, and
n-1

(Vn € N)  Ellx, — x||3 < 4x"Ed3(x0) + 8 Z X"ITIESEA + 42 ESEL. (3.56)

=0 i>n

Proof. In view of Proposition 3.19, we appeal to Theorems 3.16 and 3.17 to establish the claims.
(D) (a): It follows from Theorem 3.16(v)(c) and Lemma 3.10 that

D E(n (2= A)E(IdnlIA | %) = D" E(An (2= A0) lldalIE | Xn) < +00 P-as. (3.57)

neN neN

(D (@=@{) (b): It follows from (3.2) that
1 2
D E(M(2-2))E e =l

neN

x) = > E(n(2 - 2))E(lldal} | Xn) < +o0 P-as.  (3.58)
neN

Hence, the assumption infuey E(An (2 = 4,)) > 0 yields ¥,y E(llxne1 — xnlla//l,% | Xn) < +o0 P-as.

Further,

1 1
(V\neN) 0< ? < =z P-a.s. (3.59)
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Thus,

Z E(llxns1 = %allZ | Xn) < +00 P-aus. (3.60)
nelN

In addition,

n+l

2
E[ D e —xllf | X
k=0

It then follows from (3.60) and Lemma 3.8(i) that (3;_,[lx1 — xk||ﬁ)neN converges P-a.s. to a
[0, +o0o[-valued random variable, hence Yo llxn1 — Xn ||a < 400 P-a.s.

(D) (c)-@@)(e): These follow from Theorem 3.16(v)(d)-(v)(f).

(ii) (a): It follows from Theorem 3.16(vi) (c¢) and Lemma 3.10 that

D E(n(2 = 2)Elldallf = D" E(2(2 = 20)E(E(lldnlIF | %n) )

nen neN
= > E(E(n(2 = 20)E(lldnl | %))

= Z”xkﬂ - xk”a + E(”xn+2 — Xn+l ”a |xn+1) P-a.s. (3.61)
k=0

(Vn e N)

n+1

Z

ne

zZ

ne

(
E(E(A (2 = A)lldall3 ‘x ))
|

E(2n(2 = 20) lldnl13)

tlag

< +o00. (3.62)

Hence Y e E(n(2 = 20) Ellda I} < +o.
(ii) (a)=(ii) (b): It follows from (3.28) that

D E(M(2-2))E (1||xn+1 xnna)=ZE(An(2—An))E||dn||a<+oo. (3.63)

neN neN

Thus, as in (i) (b), Zney Ellxne — xa I3 < +oo.
(ii) (¢)—(ii) (d): These follow from (i) (c)—(i) (d) and Theorem 3.16(vi) (d)—(vi) (e).
(iD) (e)-(@i) (f): These follow from Theorem 3.17(iv) (b)-(iv)(c). O

3.2.3.3 A stochastic algorithm with random relaxations bounded by 2
We present an implementation of Algorithm 3.2 with an alternative relaxation strategy.

Algorithm 3.21 In Algorithm 3.2, for every n € N, g € C(QFP;H) and A, €
L®(Q,X,, P;]0,2]).

Proposition 3.22 Algorithm 3.21 is a special case of Algorithm 3.15 where, for every n € N,
8 = 2060
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Proof. Set (Vn € N) 8, = 2A,¢,. Following the proof of Proposition 3.19, it is enough to show that

on € €(Q, F,P; H);
(Vn€N)  JE(Aa(2 = M) lldall3 | Xn) > 0 P-as.; (3.64)

(V2 € Z) E(An(z+dn — Xn [dudiy| Xn) < 8n(2)/2 P-as.

Let n € N. It follows from the positivity and measurability of A,, as well the fact that ¢, €
C(Q,F,P;H), that §, € €(Q,F, P; H). Next, since A, € ]0,2[ P-a.s., we have 1,(2-4,) > 0 P-a.s.
and hence

E(A(2 = A lldalli | X0) = 0 P-as. (3.65)

Finally, let z € Z. It then follows from (3.53) and the fact that A, is positive and X,,-measurable
that

E(An(Z + dn — Xn | da)y | o)

5n('sz)
2

= E(( ] da) + l1dnllZ = (en [t | Xn) < Antin(-2) = P-as, (3.66)

which completes the proof. 0O
As in Section 3.2.3.2, we can derive weak, strong, and linear convergence results from
Theorems 3.16 and 3.17. For brevity, we provide below only the weak convergence results but,

as in Theorem 3.20, strong and linear convergence results can also be obtained.

Theorem 3.23 Let (x,)nen be the sequence generated by Algorithm 3.21. Suppose that, for every
z €7 Ypenén(-z) < +oo P-a.s. and that W(x,)new C Z P-a.s. Then (x,)nen converges weakly
P-a.s. to a Z-valued random variable x. If, in addition, for every z € Z, Y e E(Anén(+,2)) < +oo,
then x € L?>(Q,F, P; H) and (x,)nen converges weakly in L?(Q, F, P; H) to x.

Proof. In view of Proposition 3.22, the claim follows Theorem 3.16(v)(d) and 3.16(vi)(d). O

3.2.4 Randomly relaxed Krasnosel’skii-Mann iterations

Let us first recall some definitions about an operator T: H — H [5, Chapter 4]. First, T: H —» H
is nonexpansive if it is 1-Lipschitzian and a-averaged for some o € ]0,1[ if Id + o }(T — Id) is
nonexpansive [3]. On the other hand, T is f-cocoercive for some f € |0, +oo| if

(VxeH)(VYyeH) (x—y|Tx=Ty)y=BlTx— Ty||a (3.67)

and it is firmly nonexpansive if it is 1-cocoercive.
The Krasnosel’skii-Mann iterative process is a basic algorithm to construct fixed points of
nonexpansive operators [5,25,29,35,38,49]. We propose a study of its asymptotic behavior in
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a novel environment featuring random relaxations and stochastic errors.

Theorem 3.24 Let T: H — H be a nonexpansive operator such that FixT # @ and let xg €
L%(Q, F,P; H). Iterate

forn=0,1,...
take e, € L?(Q, F,P; H) and y1, € L°(Q, F,P;]0,1]) (3.68)

X4l = Xn +;1n(Txn + e, —xn).

Set (Vn € N) &, = {x0,...,x,} and X, = o(®,). Suppose that Y,y E(tin(1 — pin)) = +co and, for
every n € N, p, is independent of o({e,} U ®,). Then the following hold for some Fix T-valued
random variable x:

(i) Suppose that E([lea]|3 | Xn) — O P-a.s. and ey EpnyfEllenll3 | Xn) < +00 P-a.s. Then the
following hold:

(@) (Txn — xn)new converges strongly P-a.s. to O.

(b) (xn)nen converges weakly P-a.s. to x.

(c) Suppose that T — Id is demiregular at every point in Fix T. Then (x,)nen converges
strongly P-a.s. to x.

(i) Suppose that E||e, ||a — 0 and 3, v «/ELZE|en ||a < +o0. Then the following hold:
(@) (Txy — xn)new converges strongly in LY (Q,F, P; H) and strongly P-a.s. to O.
(b) x € L>(Q,F,P; Fix T) and (x,)nen converges weakly in L?(Q, F, P; H) and weakly P-a.s.
to x.

(c) Suppose that T — Id is demiregular at every point in Fix T. Then (xn)nen converges
strongly in L'(Q, F, P; H) and strongly P-a.s. to x.

Proof. Let us show that the sequence (x,)nen constructed by (3.68) corresponds to a sequence
generated by Algorithm 3.18. To see this, set Z = Fix T and observe that, since T is nonexpan-
sive,

(Vn e N)(Vz € L*(2,9,P;2)) E[Tx, — 2|13 < Ellx, — 2II3. (3.69)

Thus if, for some n € N, x, € L2(Q,F,P; H), then Tx, € L?2(Q, 7, P; H) and (3.68) yields xns1 €
L?(Q, 7, P; H). This shows by induction that (x,)nen and (Txn)nen lie in L2(Q, F, P; H). Let us
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define

Xn— TXn — @

t = T” € L2(Q,F,P; H);
o BTl o
(Vn e N) {an=1pzz005 (3.70)
(V2 € 2) e0(,2) = ZE(llenlly | Xa) + 5 150 2l Elenly )
dn = t7;
An = 24, € 10,2[ P-a.s.

Now set F = (T + Id)/2. Since T is nonexpansive, F is firmly nonexpansive (see [5, Proposi-
tion 4.4] or [28, Proposition 1.11.2]. Hence, we deduce from Lemma 3.13 and (3.70) that, for
everyz € Z and every n € N,

H

= <z|xn — Fxn>H - %E(<Z|en>H|xn)

1
< (Faxn | %0 = Fxn)yy — 5E(<z | e | Xn)

1
Xy — Fx, — Een>

(2| E(ants, | X))y = E(<z

1 1
= E(O‘n"ln | Xn) + ZE(Hen”a |xn) + EE(<Txn -z| €n>H |xn)

1 1
< E(anﬂn | Xn) + ZE(Hen”a |xn) + EHTxn - ZHHE(”enHH | xn)

1 1
< E(annn | Xn) + ZE(Hen”a |xn) + EHxn - ZHHE(”enHH | xn)

< E(anin [ Xn) +&n(,2) P-aus. (3.71)

Next, it is clear from (3.70) that ¢, € €(Q, F, P; H). Furthermore, in view of (3.70), (3.68) can
be written as
(Vn e N)  xp41 = x5 — Ands. (3.72)

On the other hand, since (pn)nen lies almost surely in 0, 1[, we have E(A,(2 — A,)) > 0. Addi-
tionally, for every n € N, p, is independent of o({e,} U ®,) and, by (3.70), d, is o ({en} U ®p)-
measurable. Hence, c({d,} U ®,) C o({e,} U ®,) and A, is independent of c({d,} U ®,). Alto-
gether, (x,)ney is a sequence generated by Algorithm 3.18. Finally, it follows from (3.68) and
Lemma 3.10 that

(VneN)(Vze Z) E(llxne1 —zlly [ Xn)

< E((1 = i) 1xn = 2llyt + pin T = 2l + pinlen Iy | X)
= (1 = Epn)llxn = zlln + B I T — 2zln + EpnE(llen [l [ Xn)
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< e = ZHH + E;UnE(”enHH | Xn)

< 1% — 2l + Epny E(llenll? | Xn) P-aus. (3.73)

Further, by invoking the nonexpansiveness of T and the Cauchy-Schwarz inequality, we obtain

(VneN)(Vz € Z) |[xni1 — zll2(0.5.p;h)
= \Ellxn — 2l
= EN(L = ) (50 = 2) + o (T = T2) + paeall?
N

= JEllx — 2II? + 2E1EClx, — zlillenll) + EZEllenll?

< \/ Elln — 2013 + 2/ Ex2Ellxn — 213y llen? + Ex2Elea
2
- ‘\/Enxn—z||a+\/Eu3E||en||E.
= [I%0 = zll2(3p;m) + Ep2E|lenllh- (3.74)

(i) (a): We derive from (3.73) and Lemma 3.14(ii) that (||x,||y)nen is bounded P-a.s. Hence,

for every z € Z, Y enllxn — z||HEym/E(||en||a | X,) < +o0 P-a.s. On the other hand, the assump-
tions lim E(||ex[|4 | Xn) = 0 and Y Epn/E(llenlZ | Xn) < +oo P-a.s. yield

Z EpnE(llenll? | Xn) < +00 P-aus. (3.75)
neN

Therefore, for every z € Z, Y anén(52)EAy = 23 anén(2)Epy < +o00 P-a.s. It then follows
from Theorem 3.20(i) (a) and the assumption ),ci E(1n (1 — pn)) = +co that lim E(||dn||ﬁ | X)) =
0 P-a.s. Hence,

0 < = lim||Tx, _xn”a

N[ =

< HmE(||Txn +en — X ll3 + llenllf | %)

= Lim E (|| Ton + e — Xn |7 | Xn) + Lim E([len I | Xn)

= 41mE(||dn |17 | Xn) + lim E(llenlI3 | Xn)

=0 P-a.s. (3.76)

Thus, Lemma 3.10 implies that, for every n € N,

E(||Txn+1 — Xn+1llH |xn)
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= E(IITx1 = T + (1= pin) (Totn = %n) = inenllia | X)
< E(IITxne1 = Tl | Xn) + E((1 = pin) Totn = %l | X ) + E (panllenlliy | Xn)
< E(lxner = 2l | %n) + (1 = Ep) IT0 = Xl + E (pinllenll [ Xn)
pnll T+ en = %nlln | Xn) + (1 = Epo) I To0 = %l + E (il enlli | Xn)
oI T2 = Xa [l | Xn) + (1 = Epin) [ T0 = % [l + 2E (nlenlli4 | X)
= (En) 1T = %l + (1 = Epn) ITx0 = xallp + 2B E([lenlly | Xn)

< 1T = Xl + 2Epy E([lenl[? | %) P-aus. (3.77)

Consequently, Lemma 3.8(i) secures the convergence P-a.s. of the sequence (|| Tx, — xn|l)nen,

—
~

which, in view of (3.76), forces
lim|| Tx, — x5 ||y = 0 P-a.s. (3.78)

(i) (b): Let us show that W (x,)nenw C Z P-a.s. Let o € Q be such that W(x, (w)),enr # @ and
lim|| Txn () — xn(w)]] = 0. Let x € W(xn(w))nen, say xk, (0) — x. The nonexpansiveness of T
implies that |d — T is demiclosed at O [5, Theorem 4.27]. In turn, Tx = x and W (x,(w)) C Z.
Since W (xy)neny # @ P-a.s. and lim|| Tx, — x,]| = 0 P-a.s., we conclude that W (x,)nen C Z P-a.s.
Thus, the claim follows from Theorem 3.20(i) (c).

(i) (c): By (i) (a) and (i) (b), there exists Q' € F such that P(Q’) = 1 and

(Vo € Q) Txn(w) = xn(w) > 0 and x,(w) = x(w). (3.79)

It then follows from the demiregularity of T — Id that, for every v € Q’, x,(w) — x(w). Hence,
(xn)nen converges strongly P-a.s. to x.

(ii)(a): We derive from (3.74) and Corollary 3.9(i) that (II%n llz2¢0,5,p;H)nen 18 bounded.
Therefore,

(Vz € L*(Q,F,P;H))  supE|lx, — z[|3 < +co. (3.80)
neN

In turn, for every z € L?(Q, F, P; H),

3 EtnyfEllxo - 2l EllenlZ < > JEllxo - I3 ER2Ellenll? < +oo. (3.81)

neN neN

On the other hand, since lim E||e, ||E| =0 and Y, e En+/Ellen ||E| < 400, we have

Z EpinEllenl| < +oo. (3.82)
neN
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Altogether, we deduce that

(Vz € Z) Z Een (- 2)EA, = 2 Z Een (-, 2)Epn < +00, (3.83)
neN neN

which shows in particular that, for every z € Z, Y, avén(2)EA, < +co P-a.s. Thus
lim|| Tx, — xy||y = O P-a.s. On the other hand, it follows from Theorem 3.20(ii) (a) and the as-
sumptions that lim E||d, ||a = 0. Hence, proceeding as in (3.76), we obtain lim E|| Tx, — x; ||ﬁ =0.
Moreover, taking expectations in (3.77) yields

(Vn €N)  ETone1 = *net i < ENT% = Xnlly + 2EpnEllenll?
< E[|Txn — xnlly + 2+/E2E|[en 12 (3.84)

It then follows from Corollary 3.9(i) that (E||Tx, — xn||4)nen converges. Since lim E|| Tx, — x;, ||a =
0, this implies that lim E|| Tx, — xn||a = 0. Hence, appealing to (i)(a), (Txn — xn)nen cONverges
strongly in L' (Q, 7, P; H) and strongly P-a.s. to 0.

(ii) (b): We deduce weak convergence P-a.s. by arguing as in the proof of (i) (b), while weak
convergence in L?(Q, F, P; H) follows from Theorem 3.20(ii) (c).

(ii) (c): As in the proof of (i) (c), it follows from (ii) (b) that (x,),en converges strongly P-a.s.
to x. Further, strong convergence in L!(Q, J, P; H) follows from Theorem 3.20(ii)(d). 0O

Remark 3.25 Theorem 3.24(ii) extends [20, Corollary 2.7], where the relaxations are only de-
terministic and the weak limit is not shown to be in L?(Q, F, P; H). Another connected result is
[8, Theorem 2.8], which focuses on the finite-dimensional setting (which implies that demireg-
ularity holds [2, Proposition 2.4]) with deterministic relaxations and the weaker summability
condition Y, o HnE(llenllH | Xn) < 400 P-a.s. The case of deterministic relaxations and deter-
ministic errors was considered in [16, Theorem 5.5(i)], as an extension of the classical result
error-free result of [29, Corollary 3].

The following application of Theorem 3.24 concerns averaged operators.

Corollary 3.26 Let o € |0,1[, let T: H — H be an a-averaged operator such that Fix T # @, and
let xo € L*(Q, F, P; H). Iterate

forn=0,1,...
take e, € L2(Q, 7, P; H) and p1, € L®(Q, F,P;10,1/a[) (3.85)

X4l = Xn +;1n(Txn + e, —xn).

Set (Vn € N) @, = {x0,...,x,} and X, = o(®,). Suppose that Y et E(un (1 — apn)) = +00 and, for
every n € N, that p, is independent of o({e,} U ®,). Then the following hold for some Fix T-valued
random variable x:
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(i) Suppose that E([lea]|3 | X) — O P-a.s. and Spen EpnafE(llenll? | Xn) < +00 P-a.s. Then the
following hold:

(@) (Tx, — xn)nen converges strongly P-a.s. to 0.
(b) (xn)nen converges weakly P-a.s. to x.
(c) Suppose that T — Id is demiregular at every point in Fix T. Then (x,)nen converges

strongly P-a.s. to x.

(i) Suppose that E||e, ||a — 0 and 3, +/ELZE|en ||a < +o0. Then the following hold:

(@) (Txn — xn)nen converges strongly in LY (Q, F, P; H) and strongly P-a.s. to 0.

(b) x € L>(Q,F,P;Fix T) and (x,)ner converges weakly in L?(Q, F, P; H) and weakly P-a.s.
to x.

(c) Suppose that T — Id is demiregular at every point in Fix T. Then (xn)nen converges
strongly in L?(Q, F, P; H) and strongly P-a.s. to x.

Proof. Apply Theorem 3.24 to the nonexpansive operator Id+ a1 (T —Id) and observe that it has
the same fixed points as T. O

Remark 3.27 As discussed in [17, 18], the Krasnosel’skii-Mann iterative process for averaged
operators is at the core of monotone operator splitting strategies such as the three operator
splitting scheme of [24], the Douglas—Rachford algorithm [37], and the constant proximal pa-
rameter version of the forward-backward algorithm [39]. Stochastically relaxed and perturbed
extensions of these algorithms can be derived from Corollary 3.26 with weaker assumptions
than those of [21, Theorem 4.1].

We now consider a stochastic version of the (forward) Euler method to find a zero of a
cocoercive operator. For simplicity, we adopt deterministic step-sizes (y,)nen- This result extends
those of [20,21,52] by establishing, under weaker assumptions, weak convergence P-almost
surely and, in addition, proving for the first time weak convergence in L?(Q, F, P; H).

Corollary 3.28 Let § € ]0,+co[ and let B: H — H be B-cocoercive, with zer B = {z eH|Bz= 0} #
@. Let (K,X) be a measurable space, let k: (Q,F,P) — (K, X) be a random variable, let € €
10, +oo[, and let (By)kek be operators from H to H such that B: (KxH, X®@By) — (H,Bp): (k,x) —

B, x is measurable and

(Vx € H) E(Bgx) =Bx and E|Bex—Bx|% < & (3.86)
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Let v € ]2/3,1] and xq € L?(Q, F, P; H). Iterate

forn=0,1,...
Xn =o0(xg,...,%)
kn is a copy of k and is independent of X, (3.87)
2p
= ey

| Xn+1 = Xn — Yn Bknxn~

Then the following hold for some x € L?(Q, F, P; zer B):
(i) (Bxn)nen converges strongly in L' (Q, F, P; H) and strongly P-a.s. to 0.
(ii) (xn)nery converges weakly in L?(Q, F, P; H) and weakly P-a.s. to x.

(iii) Suppose that B is demiregular at every point in zer B. Then (x,)nen converges strongly in
LY(Q, F, P; H) and strongly P-a.s. to x.

Proof. We apply Corollary 3.26 to the reduction technique of [8]. Fix 0 € |0, 2f[ and set

el

0 (3.88)

(Vn € N) ey = Bxn — Bg %n = B — B o (kn,xn) and pin = Y—e” = ]o,

Then, for every n € N, e, is measurable with E(e, | X,,) = 0 and Eyu, = y,/6. Let us also define
ey = Yoeo and

(Vn € N) er’]+1 =(1- Yn+1)€r’1 + Yn+1€n+1- (3.89)

Set T = Id — 6B. Then FixT = zerB and T is 6/(2p)-averaged [5, Proposition 4.39]. Finally,
define, for every n € N, y, = x, — ¢/, and Y, = o(yo, - - ., yn). Then, we infer from (3.87) that

(Vn €N)  yns1 = Yo+ pn (T + € — 1), (3.90)

where

" = Tx, — Ty, € L2(Q, F,P; H);
(Vn € N) {e“ %~ To € L ) (3.91)

ledll < 1% = gnlly = lleplly P-a.s.

It follows from the choice of (y,)nen, the uniformly bounded variance in (3.86), and [8, Exam-
ple 2.7 and Theorem 2.5] that

D NERElGIR = D EEle I <+ (3.92)

neN neN
and .
nEZNE(”"(l ) Z_B””)) =nEZNY_en(1‘;{_E) = oo, (3.93)

We also deduce from the proofs of [8, Lemma 2.4 and Theorem 2.5] that E||e,’1||a — 0 and
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llef [y — O P-a.s. Consequently, by taking (3.91) into account, we obtain

Z Ep2Elle/||2 < +00 and  Ele/||3 — O. (3.94)
neN

(i): It follows from Theorem 3.24(ii)(a) that (Byn)nen converges strongly in L1(Q, JF, P; H)
and strongly P-a.s. to 0. On the other hand, (3.91) implies that

(Yn e N) 6||Bxy — Byally = [[6Bxy — 6Byn ||
< ||%n — 6Bxp — (yn - eByn)HH + 1%, — ynHH

"

= [ley lln + llen Il
< 2||e/ |l P-as. (3.95)

Since E||e,’1||f| — 0 and |l¢/|ly — O P-a.s., we deduce that (Bx, — By, )nen converges strongly
in L'(Q, F, P; H) and strongly P-a.s. to 0 and, therefore, we obtain the convergence results for
(Bxn)nen-

(ii): We infer from Theorem 3.24(ii) (b) that (y,)nen converges weakly in L2(Q, F, P; H) and
weakly P-a.s. to some x € L%(Q, F, P; zer B). However, for every n € N, x, = y, +¢€/,. Since (€ )nen
converges strongly P-a.s. and strongly in L2(Q, F, P; H) to 0, we conclude that (x,)nex converges
weakly in L?(Q, F, P; H) and weakly P-a.s. to x.

(iii): This follows from Theorem 3.24(ii) (c) using the same arguments as in the proofs of
(i) and (ii). O

The following special case of Corollary 3.28 concerns stochastic optimization and establishes
new results on the convergence of the iterates generated by the standard stochastic gradient
method, a method that goes back to the classical work of [7,26,50].

Corollary 3.29 Let § € ]0,+co[ and let f: H — R be convex, differentiable, and such that Vf is
1/B-Lipschitzian, with Argminf # @. Let (K, X) be a measurable space, let k: (Q,F,P) — (K, X)
be a random variable, let € € |0, +oo[, and, for every k € K, let gx: H — R be differentiable and
such that B: (Kx H,X ® By) — (H, By): (k,x) — Vg (x) is measurable and

(Vx € H) EVge(x) = Vf(x) and E[Ver(x) - VF(x)|12 < E. (3.96)

Let v € 12/3,1] and xo € L>(Q, F, P; H). Iterate

forn=0,1,...
Xn=o(xo,...,%)
k, is a copy of k and is independent of X, (3.97)
2p
N TYST

| Xn+1 = Xn — Yn ngn (xn)~
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Then the following hold for some x € L?(Q, J, P; Argminf):
() (Vf(xn))nen converges strongly in L' (Q, F, P; H) and strongly P-a.s. to 0.
(ii) (xn)neny converges weakly in L?(Q, J, P; H) and weakly P-a.s. to x.

(iii) Suppose that Vf is demiregular at every point in Argminf. Then (x,)nen converges strongly
in L1(Q, F, P; H) and strongly P-a.s. to x.

Proof. Apply Corollary 3.28 to B = Vf, which is f-cocoercive [5, Corollary 18.17], and, for every
kEK, Bk:ng. O

Remark 3.30 In Corollary 3.29(ii), the weak convergence P-a.s. and in L? results are new. In
a finite-dimensional setting, we recover the P-a.s. convergence of [8, Corollary 4.5] with the
novelty of the L! convergence. In the infinite-dimensional setting, we extend the result of [53]
where the P-a.s. weak convergence is stated only for a subsequence of the iterates.

Remark 3.31 Variants of Corollary 3.28 can be explored by modifying the probabilistic as-
sumptions in (3.86). In the context of Corollary 3.29, see for instance [13,32,46] and their
bibliographies for possible candidates.

3.2.5 Application to common fixed point problems

The problem under consideration is a common fixed point problem involving an arbitrary family
of firmly quasinonexpansive operators. Recall that T: H — H is firmly quasinonexpansive [5,
Definition 4.1(@{v)] if

(Vx € H)(Vy € FixT)  ||Tx —ylIZ + ITx = x|IZ < [Ix = ylIZ. (3.98)

Example 3.32 ([4, Proposition 2.3]) Let T: H — H. Then T is firmly quasinonexpansive if
one of the following holds:
(i) Cis a nonempty closed convex subset of H and T = projc is the projector onto C. Here,
FixT =C.

(i) f: H— ]—oo,+0o0] is a proper lower semicontinuous convex function and

1
T =prox;: H — H: x argn:'in(f(y) +Slix - y||a). (3.99)
ye

Here, Fix T = Argminf.
(iii) A: H — 2" is maximally monotone and T = Ja = (Id+A)~!. Here, Fix T = {z € H| 0 € Az}.

(iv) f: H - R is a continuous convex function, s: H — H: x i s(x) € af (x) is a selection of af,
and

x— ) Zs(x), i f(x) > 0;
ToG:HoHixm ! M3 (3.100)

X, if f(x) <O,
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is the subgradient projector onto Fix T = {x € H | f(x) < 0}.

The following formulation covers a wide range of problems in mathematics and its applica-
tions [11,14,16].

Problem 3.33 Let (K, X) be a measurable space and (Ty)ek a family of firmly quasinonexpan-
sive operators such that T: (K x H,X ® By) — (H,Bu): (k,x) +— Tyx is measurable and, for
every k € K, Id — Ty is demiclosed at 0. Let k: (Q,F,P) — (K, X) be a random variable. The task
is to

find xe Z={zeH|zeFixT, P-as.}, (3.101)

under the assumption that Z # @.

Remark 3.34 Z is a closed convex subset of H. Indeed, let (z,).,cny be a sequence in Z that
converges to z € H. For every n € N, let Q, € F be such that P(Q,) = 1 and, for every v € Q,,
let z, € Fix Ty(y). Set Q" = (v Q. Then P(Q’) = 1 and

(Vo € Q) (Vn € N)  z, € Fix Ti(y). (3.102)

Since each set of fixed points is closed [16, Proposition 2.3(v)], we deduce that, for every
we Q,zeFixTyy),ie.,zeZ SoZis closed. Likewise, let z; € Z, z; € Z, and « € 0, 1[. Define
almost sure events Q; € F and Q, € F as above. Then, it follows from the convexity of each set
of fixed points [16, Proposition 2.3(v)] that

VMo eQ1NQy) az1+(1-a)zp € FiXTk(w). (3.103)

Since P(Q; N Qy) =1, we get az; + (1 — a)zy € Z, which shows that Z is convex.

We propose the following stochastic variant of the extrapolated parallel block-iterative fixed
point algorithm of [16]. It introduces stochasticity at four levels:

* The operators are indexed on a general measurable space rather than a countable set.

* The block of activated operators is randomly selected at each iteration.

* The evaluations of the operators at iteration n are averaged and extrapolated with random
weights (Bn)1<i<m-

* The relaxation parameter A, at iteration n is random and not confined to the interval |0, 2|
as in traditional fixed point methods [5, 16, 25].
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Theorem 3.35 In the setting of Problem 3.33, let xg € L?>(Q,F,P;H), 0 < M e N, § € ]0,1/M],
and p € [2,+oo|. Iterate

forn=0,1,...
Xn=o(xo,...,%)
fori=1,....,M
ki is a copy of k and is independent of X,
Pin = Tk, %n
(Bin)1<icm are [0, 1] -valued random variables such that

M _ ; .
Lty fin=1P-as.and (Vi€ (L. .M} fin> 811 mmaximnnlu]  (3.104)

Pn = Zil\:/ll ,Bi,npi,n
S Bnllpin = %allg + 1o ]

llpn — xa |||%| + 1[pn=xn]

n =

an = Xp + Ln(Pn - xn)
take A, € L*(Q,F,P; 10, p])

| Xn+l = Xn + An(an — xn).

Suppose that there exists p € 10, 1[ such that inf,cn E(A,(2 — A,)) > p and that, for every n € N,
An is independent of 6 (pP1n, - - > PM.ns Blns - - > PMins» X0s - - -» Xn ). Then the following hold for some x €
L%(Q,F,P; 2):

(D) (xn)nen converges weakly in L2(Q, F, P; H) and weakly P-a.s. to x.

(ii) Suppose that there exists S € F such that

Sc {m € Q| T — |d is demiregular at every point in Fix Tk(w)} and P(S) > 0.

(3.105)
Then (xn)nen converges strongly in L1(Q, F, P; H) and strongly P-a.s. to x.
(iii) Suppose that one of the following is satisfied:
[A] There exists x € |0, 1[ such that
(Vn €N)  E(d2(xns1) | Xn) < xd2(xn) P-as. (3.106)
[B] T is linearly regular in the sense that there exists v € [1, +co[ such that
(Vx e H) d3(x) < vE||Tax— x|l = vf [ T(eyx = x||f|P(dm), (3.107)
Q

in which case we set { = infiey E)tj2 and x = 1 — u8¢/ (p?v).
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Then (xn)nen converges strongly in L?(Q, F, P; H) and strongly P-a.s. to x, and

(Vn €N)  Ellx, — x[I3 < 4x"Ed2 (xo).

Proof. We define

t: =Xn = Pn;
Un—Z,Bln<Pln|xn Pln)H:

(Vn € N) ]-[t 20) LGl na] (60 | £ 00 = 1n)
n = 5

1t 12 + Lpse=of
& =0 P-a.s.;

dn = X — an

(3.108)

(3.109)

and shall show that, in this setting, the sequence (x,)neny constructed by (3.104) corresponds to
one generated by Algorithm 3.18. Let n € N. We first infer from (3.109) and (3.104) that

dn = X0 — an
=Ly (xn - Pn)
S Bnllpin = xallf + 15 ]

llpn — xn|||%| + 1[Pn=xn]

(%n = pn)

Zil\:/ll Binllxn _Pi,n”a + l[t,::O] -
I lIE + Lo "
Zil\:/ll :Bi,n(<xn | %0 = pindn — (Pin | X0 _Pi,n>H) %
®112 tn
||tn HH + 1[[;’]‘:0]
G |00 = Z BinPin | %0 = i
= s tn
”tn HH + 1[;;:0]

= ant, P-a.s.

Next, let us show that
L,>1 P-as.

Fix z € Z and, for every i € {1,..., M}, let Q;, € F be such that
P(Qi,n) =1 and (Vw S Qi,n) z € Fix Tk.,n(u))'

Thanks to (3.104), we then choose Q, € F such that

P(Q)=1 and (YoeQ,) (] FixTg,#2 and Zﬂ,n(m)_l.

1<ikM
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Given o € Q,, we consider the following two cases:

* Suppose that p,(w) = x,(®). Then [16, Proposition 2.4] yields
M
xn(©) € FiX(Z ﬁi,n(m)Tki,n(w)) = ﬂ Fix Tk, (o) (3.114)
i=1 1<i<M

hence, (Vi€ {1,...,M}) x,(®) = pin(w). Thus,

M
_ . _ 241
DAl pin(@) = 5o @I+ 1))y

L (o) = =2 - 1. (3.115)
© 10(@) =5 (@2 + 1o @) Lpn] (©)

* Suppose that p,(w) # x,(w). Then it follows from the convexity of || - ||E| that

Z Bin(@)[[pin (@) = %0 (@)
(3.116)

0 < llpn(w) = xn (@)l = in (©) (pin (0) = %0 ()

which implies that L, (w») > 1
In view of (3.2), our next task is to show by induction that (x,)neny and (#)neny are in
L?(Q,7,P; H), and that (5,)nen is in L1(Q,F,P;R). To this end, let n € N and i € {1,...,M},
and suppose that x, € L%(Q,F, P;H). Then Ti,Xn = T o (kin, x,) is measurable. On the other
hand, for every o € Qin, 2Ty (w) — Id is quasinonexpansive with Fix(2Ty (o) = Id) = Fix Ty («)
[16, Proposition 2.2(v)] and hence

1
ZHPLn(@)”a = §||2qu,n(w>Xn(®)”a
2T~ )~ + (e + 2

< (@) = 2|7, + || () + 2|5 (3.117)

Consequently, since x, € L?(Q,F,P;H) and z € H, we have p;, € L?>(Q,J,P;H) and (3.104)
therefore yields p, € L2(Q,7,P;H). Thus, t* = x, — pn € L?(Q,7,P;H). On the other hand, it
follows from the Cauchy—Schwarz inequalities in H as well in L?(Q, F, P; R) that

Elpin 10 = padu| < E(lBsnlllls = pinll) < VEMalEln — ol < +e0 3118)

which shows that (p; | xn — pin)y € L1(Q,F, P;R). Since this is true for every i € {1,...,M}, we
obtain 7, € L'(Q, F, P; R). Further, it follows from [5, Proposition 4.2(iv)] that

Vie{L....M}) (pin—2z|%0 = pin)y = (Thnn — 2| %0 — T, %n), > 0 P-as. (3.119)
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In turn, the concavity of y - (y — z| x, (w) — y)y vields

0<

i), P-as. (3.120)

n

Bin(Pin = Z| %0 = Pin)y < (Pn —Z| %0 —pn)y = (a — 1 — 2

=

1l
—_

and therefore

1 ‘1m¢oﬂ[<xn|t;>H>nnmn = B Al podn E‘zrfl (2| %0 = pindn|
2 ltalIH + 1z:=0] It 1l + 1z=0) It lIH + 1z=0)
_ E‘Zi“fl fin(Pin =21 %0 — Pt @l [
ltn 1l + 12— It lIH + 1z=0)
PG L Izlulleln [
ltn 111 + 11z:=0] It lIH + 1z=0)
X0 =t = z|lulltIn P
S i e R
< Ellxn — £ = 2|2 + |IzII3 (3.121)

Since {x,,t’} < L?(Q,J,P;H) and z € H, we thus obtain Ligzo1mn/ (It lln + 1igz=0)) €
L?(Q, 7, P;R). Hence, arguing as in (3.50), we deduce from (3.110) that

Xn — an = att € L2(Q, F, P; H). (3.122)

It therefore results from (3.104) that x,,1 € L?(Q, F, P; H), which completes the induction argu-
ment. On the other hand, since «, € [0, +oo[ P-a.s., (3.120) yields

M M
(Zlantihy = @ D Binz] 50 = Pindyy < @0 D BinlPin | %0 = pin)y = @ P-as. (3.123)
i=1 i=1

Thus, appealing to Lemma 3.13 and (3.109), we obtain
(2| E(nta ] 20)),, = E((z] anta)yy| o) < Elanm | o)+ P-as. (3.124)

Altogether, the sequence (x,)nen constructed by (3.104) corresponds to one generated by Algo-
rithm 3.18. Now set { = infiey EA2 and note that { > infiey E24 > p2/4 > 0. Hence, we infer
from (3.104) and Lemma 3.10 that

E (et = 31 0) = E([lAn(an = 50 [ [ %)
E ([Pl = w0) | )

et - )
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ﬂi,n”Pi,n - xn”a

M
= E(A,%Ln
=1

y

M
> E(A,% > Binllpin — 3]l
i=1

= (EAE)E(Z Binl|pin — xn”a

M
> {E(Z Binllpin — xn”a
i=1

2
> (E(5 max oo — [

> 6§E(||p1,n - xn“a x“)

= 8CE ([ Two 0 =

:x) (3.125)

However, since kj , is independent of X,,, Lemma 3.11 implies that, for P-almost every ' € Q,

E([[ Ty 0 =

) (@) = [ [Tapsorn(@) =30 @) [Pl
= [T (@) =3 (@) [P o), (3.126)
Therefore, for P-almost every o’ € Q, (3.125) implies that
(It — 3013 %) (o) > 8 LHTk(m)xn(w') — ()| P(dw) P-as. (3.127)

Upon taking the expected value in (3.125), summing over n € N, and invoking Theo-
rem 3.20(ii) (b), we obtain

E(Zf T k()0 — anaP(dw)) = Z E(f [ Tk(wyXn — anaP(dw)) < 400, (3.128)
nen ¥ ¢ = Ve
Hence,
Zf | T k()% = %||2P(dw) < 400 P-as. (3.129)
neN Q

Let Q' € F such that P(Q’) =1 and

(Vo' € &) Z fQHTk((D)xn (') = x, (m')”aP(dm) <+o00 and W(xy (), # 2. (3.130)
neN

The existence of such a set Q’ follows from (3.129) as well as Theorem 3.16(v)(a). Fix o’ € Q'
and let x(0’) € W(xn(w"))nen, say xj, (0) — x(w’). On the other hand, it follows from the
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monotone convergence theorem that

L D Tt (@) = %0 (@) [P (d) = ' L”Tk(m)xn(w') — 0 (@)|[AP(dw) < +00.  (3.131)

neN neN

Hence, for P-almost every o € Q, X, cnll Ti(w)*n (00") — xn ((o’)|||%| < +oo. Therefore, there exists
Q” € F such that P(Q”) =1 and

(Vo € Q") Tiw)xn () —x(0) — 0. (3.132)
It then follows from the demiclosedness of the operators (Id — Ty )kek at O that
(Vo € Q") Tiwx(o) =x(w). (3.133)

Therefore x(w’) € {z eH|zeFixTy P-a.s.} = Z. Since ' is arbitrarily taken in Q’, we conclude
that
MW (xn )nen C Z P-a.s. (3.134)

(1): This follows from (3.134) and Theorems 3.20(i) (c) and 3.20(ii) (c).
(ii): Let o’ € Q’. In view of (3.105), (3.133), and (3.132), there exists F > Q" c Q” such
that P(Q””) > 0 and

Tk(w) — Id is demiregular at x(w’);

(Vo € Q") (3.135)

Tk(w)Xn(©) = xn (') — 0.

However, (i) implies that, for P-almost every o’ € Q, x,(w’) — x(w’). Therefore, by demiregu-
larity, for P-almost every o’ € Q, we deduce from (3.135) that x,(w’) — x(w’). Thus, (x,)nen
converges strongly P-a.s. to x. Finally, the strong convergence in L'(Q,J, P;H) follows from
Theorem 3.20(ii) (d).
(iii): This follows from Theorem 3.20(ii) (f) when [A] holds. It remains to show that [B]
implies [A]. Let us first show that
x €10, 11. (3.136)

First, the concavity of € — £(2 — £) and Jensen’s inequality yield
0 <p< infE(A(2 - Ay)) < inf EA,(2 — EAy). (3.137)
neN neN
This quadratic inequality forces
0<1-41-p< ianE/ln, (3.138)
ne

and Jensen’s inequality guarantees that 0 < inf,y EA? = {. Next, since p € ]0,1[, § € ]0,1],
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v e [1,+0], p € [2,+0[, and A, € ]0, p] P-a.s., we have A2/p? € ]0,1] P-a.s. and

2T 2

. e 10,1]. (3.139)

It follows then that uS¢/(p?v) € 10, 1[ and therefore that y = 1 — p8¢/(p?v) € ]0,1[. Next, let
n e Nand z € L?(Q, X, P; Z). Theorem 3.16(iii), the independence assumption for A,, and (3.2)
imply that

E(llxns1 = 2lI3 [ Xn) < 1% = 213 = E(A0 (2 = 20))E(lldall; | Xn)

1
=[x, — z|||%| - E(An(z _An))E(A_z”xn+1 _xn|||%|

n

I)Cn) P-a.s. (3.140)

Upon taking z = proj; x, in (3.140),

1
E(d%(xn+1) |xn) < d%(xn) - E(An(z - An))E(A_z||xn+1 - xn”a
< () - luE( &

n
2 xn)

< d2(xy) - p—“zE(llxm — I3 [ %) (3.141)

%041 — ana

Thus, for P-almost every o’ € Q, we derive from (3.125) that

)
E(dZ (xns1) | Xn) (@) < dZ () (@) = pp_2§ LHTk(m)xn(w’) — 2 (@)|[yP (dw)

< xd2 (%) (). (3.142)

Hence, E(d2(xy1)|Xn) < xd3(xy) P-ass. and, in view of (3.136), [A] holds. The conclusion
follows from Theorem 3.20(ii) (f). O

Remark 3.36
(i) In Algorithm (3.104), M is the batch size, i.e., the number of activated sets, p, is the
standard average of the selected operators, L, > 1 is the extrapolation parameter, a,
is the extrapolated average, and A, is the relaxation parameter, which can exceed the
standard bound 2 imposed by deterministic methods [16].

(i) Problem 3.33 is studied in [27] for firmly nonexpansive operators with errors. A determin-
istic algorithm which activates all the operators at each iteration via a Bochner integral
average is proposed. The weak convergence to a solution is established; see also [10] for
a version in the context of projectors of Example 3.32(i). This result contrasts with Theo-
rem 3.35 in which the convergence is guaranteed even when a finite number of operators
are activated at each iteration.

(iii) In (3.104), we need not impose a lower bound on the weights (f,)1<i<m if we assume
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that, for everyi € {1, ..., M}, 5, is independent of ¢ (p; n, X0, - - -, ). Indeed, in such a case,

Lemma 3.10 asserts that

M
E(Z Binllpin = %l
i=1

M
D E(Binllpin = %l | %)
i=1

M
D (En)E(lIp1n = xnllf | X)

i=1
= E(llp1n — xallf | Xn)- (3.143)

(iv) Suppose that, for every k € K, T,.: H — H is continuous. Then, to obtain the joint measur-

ability of T, it is enough to suppose that, for every x € H, T(-,x): k — T,x is measurable
[1, Lemma 4.51].

Remark 3.37 In the literature, convergence to solutions has been established in specific in-
stances of Problem 3.33 and algorithm (3.104).

@

(i)

Several works have focused on the sequential unrelaxed case, that is, the scenario in
which
M =1, A, = 1, and therefore x,41 = @y = pn = p1.n = Ty, Xn. (3.144)

In the context of the projectors of Example 3.32(i), [43] guarantees almost sure con-
vergence to a solution when H = RN and K is finite. This result is also found in [9]
and in [34]. The setting of [34] involves a Euclidean space H and a general measur-
able space (K, X), and it also shows convergence in L?(Q, F, P; H). When the subsets are
half-spaces or when the interior of Z is nonempty, [43] provides a rate for convergence in
L?(Q, F, P; H). For general separable Hilbert spaces and under the assumption that the op-
erators are averaged mappings, [30] shows weak almost sure convergence. In addition,
a convergence rate is established in L'(Q,F, P; H) when (3.107) is satisfied. The paper
[44] involves deterministic relaxations A, € ]0, 2[ in the context of subgradient projectors
of Example 3.32(iv) in H = RN. Assuming that (3.107) holds and, additionally, that the
subgradients are uniform bounded, almost sure convergence to a solution is established.

We now discuss works that have studied algorithms for M > 1. In [33], K is countable,
extrapolations are not allowed (hence a, = p,), A is a deterministic parameter in ]0, 2],
and the condition intZ # @ is imposed. Finite convergence is established. In the context
of projectors in H = RN, a similar approach to Algorithm 3.1 is studied in [40] and [42]
with the following restrictions: deterministic relaxations (A,)nen in ]0,2[ and iteration-
independent fixed deterministic weights f;, = 1/M. Mean-square rates of convergence
are established by assuming that (3.107) holds, as well as ergodic convergence results.
However, almost sure convergence is not proved. Similarly, [41] and [45] use a determin-
istic relaxation sequence (A,)nen in ]0,2[ and iteration-independent fixed deterministic
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weights fi, = 1/M to solve Problem 3.33 in the context of subgradient projectors in

H = RN. Under linear regularity assumptions and, additionally, uniform boundedness of

the subgradients, rates of convergence in mean-square are provided. Nevertheless, almost

sure convergence of the sequence of iterates is not guaranteed.

Remark 3.38 By combining the proofs to Theorem 3.24 and Theorem 3.35, it is possible to es-

tablish convergence results for the following error-tolerant algorithm for solving Problem 3.33:

Let xo € L?(Q,%,P;H), 0 < M e N, and § € ]0,1/M[. Iterate

forn=0,1,...
Xn=o(x0,...,%n)
fori=1,....M

ki, is a copy of k and is independent of X,
take e, € L?>(Q,F,P; H)
Pin = Th,Xn + €in
(Bin)1<icm are [0, 1] -valued random variables such that
SM fin=1P-as.and (Vie{l... M} fn> 081

Pn = Zil\:/l1 BinDin
take A, € L®(Q, 7, P;]0,2[)

Xn+1 = Xn + An (pn - xn)-

in—2%n [|y=max ||p;n—
”Pl,n xn”H 1<J_<M||Pj,n xn”H]

(3.145)

Suppose that inf,cn E(4,(2 — 4,)) > 0, maxi<icm Znen v/ Elléin |||%| < +o0, and that, for every n € N,
An is independent of o (k1 pn, .-, kMns €1ns -« -5 €Mins BLns - - - PMins X0s - - -5 X ). Then there exists x €
L?(Q, 7, P; Z) such that (x,)nen converges weakly in L2(Q, F, P; H) and weakly P-a.s. to x.

3.2.6 Numerical experiments

We illustrate numerically our results in the context of Problem 3.33 with applications of the

stochastic algorithm (3.104) with the deterministic relaxation strategies
(VWneN) A,=1.0

and
(V\neN) A, =1.09.

We also consider the random relaxation strategies

(Vn eN) P([A, =2.3]) = % and P([A, = 1.5]) =

N

and
(Vn e N) A, ~ uniform([1.5,2.3]).
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Note that (3.148) and (3.149) are super relaxation strategies that satisfy, for every n € N,
E(4,(2-4,)) > 0, P([A, > 2]) > 0, and EA, = 1.9. Problem 3.33 is specialized to the standard
Euclidean space H = RN with ||-]|5 = |I-|l, K = {1,...,p}, and k ~ uniform(K).

Problem 3.39 For every k € {1,...,p}, fi: RN — R is a convex function and C, = {x eRN |
fi(x) < 0}. It is assumed that Z = (N;¢x<, Ck # @. The task is to

find x € RN such that x € Z. (3.150)

Consider the setting of Problem 3.39. For every k € {1,...,p}, let T,: RN — RN be the
subgradient projector onto Cy of Example 3.32(iv), so that, by [5, Propositions 16.20 and 29.41]

Ty is firmly quasinonexpansive, Fix Ty = C,, and Id — Ty is demiclosed at 0. (3.151)

Subgradient projectors extend the classical projection operators in the following sense. Let C
be a nonempty closed and convex subset of RN and suppose that f, = dc. Then C, = C and
Gk = projc [5, Example 29.44]. Their importance in solving Problem 3.39 stems from the fact
that they are generally much easier to implement than exact ones.

3.2.6.1 Signal restoration

The goal is to recover the original signal X € RN (N = 1024) shown in Fig. 3.2(a) from 20 noisy
observations (rx)1<k<20 given by

(Vk € {1,...,20}) n = LX+we (3.152)

where L,: RN — RN is a known linear operator, n, € ]0,+co[, and w, € [T, nk]N is a
bounded random noise vector. The parameters (ny)i<k<20 € ]0,+00[?° are known. The op-
erators (Ly)1<k<20 are Gaussian convolution filters with zero mean and standard deviation
taken uniformly in [10,30], nx = 0.15, and wy is taken uniformly in [—nk,nk]N. Set, for ev-

ery k € {1,...,20} and everyj € {1,...,N},
Cj = {x e RN | =y < (Lix — 1 | &) < i} (3.153)

Since the intersection of these sets is nonempty and their projectors are computable explicitly
[5, Example 29.21], we solve the feasibility problem

find x € RN such that  (Vk € {1,...,20})(¥j € {1,...,N}) x € Gy (3.154)

by algorithm (3.104) implemented with exact projectors. We run two instances with xo = 0.
In the first one, M = 1. Note that the relaxation scheme of (3.146) leads to the almost sure
convergence result of [43] (see also [34]), while the relaxation schemes (3.147)-(3.149) are
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new even in this specialized context of randomly activated projection method. In the second
instance M = 16. Fig. 3.3 displays the normalized error versus execution time.

Fig. 3.3 (top) shows the benefits of large relaxations when M = 1. Fig. 3.3 (bottom) shows
the advantage of using M > 1 random blocks, in which case the extrapolation parameter L, is
not equal to 1 and can attain large values. This behavior was previously observed for deter-
ministic algorithms [6, 12,15, 48]. Fig. 3.3 also suggests that, on a single run, the use of the
proposed random super relaxation scheme can further improve the speed of convergence. It is
worth noting that the execution time can naturally be reduced if Algorithm 3.1 is implemented
on a multi-core architecture where, at each iteration, each (subgradient) projector is assigned
to a dedicated core and all the cores work in parallel.

3.2.6.2 Image restoration

The goal is to recover the original image x € RN*N (N = 256) shown in Fig. 3.4(a) from
four observations {ri,...,r4} which are given by the degradation of x via a Gaussian kernel

0 100 200 300 400 500 600 700 800 900 1,000

(@)
0.8]
0.4}
0

_0'4 I

—08}
“12} :
0 100 200 300 400 500 600 700 800 900 1,000

(b)

0 100 200 300 400 500 600 700 800 900 1,000

(0

Figure 3.2 Experiment of Section 3.2.6.1. (a): Original signal X. (b): Noisy observation r;. (c): Solution
produced by algorithm (3.104).
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0 1 2 3 4
Figure 3.3 Experiment of Section 3.2.6.1. Normalized error 20 log(||x, —xo |/ || X0 — w0 ||) (dB) versus exe-
cution time (s) on single processor machine for various relaxation strategies. Green: (3.146). Magenta:

(3.147). Blue: (3.148). Brown: (3.149). Left: Average over ten runs. Right: A single run. Top: M = 1.
Bottom: M = 16.

(b)

Figure 3.4 Experiment of Section 3.2.6.2. (a) Original image x. (b) Noisy observation r;. (c) Solution
produced by algorithm (3.104).

with a standard deviation of 8 and the addition of random noise. The noise distribution is
uniform([0, 5]"N). Let L be the block-Toeplitz matrix associated with the convolutional blur.
Then

(Vk € {1,2,3,4})) n =Lx+w, where w,~ uniform([0,5]"N). (3.155)

The entries of the random vectors (wy)1<k<4 are i.i.d. Therefore, as shown in [23], for every
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k € {1, 2,3,4}, with a 95% confidence coefficient

xeCo={xeRMN||n-LxlI*< &}, (3.156)

where £ = N2E[u)? + 1.96N+/E|u|* — E2|u|? with u ~ uniform([0, 5]). For every k € {1,2, 3,4}, we
compute the subgradient projector onto Cy in (3.100) via the function f: x — ||n — Lx||? — €. In
addition, the boundedness on pixel values is incorporated as the property set Cs = [0, 255NN,
Finally, it is assumed that the discrete Fourier transform $(x) of x is known on a portion of
its support for low frequencies in both directions. That is, let S be the set of frequency pairs
{0,...,N/8 — 1}? as well as those resulting from the symmetry properties of the 2D discrete
Fourier transform of real images. The associated set is C¢ = {x € RNN | F(x)1s = F(X)1s} and
its projection is given by projc, : x FLF)1s + F()1ps). We run algorithm (3.104) with
xo = 0 and M = 2. Fig. 3.5 displays the normalized error versus execution time. These results
confirm the conclusions of Section 3.2.6.1.

40 : : : : : 40
50 1 ~50
60| 1 —e0]
—70} 1 70|
80| 1 _8o|
2% 50 100 150 200 250 300 % 50 100 150 200 250 300

Figure 3.5 Experiment of Section 3.2.6.2 using M = 2. Normalized error 20 1og(||x, — Xeol|/||X0 — Xcoll)
(dB) versus execution time (s) on a single processor machine for various relaxation strategies. Green:
(3.146). Magenta: (3.147). Blue: (3.148). Brown: (3.149). Left: Average over ten runs. Right: A single
run.
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Chapter

ASYMPTOTIC ANALYSIS OF AN
ABSTRACT STOCHASTIC SCHEME FOR
SOLVING MONOTONE INCLUSIONS

4.1 Introduction and context

In this chapter, we address question (Q3) from Chapter 1. We specialize the framework of
Chapter 3 to develop a stochastic scheme for solving the reduced inclusion problem with two
operators.

This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic
scheme for solving monotone inclusions, submitted.

4.2 Article: Asymptotic analysis of an abstract stochastic scheme
for solving monotone inclusions

Abstract. We propose an abstract stochastic scheme for solving a broad range of monotone
operator inclusion problems in Hilbert spaces. This framework allows for the introduction of
stochasticity at several levels in monotone operator splitting methods: approximation of opera-
tors, selection of coordinates and operators in block-iterative implementations, and relaxation
parameters. The analysis involves an abstract reduced inclusion model with two operators. At
each iteration of the proposed scheme, stochastic approximations to points in the graphs of
these two operators are used to form the update. The results are applied to derive the almost
sure and L? convergence of stochastic versions of the proximal point algorithm, as well as of
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randomized block-iterative projective splitting methods for solving systems of coupled inclu-
sions involving a mix of set-valued, cocoercive, and Lipschitzian monotone operators combined

via various monotonicity-preserving operations.

4.2.1 Introduction

The object of the present paper is to study the asymptotic behavior of an abstract stochastic
scheme for solving a broad class of monotone inclusion problems in Hilbert spaces. As in the
deterministic methods unified in [18], our analysis is articulated around the following two-

operator abstract model.

Problem 4.1 Let H be a separable real Hilbert space, let W: H — 2" be maximally monotone,
let o € ]0,+o0[, and let C: H — H be a-cocoercive and such that Z = zer(W + C) # @. The task
is to

find x € H such that 0 € Wx + Cx. 4.1)

If the resolvent of W were numerically tractable, Problem 4.1 could be solved via the clas-
sical forward-backward algorithm [25,37,46]. However, in the general inclusion models to be
considered, W is typically a composite operator defined on a product space, which makes such
an assumption unrealistic. Instead, we merely assume the ability to pick points in the graph
of W. This leads us to the following deterministic algorithmic template from [18, Section 4.4],
which was first considered in [13, Proposition 3] in the context of saddle projective splitting
methods.

Algorithm 4.2 In the setting of Problem 4.1, let xo € H and iterate

forn=0,1,...

take (w,, w) € graW and g, € H

tn = wy + Can

An = (X0 = Wn | ) = (4007} |[Wy = qnll®

An .
, if A, > 0; (4.2)
0, = { IItalI? "
0, otherwise
dn = Ont;;

take A, € 10,2[

| Xn+l = Xn — Andhn.

As shown in [18], Algorithm 4.2 is at the core of a broad range of classical and block-
iterative deterministic splitting methods, in particular those of [7,11,13,15,17,19, 24,26,27,
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31,40,45-48]. Stochasticity can be introduced in various components of these deterministic al-
gorithms: stochastic approximation of operators, random selection of coordinates and operators
in block-iterative implementations, and random relaxation parameters. To design and analyze
such stochastic variants of existing models, we propose to transform Algorithm 4.2 into the

following abstract stochastic scheme.
Algorithm 4.3 In the setting of Problem 4.1, let p € [2,+oo[, let xg € L2(Q, F, P; H), and iterate

forn=0,1,...
Xn =o(x0,...,%)
take {wn, Wy, en, €5} C L2(Q,F, P; H) such that (w, + e,, w;; + ¢f) € graW P-a.s.
take {qn, ¢, £} € L2(Q,F, P; H) such that ¢ + 7 = Cq, P-a.s.
t=wy+c
An = (= o | £3) = (40) " Hlwn — gull® (4.3)
_ Lizz011a,>014n
83117 + Lsz-o)
dn = Ot
take A, € L*(Q, F,P; 10, p])

| Xn+1 = Xn — Andy.

At iteration n of Algorithm 4.3, the variables e,, ¢, and f;” model stochastic errors allowed
in the activation of the operators W and C. Thus, the algorithm does not require an exact point
in the graph of W but merely a stochastic approximation (w,, w;;) of such a point. Likewise, it
does not require the exact evaluation of Cq, but merely a stochastic approximation c; of it. The
broad reach of this algorithmic template stems from the flexibility it offers in choosing the triple
(wn, Wi, gn). Another notable new feature of (4.3) is the use of a random relaxation parameter
An which, furthermore, is not restricted to the usual interval ]0, 2][.

Notation and preliminary results are presented in Section 4.2.2. The asymptotic behavior
of Algorithm 4.3 is analyzed in Section 4.2.3, where we prove in particular weak almost sure
convergence to a solution to Problem 4.1 under suitable assumptions. Just as the convergence
analysis of Algorithm 4.2 provided a unifying framework to establish that of a wide array of clas-
sical and block-iterative methods in [18], those of Section 4.2.3 can be used to derive stochastic
versions of these methods. Thus, in Section 4.2.4, we establish the almost-sure and L2 weak
convergence of the proximal point algorithm with stochastic approximations of the resolvents
and random relaxations. To further illustrate the versatility of Algorithm 4.3, we consider in
Section 4.2.5 a drastically different model, namely, a highly structured multivariate monotone
inclusion problem involving a mix of set-valued, cocoercive, and Lipschitzian monotone opera-
tors, as well as linear operators, and various monotonicity-preserving operations among them.
We design a stochastic version of the deterministic saddle projective splitting algorithm of [13]
in which the blocks of variables and operators are now selected randomly over the course of
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the iterations, and the relaxations are random. Theorem 4.23 establishes for the first time the
almost sure convergence of such a block-iterative algorithm. Likewise, Section 4.2.6 proposes
a randomized version of the Kuhn-Tucker projective splitting method of [19] and analyzes its
convergence as an instance of Algorithm 4.3.

4.2.2 Notation and preliminary results
4.2.2.1 General notation

We use sans-serif letters to denote deterministic variables and italicized serif letters to denote
random variables. H is a separable real Hilbert space, with identity operator Id, power set 21,
scalar product (-|-), and associated norm || - ||. The strong and weak convergence in H are
denoted by the symbols — and —, respectively. The sets of strong and weak sequential cluster
points of a sequence (x,)hen in H are denoted by S(x,)nenw and M (x,)new, respectively. The
reader is referred to [4] for background on convex analysis and fixed point theory, and to [34]
for background on probability theory.

4.2.2.2 Operators

Let M: H — 2M. The graph of M is graM = {(x,x*) e Hx H | x* € Mx} and the set of zeros
of M is zerM = {x € H | 0 € Mx}. The inverse of M is the operator M~!: H — 2" with graph
graM™! = {(x*,x) € Hx H | x* € Mx} and the resolvent of M is Jy = (Id + M)~1. We say that M is
monotone if

(V(x,x*) € graM) (Y(y,y") € graM) (x—y|x" —y*) >0, 4.4)

and that it is maximally monotone if
(V(xx) e HxH) [(xx") € graM & (Y(y,y*) € graM) (x—y|x* —y*) > 0]. (4.5)

If M is maximally monotone, then Jy; is a single-valued operator defined on H and which satis-
fies

FixJu =zerM and (Vx e H)(Vy € H) [[Jux—Juyll? + [1(1d = Jw)x = (Id = Im)ylI? < [Ix -yl
(4.6)
Let B € ]0,+oo[. Then M is B-strongly monotone if M — Bld is monotone, i.e.,

(V(xx*) € graM)(Y(y,y") € graM) (x—y|x* —y*) > Blx - y|I*. (4.7)

The parallel sum of B: H —» 2Hand D: H —» 2" isBoD = (B~ +D~1)~!. An operator C: H —» H

is cocoercive with constant « € |0, +oo| if

(Vx € H)(Yy e H)  (x—y|Cx—Cy) > o|Cx — Cy||*. (4.8)
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We denote by Iy(H) the class of lower semicontinuous convex functions f: H — -0, +o0] such
that domf = {x eH|f(x) < +oo} # @. The subdifferential of f € Iy(H) is the maximally mono-
tone operator of: H — 2": x> {x* € H | (Vy € H) (y —x|x*) +f(x) < f(y)} and the proximity
operator of f is

1
prox; = Jor: H — H: x> argmin, (f(z) + §||x - z||2). (4.9)

The infimal convolution of f and h € [H(H) isfoh: H — [—oco, +00] : x = infyen (f(y) + h(x —y)).

4.2.2.3 Probabilistic setting

The underlying probability space (Q, F, P) is complete. Let (Z, §) be a measurable space. A =-
valued random variable (random variable for short) is a measurable mapping x: (Q,F,P) —
(2,9). In particular, an H-valued random variable is a measurable mapping x: (Q,F,P) —
(H, By), where By denotes the Borel c-algebra of H. Given x: Q — = and S € G, we set
[x € S] = {weQ | x(w) €S}. Let p € [1,+c0[ and let X be a sub c-algebra of F. Then
LP(Q, X, P;H) denotes the space of equivalence classes of P-a.s. equal H-valued random vari-
ables x: (Q,X,P) — (H, By) such that E||x||P < +c0. Endowed with the norm

1/p
I+ e acpsmy = x — EVPlIx||P = (L IIX(w)II"P(dw)) , (4.10)
LP(Q, X, P; H) is a real Banach space. Further,
(VS € By) LP(Q,X,P;S) = {x e LP(Q,X,P; H) | x€S P-a.s.}. “4.11)

The c-algebra generated by a family ® of random variables is denoted by ¢(®). Let (x,)nen and
x be H-valued random variables. We say that (x;, ),y converges in probability to x, denoted by
Xn 5 x, if ||x, — x|| converges in probability to 0, i.e.,

(Ve € 10, +co]) P([llxn —x|| > s]) 0. (4.12)
We say ¢: Q x H — R is a Carathéodory integrand if

for P-almost every w € Q, ¢(w,-) is continuous; (4.13)
for every x € H, ¢(-,x) is F-measurable. .

We denote by €(Q, F, P; H) the class of Carathéodory integrands ¢: Q x H — [0, +oo].

4.2.2.4 Preliminary results

Our main results rest on several technical facts, which are presented below. The first two lem-

mas are direct consequences of the corresponding statements for R-valued random variables;
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see [44, Section 2.10].

Lemma 4.4 Let (x,)neny and x be H-valued random variables and let p € [1,+co[ be such that
(xn)new converges strongly in LP(Q, F, P; H) to x. Then x, 5 x.

Lemma 4.5 Let (x,)nen and x be H-valued random variables such that x, A x. Then there exists

a strictly increasing sequence (jn)nen in N such that (x;, )nen converges strongly P-a.s. to x.

Lemma 4.6 Let (& )nen, (Andnen, and (yn)nenw be sequences of R-valued random variables such

that
limA, < 0 P-a.s.;

Xn E) 0; 4.14)
(Vn e N) & > 0P-as. and & + yn < A, P-ass.
P
Then & — 0.

Proof. Let ¢ € ]0,4c0[ and n € N. Let » € Q and suppose that & (w) > . Then there are two

cases:
* m(w) < —¢/2.
* rn(w) > —¢/2,in which case ¢/2 = ¢ — ¢/2 < & (w) + yn(w) < An(®). Therefore,

[& >¢€] Cxn <—-€/2] U [A, > €/2]. (4.15)

Note that P([y, < —¢/2]) — 0 since y;, 5 0. On the other hand, since lim A, < 0 P-a.s., we
have
ImP([A, > ¢/2]) < P(H (A, > 8/2])
- P({m cQ|(VneN)Fke {nn+1l,..}) Alw) > g/z})
0. (4.16)

Altogether, P([|&] > €]) = P([& > ¢€]) < P([xn < —¢/2]) + P([An > ¢/2]) — 0 and we conclude
that &, A 0. O

Lemma 4.7 Let x € L?(Q, F,P; H) and let T: H — H be Lipschitzian. Then Tx € L?>(Q, F, P; H).

Proof. Let B € ]0,+o0[ be the Lipschitz constant of T. Since T is continuous, the mapping w +
(T ox)(w) = Tx(w) is measurable. Furthermore,

1
EE||Tx||2 < E||Tx - TO||2 + E||TO||? < BE|lx — O||> + E[|TO||? = BE||x||* + || TO||® < +c0, (4.17)

which confirms that Tx € L2(Q, F,P;H). O
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Lemma 4.8 Let (x,)nen be a sequence in L?(Q,F,P; H), let m € N, and let $(m) be a {0,..., m}-
valued random variable. Then the function Xg(m)© © P Ko () (w) is in L2(Q, F, P; H).

Proof. We note that
m
X9(m) = Z Lismy=j1% P-as., (4.18)
=0

which shows that x, ., is measurable, as (Q, F, P) is complete, and that

(m)

2 2
E||x'9(m)|| <m 1%2}; Ellx||* < +oo. (4.19)

Thus, Xg(m) € L?(Q,7,P;H). O

The following theorem is a straightforward consequence of [21, Theorems 3.2 and 3.6].

Theorem 4.9 Let Z be a nonempty closed convex subset of H, let xo € L*(Q,F,P;H), and let
p € [2,+oo]. Iterate

forn=0,1,...
Xn =o(x0,...,%)

t* € L2(Q,7,P; H) and 7, € L' (Q, T, P; R) satisfy
Li5:201 L (xa 1) > 141 7In
lltall + 1p=0)

115201 L xal1)> ] ((n [ 87) = 7n) |
" 16512 + T ’ (4.20)
(Vz € Z) (z|E(Onty | Xn)) < E(Oamn [ Xn) +&n(-,2) P-ass.,

where ¢, € €(Q, F, P; H)

€ L?(Q,F,P;R);

dy = ent:
A € L7 (Q,F,P;]0,p])

| Xn+1 = Xn — Andy.

Suppose that, for every n € N, A, is independent of o({xo, . .., %n, dn}), and E(A,(2 — A,)) = 0. Then
the following hold:

(D) (Xn)nen is a well-defined sequence in L?(Q, F, P; H).

(ii) Suppose that, for every z € Z, Y e Eén (-, 2)EA, < +00. Then the following are satisfied:

(@ (|30 |Dne is bounded P-a.s. and (E||xy||*)nen is bounded.

(b) Tnew E(n(2 = A))Elldy||* < +oo.

(c) Suppose that inf,cy E(1,(2 — Ay)) > 0. Then ¥ cn Ellxns1 — %0 [|? < +o0.

(d) Suppose that MW (x,)nen C Z P-a.s. Then (x,)nen converges weakly P-a.s. and weakly in
L?(Q,F,P; H) to a random variable x € L*(Q, F, P; Z).

(e) Suppose that S(xp)hew N Z # @ P-a.s. Then (xy)nen converges strongly P-a.s. and
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strongly in L' (Q, &, P; H) to a random variable x € L?(Q, J, P; Z). Additionally, (x,)nen
converges weakly in L2(Q, F, P; H) to x.

Lemma 4.10 ([13, Lemma A.2]) Let a € [0,+co[, let A: H — H be o-Lipschitzian, let ¢ €
10, +oo[, and let y € 10,1/(a + 5)]. Then y~'Id — A is 6-strongly monotone.

4.2.3 Convergence analysis

This section is dedicated to establishing the weak convergence to solutions to Problem 4.1, in
the almost sure and L?(Q, F, P; H) modes, of the sequence (x,)nen generated by the stochastic
Algorithm 4.3.

Theorem 4.11 In the context of Problem 4.1, let (x,)nen be the sequence generated by Algo-
rithm 4.3. For every n € N and every z € Z, set

en(2) = maX{O, E(0n((wn — 2| €5 + 1)) + (en | w5 + C2) + (en | 7) x)} (4.21)
and suppose that A, is independent of o({xo,...,xn, dn}) and that E(1,(2 — A,)) > 0. Then the
following hold:

(i) Let ne Nand z € Z. Then

(z|EButr 1 %)) < E(@n<wn|t:> xn)+%E(9n||wn—qn||2|f)Cn)+€n(-,z) P-as. (4.22)

(D) (xn)new lies in L2(Q, F, P; H).
(iii) Suppose that, for every z € Z, ¥ ci Een (v, 2)EA, < +00. Then the following are satisfied:

(@) (|30 Dne is bounded P-a.s. and (E||xy||*)nen is bounded.

(B) Snert E(n(2 = An))Ellda||* < +oo.

(c) Suppose that inf,eyy E(A (2 — An)) > 0. Then Y aq Ellxns1 — xnl|? < +co.

(d) Suppose that infoen A, > 0 P-a.s. and that (t))nen is bounded P-a.s. Then limA, <
0 P-a.s.

(e) Suppose that x,—w,—e, — 0 P-a.s., wy+e,—gn — 0 P-a.s., and w; +e;+Cq, — 0 P-a.s.
Then (x,)nen converges weakly P-a.s. and weakly in L?(Q, F, P; H) to a Z-valued random
variable.

(f) Suppose that dimH < +o0, x, — Wy — €, A 0, Wn +en — ¢n LA 0, and w;; + ¢ + Cqn LN 0.

Then (xn)nen converges P-a.s. and in LY(Q, F, P; H) to a Z-valued random variable.

Proof. (i): Note that (z, —Cz) € graW. Hence, (4.3) and the monotonicity of W yield

(z—wn—en|wi+es+ch)

:<z—wn—en|w;:+e:+an>—<Z—Wn—€n|fn*>
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=(Z-wh—en|w,+e +C2)+(z—wh—en |Cgn—C2) = (Z—wh—en | f7)
<@Z-wn—e|Cq—C2) = (Z—wn—en | f7)

= (2= ¢ |C2 = Cgn) + (wn = gn [ C2 = Cgn) + (e [ C2 = Cgn) = (= wn —en | f)
< =f|Cz = Canll® + lwn = galllICz = Cgall + (e | Cz = Cgn) = (2 = wo = €n | )

_ 2 2
W, _
= Do 2l (2y@) ™y~ anll ~ VR Cz ~ Canl
+<€n|CZ_CCIn>_<Z_Wn_en|ﬁ1*>
< ”Wn_CIn”2 . Cz—C P 4.23
\T+<Wn—2|ﬁ1>+<€n| z-Cqn) +{en | fy) P-as. (4.23)

: * * *
Therefore, since t: = w; + ¢},

llwn — CInHZ
4a

(2

On the other hand, because 6, > 0 P-a.s., it follows from scaling by 6, and taking the conditional
expectation with respect to X, in (4.24) that (4.22) holds.

(i): Let n € N and set f, = (wy | £5) + (4) " |lwn — gn|*>. Then 5, € L1(Q, F,P;R) and ¢, €
€(Q, 7, P; H). Furthermore, by the Cauchy-Schwarz inequality,

)+

t,f) < (wn + (wn —zle, +fn*> + (en |w,f + Cz> + (en | e:j> P-a.s. (4.24)

2 2 2
1 L5201 L alsg) >l n E L2011 lty> 0] (6 [ £5) = 1n) \E L5201 L[ (xnlt2)>ma] €0 | 20)
2 It 1l + Lpz=0) It 1l + Lz=0) 11+ Lpze=o]
2
1i#2011 . Xn | £5) =
< E| 120 o)1) (G 122 = 1) Ell |2
It ]l + Ljz2=0)
* -1 2\ |2
L2201 1y >l ((n = W [ 8) = (400 Hlwn — gnll?) 9
=E * + E|lx
a1l + Lpz=0
1rs011 ( 15[
. . Xn — W,
< [tn¢O] [<xn>|:n>>’7n] n n n + E||xn||2
It ]l + Lpz=0
< Ellx — woll? + Elxa |2
< +o0. (4.25)

Altogether, in view of (i), we deduce that (4.3) is a realization of (4.20). Hence, the claim
follows from Theorem 4.9(i).

(iii) (a)—(iii) (¢): These follow from Theorem 4.9(ii) (a)-(ii) (c).

(iii) (d): Since inf ey A, > 0 P-a.s., we proceed, for P-almost every o € Q, as in the proof of
[13, Proposition 3(iii)] to get the result using (iii) (c).
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(iii) (e): In view of (iii) (a), we fix ' € F such that

Xn (@) = wn(@) = €r(w) = 0;
P@)=1 and (Yocq) | T @@ =0 (4.26)
wi (o) + e () + Cgn(w) — 0;

(|10 (@) | ne is bounded.

Now let w € Q" and x € W(x,(w))nen- Then there exists a strictly increasing sequence in N, say
(kn)nen, such that x (w) — x. Furthermore,

Wi, (@) + e, (©) = 211, (@) = (i, (@) = Wi, () — i, (@) = x (4.27)

and, since C is o~ !-Lipschitzian,

i (@) + € (@) + Cwy, (@) + &, (o)
< Hw:n () + e;n (w) + Cq, ((o)” + ”C(Wkn (o) + e, (m)) - Cq, (m)”

[, () + ex, () = gi, ()]
(04

— 0. (4.28)

< [lwy, (@) + ¢, (@) + Cq, ()| +

On the other hand, (4.3) yields
(Vn € 1) (1w, (@) + e (), W (0) + €, (©) + Cwi, (0) + 0, (@) € gra(W + 0. (4.29)

Since, by [4, Corollary 25.5(i)], W + C is maximally monotone, (4.27), (4.28), (4.29), and [4,
Proposition 20.38(ii)] imply that x € Z. Since x is arbitrarily chosen in M (x,(®))nen, We deduce
that W(x,(w))henw C Z and, since P(Q’) = 1, that W(xn)new C Z P-a.s. Therefore, it follows
from Theorems 4.9(ii) (d) that (x,)nen converges weakly P-a.s. and weakly in L2(Q, F, P; H) to a
Z-valued random variable.

(iii) (f): Lemma 4.5 guarantees the existence of a strictly increasing sequence in N, say
(In)new, such that x, —w,, —¢, — 0 P-a.s., w, +¢, —¢q, — 0 P-a.s., and wI: + el’z +Cgq, — 0 P-as.
Additionally, it follows from (iii) (a) that (||x, ||)new is bounded P-a.s. Let Q" € J be such that

X, (0) = w, (0) — e, (0) = 0;

P(QI) -1 and (Vo € Q/) W, () + e, (0‘)) —4q, (0) = 0; (4.30)
W (0) +¢ (o) + Cq,(0) = 0;

(|lx, (@)[nen is bounded.

Let o € Q. We derive from (4.30) and the fact that H is finite-dimensional that there exists
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x € H and a further subsequence (kj, )neiv such that x,_(w) — x,
Wk|n ((")) + ek|n ((D) = xk|n ((")) - (xk|n ((D) - Wk|n ((D) - ek|n ((D)) — X (431)
and, as in (4.28),
wlzn () + eli‘ln () + C(Wk|n (0) + ey, (0)) — 0. (4.32)

However, as in (4.29),
(Ve ) (wh, () +aq (o)W, (©)+e, (@) +Clwg (@) +a, (@) €graW+C),  (4.33)

and the maximal monotonicity of W + C yields x € Z. Thus, (x,(w))sen has a cluster point in
Z and we conclude that S(x,)new N Z # @ P-a.s. Therefore, it follows from Theorem 4.9(ii) (e)
that (x,)nen converges P-a.s. and in L' (Q, F, P; H) to a Z-valued random variable. 0O

Remark 4.12 The random relaxations parameters (A, )nen satisfy inf oy E(A,(2—-4,)) = 0. When
the relaxation parameters are deterministic, this condition imposes that, for every n € N, A, €
10, 2[, which is the standard range found in deterministic methods in the literature [13,18,29,
32]. However, Theorem 4.11 allows for the use of so-called super relaxation parameters [21]
which may exceed 2 by satisfying

inf E(4,(2 - A,)) >0 and inf P([4, > 2]) > 0. (4.34)
neN neN

Note that the use of super relaxation parameters leads to novel results and faster convergence;
see [21, Section 6] for examples of super relaxation strategies.

4.2.4 Stochastic proximal point algorithm

The proximal point algorithm is a classical method for finding a zero of a maximal monotone
operator A: H — 2M [5,35,36,41]. In this section, we propose a stochastic version of it which
involves stochastic approximations of the resolvents together with random relaxations.

Theorem 4.13 Let A: H — 2H be a maximally monotone operator such that zer A # @, let (Yn)nex
be a sequence in |0, +oo[, and let xo € L2(Q, F, P; H). Iterate

forn=0,1,...
take e, € L2(Q, F, P; H) and A, € L®(Q, F, P;]0,2]) (4.35)
Xnil = Xn +)Ln(JYnAxn —e, — xn).

Suppose that, for every n € N, A, is independent of 6(xo,..., %, ), and that one of the following
holds:

1) Tnew En(2 = A0)) = +00, Ten VEIA2Ellenl? < +00, (Ellen||*)nery is bounded, and (¥n € N)
Yo =1
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(i) infhew E(An(2 = 4n)) > O, infren Yo > 0, and Ypen \ E”enH2 < +00.
(i) Ypen Y,% =400, Y e \[E||en||2 < +o0, and (Vn € N) A, =1 P-a.s.

Then (xn)nen converges weakly P-a.s. and weakly in L?(Q, F,P;H) to a (zer A)-valued random

variable.

Proof. We apply Theorem 4.11 with W = A, C = 0 (hence Z = zer A) and

Wn = JynAxn — €n;

Wi = Yo ' (%0 = Wn);

(VneN)  {gn = wn; (4.36)
¢ =fr=0;
e =Yy en

In this setting, it follows from [4, Proposition 23.22] that
(YneN)  (wh+enw,+el) = (JynAxn’Yn_l(xn - JynAx")) e graA P-as. (4.37)
and that algorithm (4.35) is an instantiation of Algorithm 4.3 with
(VneN) =y l(x,—wy) and 6, =y (4.38)

We therefore deduce from Theorem 4.11(ii) that the sequence (x,)ner lies in L2(Q, F, P; H).
Next, let us define a family of auxiliary sequences as follows. For every k € N, set

Yok =x and (Yn €N) g1k = Yok + Anek(dy AUk — Unk)- (4.39)

Let k € N. Then, as above, (y, k)nen i @ sequence generated by an instantiation of Algorithm 4.3
now initialized at xx with, for every n € N, ¢, = 0 and ¢, = JYn+k aUnk- Consequently, Theo-
rem 4.11(iii) (a) asserts that (||ynk|l)nen is bounded P-a.s. and that (E||yn,k||2)n€N is bounded.
Additionally, we deduce from Theorem 4.11(iii) (b) that

D E(An(2 = A0)Ellynk = Iy, atii]|” < +oo. (4.40)
neN

Next, let us show that, under any of scenarios (i)—(iii),
lYynk = JyoAtnkll = O P-a.s. as n — +oo. (4.41)

* Suppose that (i) holds. Then we deduce from (4.40) that lim E||y,x — J Ayn,kll2 = 0. In turn,
Fatou’s lemma yields lim||ynk — Jyynkll = 0 P-a.s. Now set T = 2Ja — Id and recall that it is
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nonexpansive [4, Corollary 23.11(ii)]. Therefore,

(Vn e N)  2||ynerk — Iavnerkl = [ Tonesk — therkl]
= Ttk = Tynse + (1= 40/2) (Tynk = o) |
< sk = Yokl + (1 = 20/2)|| Tk — k|
= (M /2)|[Ttnk = k|| + (1 = 20/2)|| Ttk = Ynk||
= 2|[ynk = Iatnk| P-as. (4.42)

which shows that (||ynk — JytnklDnen decreases P-a.s. Hence, [|ynk — Jptnkll — O P-as. as

n — +o00.

* Suppose that (ii) or (iii) holds. Then it follows from (4.40) that

ED [lyms— .., il = > Ellgns -y, Atk < +oo. (4.43)
neN neN

2
Thus 3 ,enlltnk = JyuAbnkll® < +00 P-a.s. and hence ||y, — Jy,, Aynkll — O P-a.s. as n —

+00.

This establishes (4.41). On the other hand, let us note that, under any of scenarios (i)-(iii),
ED Mallleall = > E(Aal lenll) = > Eldnl Ellenll < " VEIAEllenl® < +oo. (4.44)
neN neN neN neN

Hence Y, cnlAnl llen]l < +o0 P-a.s. Consequently, taking into account (4.35), (4.39), and (4.6),
we infer that, for every n € N \ {0},

n+k-1 +09
ek = il < 7 el < D 141 llgll < +o0 P-as. (4.45)
=k =k
and
n+k—1

ek = Unkllp2 .5 par) < Z eillz om0
f

n+k—1

= > VEllslf
=k
n+k-1

= > JEPE|gl?

=k
+00

< > EIAPE|g)
=k

< 400 (4.46)
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In turn, since (E||yn,k||2)neN is bounded, 5o is (E||xy||*)nen. Next, fix z € zer A. We derive from
(4.21), (4.36), (4.38), the Cauchy-Schwarz inequality, and (4.6) that

D (2B = > Emax {0,E((z = Jyath en) + (en | %0 = Jyasn) + llenll? | ) Ey
neN neN

< 3 (VI = Syl + Bl — a2+ VElln 1) Ellenl? EA

neN

< 3 (VEllz =l + JEN(1d ~ Iy a3 — (1d = by )zl + yEllenl12) | Els 2E e

neN

< 3 (2Eln — 20 + yEllnll2) VEL A E e

neN
< 400, (4.47)

We conclude the proof using Theorem 4.11(iii) (e).

* Convergence under assumption (i) or (ii): In view of (4.36), let us show that

Xn—Wn—€ =X —J ,x — 0 P-as,;
Yn

Wn+en—qgn=J. X —x, — 0 P-as.; (4.48)

YnA
wi+er+Cgn =yt (%0 — JYnAxn) — 0 P-as.

By invoking (4.6), (4.45), and (4.41), we obtain

T i = ot = T [k = ]|

m—+co

B = Jppscn |+l = it

< lim (”xn+k = ynkll + |
n—+oo

< lim (2||xn+k = Yokl + [[tnk — JYMkAyn,k”)

n—+0oo
+00
< Tm (23 el + s = dyosnic])

-

+00
=2 14l llgll+ Hm [lyok = dy,,cavnil
=k

+00
=2 Z 4] llgll P-a.s. (4.49)
=k

Thus, upon taking the limit as k — +co in (4.49), we obtain limm_, e |[xm = Jy, AXm|l =
0 P-a.s. Hence, since (y,)nen is bounded away from 0, (4.48) holds.

* Convergence under assumption (iii): Note that (4.40) yields

Z Y,%JrkEHYn_Jrlk(yn,k - JYn+kAyn,k) ||2 < +09, (4.50)
neN
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which forces 1i_m||yn‘+1k(yn,k - JY +|(Ayn,k)” = 0 P-a.s. Upon invoking [4, Proposition 23.22]
and the Cauchy-Schwarz inequality, we obtain, for every n € N,
1

0 < <JYn+kAyn,k - JYn+1+kAyn+1,k
Yn+1+k

Unk — JYn+kAyn,k Un+l,k — JYn+k+1Ayn+1,k>

Yn+k Yn+1+k

Yn+l k — JYn+k+1Ayn+1,k 2

_ <JYn+kAyn,k - JYn+1+kAyn+1,k

Yn+1+k

Hence, (”Yn_+1k(yn,k - JY kAyn,k)”)neN decreases P-a.s., which implies that

Ynk = JYn+kAyn’k> —
Yn+k

Yn+1+k

Yn+lk — JYn+kAyn+1,k Unk — JYn+kAyn,k Yn+l,k — JYn+k+1Ayn+1,k

<

) P-a.s. (4.51)

Yn+1+k Yn+k Yn+1+k

Y,;lk(yn,k - JYn+kAyn’k) — 0 P-a.s. as n— +oo. (4.52)

Consequently, we deduce then from Theorem (iii) (e) that, for every k € N, (ynk)nen con-
verges weakly P-a.s. and weakly in L2(Q, F, P; H) to some (zer A)-valued random variable
which we denote by y. In addition, we deduce from (4.35), (4.39), and (4.6) that

lYnks1 = tnerkll < llell P-aus.;
(Vk € N)(Vn € N) (4.53)

lvnke1 = nsrkllzzagpiny < llekllzzo..ph)-

In turn, the weak lower semicontinuity of the norm and Fatou’s lemma imply that

lyke1 — yill < M |[yne1 = Ynsrk|| < llell P-a.s.;
(Vk € N) * s = g (4.54)

. 2
Ellyks1 — ykllz < h_mE”yn,k+1 - yn+1,k|| < E||ek||2.

Since Y, cnllen]] < +co P-a.s. and Yo \Ellenll? < +co0, (4.54) shows that (Yken 1s a
Cauchy sequence both P-a.s. and in L?(Q, F, P; H). Hence, we deduce from (4.45), (4.46),

and (4.54) that there exists a (zer A)-valued random variable y such that

Xnik — Ynk — O P-a.s. and in L2(Q,F,P; H) as n — +oo and k — +oo;
for every k € N, y, — yx — 0 P-a.s. and in L2(Q, F, P; H) as n — +oo; (4.55)
y—y — 0 P-as.andin L?(Q,F,P;H) as k — +co.

Thus, Xnsk — U = Xnsk — Unk + Unk — Uk + Yk — y — O P-a.s. and in L2(Q,F,P;H) asn —
+00 and k — +oco. This confirms that (x,).,en converges weakly P-a.s. and weakly in
L?(9,F,P;H) to .
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Remark 4.14 Here are a few commentaries on Theorem 4.13.
(i) In the deterministic setting with (A,)nen in ]0,2[, Theorem 4.13(i) follows from [16,
Theorem 2.1(i)(a)], Theorem 4.13(ii) was established in [29, Theorem 3], and Theo-
rem 4.13(iii) was established in [5, Remarque 14(a)].

(i) In the case of deterministic relaxations (A, )ney in ]0, 2[ and constant proximal parameters
(Yn)nen, the almost sure weak convergence result in Theorem 4.13(ii) follows from [22,
Proposition 5.1].

(iii) As discussed in [18, Section 5], the deterministic proximal point algorithm can be em-
ployed to solve equilibrium problems beyond the simple inclusion 0 € Ax. It captures in
particular the method of partial inverses to split multi-operator inclusions, problems in-
volving resolvent compositions, and the Chambolle-Pock algorithm. Stochasticity can be
introduced in these methods via Theorem 4.13.

4.2.5 Randomized block-iterative saddle projective splitting
4.2.5.1 Problem setting

We consider a highly structured composite multivariate primal-dual inclusion problem intro-
duced in [13] and further studied in [18, Section 10]. This model includes a mix of set-
valued, cocoercive, and Lipschitzian monotone operators, as well as linear operators and vari-
ous monotonicity-preserving operations among them. Its multivariate structure captures prob-
lems in areas such as domain decomposition methods [1,2], game theory [12,38], mean field
games [8], machine learning [3, 6], network flow problems [9,42], neural networks [23], and
stochastic programming [10, 30].

Problem 4.15 Let (H;)ic; and (Gy)kex be finite families of Euclidean spaces with respective direct
sums H = B
and every k € K, lets” € H;, let . € Gy, and suppose that the following are satisfied:

.; Hi and G = @B, Gk. Denote by x = (x)icr a generic element in H. For every i € I

[a] Ai: H; — 21 is maximally monotone, C;: H; — H; is cocoercive with constant a? € ]0, +oo],
y i
Q;: Hi — H; is monotone and Lipschitzian with constant a € [0, +co[, and R;: H — H;.
p i
[b] B : G« — 26« is maximally monotone, B : G — Gy is cocoercive with constant B¢ €
0,+c0[, and BY : G, — Gy is monotone and Lipschitzian with constant f? € [0, +co].
k p k
[c] D”: G, — 2% is maximally monotone, D¢ : G, — Gy is cocoercive with constant §° €
k y k k
10, +oo[, and le : Gy — Gy is monotone and Lipschitzian with constant SE € [0, +oo].
[d] Lg: Hi — Gy is linear.
In addition, it is assumed that
[e] R: H—> H: x> (Rx)c: is monotone and Lipschitzian with constant y € [0, +oo[.

The objective is to solve the primal problem
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find X € H such that (Viel) Si* € A + Cx + Qix; + Rix

£ L;i(((BI’f +B¢ +B{) o (D + Dy + D;f))(z Lig%; — rk)) (4.56)

kek jel

and the associated dual problem

find v* € G such that (Ix € H)(Vi € I)(Vk € K)
Si* — Z LJ*IVJ* S AiXi + CiXi + QiXi + RiX;
jeK

v, < ((By +B; +B{) o (D +Df + D;;”))(Z Ligx; — i

jel

) (4.57)

Finally, & denotes the set of solutions to (4.56), & denotes the set of solutions to (4.57), and
weset X=Ho G GaGC.

To deal with large size problems in which I and/or K is sizable, the deterministic block-
iterative algorithm proposed in [13] has the ability to activate only subgroups of coordinates
and operators at each iteration instead of all of them as in classical methods. We propose a
stochastic version of this block-iterative algorithm with almost sure convergence to a solution
of Problem 4.15. The convergence analysis will rely on an application of Theorem 4.11 in X
using the following saddle formalism.

Definition 4.16 ([13, Definition 1]) The saddle operator associated with Problem 4.15 is
$: X — 2% (xy,zv")

(><(—si* + Aix + Cixi + Qix + Rix + Z [:iv[(k), ><(Bl’<”yk +Bryk + Bl’fyk - V),

ieI kek kek
><(D((”Zk + szk + szk - Vi), >< {rk + Yk +2x — Z Lkixi} ), (458)
keK keK i€l

and the saddle form of Problem 4.15 is to
find X € X such that 0 € 8x. (4.59)

Item (ii) below asserts that finding a saddle point, i.e., solving (4.59), provides a solution
to Problem 4.15.

Proposition 4.17 ([13, Proposition 1]) Consider the setting of Problem 4.15 and Defini-
tion 4.16. Then the following hold:

(i) 8 is maximally monotone.

(ii) Suppose that x = (X,y,z, V") € zer8. Then (x,V') € P X D.
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(iii) D+0 < zer8+ 0 = P+ Q.

To use Theorem 4.11, we decompose the saddle operator 8 of (4.58) as the sum of

W: X = 2%: (xy,2v") '—>( >< (—Si* +Aixi + Qixi + Rix + Z LiiVE)’ >< (B yi + Byk — i),

i€l kek kek
>< (Dl’(”zk+D|fzk—vE),>< {rk+yk+zk—ZLkix;} ) (4.60)
kek kek i€l
and
(_:: >_< - >_<: (X’ Y, Z, V*) = ((Cixi)ieI’ (Blfyk)kek’ (szk)keK’ O)' (4‘61)

As seen in [13, Proposition 2(ii)—(iii)], W is maximally monotone and C is a-cocoercive with
o = min{e’, B, 87 }ier kek- This confirms that (4.59) fits the framework described in Problem 4.1.

4.2.5.2 Algorithm and convergence

The following assumptions regulate the way in which the coordinates and the sets are randomly
activated over the course of the iterations.

Assumption 4.18 I and K are nonempty finite sets, (7)1 and ({)kex are in 10,1], and N €
N\ {0}. (I)nhen are nonempty sets composed of elements randomly taken in I and (K,)nen are
nonempty sets composed of elements randomly taken in K. Further, for every finite collection of

positive integers ny, ..., Nm,
(VieI) P(ﬂ[i € Jnj]) = l_[ P([i € Iy]);
= = (4.62)
(Vkek) P [keKnj])=l—[P([keKnj]).
j=1 j=1

Moreover, Iy = 1, Ky =K, and

n+N-1
(Vi € I) P([ie g lj])>m;

(Vn € N) fj,]\l_l
(Vk € K) P([ke U Kj])>§k.

j=n

(4.63)

Example 4.19
(i) The (deterministic) rule of [13, Assumption 2] satisfies Assumption 4.18 by setting, for
everyie€ I andeveryk e K, m;y=1and { = 1.

(i) Set, for every n € N, I, = {i,} and K, = {k,}, where (i,)nen are i.i.d. random variables
uniformly distributed on I and (k,)nen are i.i.d. random variables uniformly distributed
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on K. This rule satisfies Assumption 4.18 for N =1, m; = 1/card I, and { = 1/cardK.

Proposition 4.20 Let I be a nonempty finite set and let (I,),eny be nonempty sets composed of
elements randomly taken in 1. Suppose that Iy = I, and that i € I is such that ([i € I,])nen is an

independent sequence in J that satisfies

n+N-1
(AN e N\ {0})(3m €]0,1])(Vn € N) P([i e U Ij]) > . (4.64)

j=n

Set, for every n € N, Ji(n) = max{j eN|j<nandie Ij}. Further, let (xn)nen be a sequence in

L?(9Q, T, P; H) such that ¥,cq Ellxns1 — x]|? < +00 P-a.s. Then Xg(ny ~ %o — 01in LY(Q,F,P; H).

Proof. Note that (Vn € N) &(n) € {0,...,n} P-a.s. Hence, Lemma 4.8 ensures that, for every
neN,x, m € L?(Q,F,P; H). On the other hand, it follows from the independence condition
and (4.64) that

e Q)3

j=n j=n

n+mN-1
P( lim ) [ieCIj

0<m—+co

j=n

m-1 n+(k+1)N-1
- O<r1r}r—r>1+oo 1_[ P( ﬂ [I € CIJ])

j=n+kN
(n+kN)+N-1
:O<r1r}r—r>l+ool_[ P(C [I € . U IJ])
k=0 j=n+kN
< lim (1-m)™
0<m—+co

=0. (4.65)

Therefore &(n) — +oo0 P-a.s. as n — +oco and, since X, cullxn+1 —x,||?> < 4+ P-a.s., we have

Zisam g - xj||2 1 0 P-a.s. as n — +oo. Thus,

(WneN) 0< > g —xl* < Dl - xl* € L(Q, 5, P;R), (4.66)
>8(n) JeN

from which we deduce via [44, Theorem 2.6.1(b)] that E 35 g (n)llx541 — xj||2 — 0asn — +oo,
On the other hand, let n € N and m € N be such that mN < n < (m+ 1)N. Then

E(n— &(n))
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= Z(n ~P([ie L])P([i ¢ U JJ])
|= j=l+1
n-1 n J
< (n—I)P([iQE U g])
=0 =+
m—1 (k+1)N-1 n
< N(n—mN)+Z Z (n—I)P([ie‘ U JJ])
k=0  I=kN j=h
m-1 (k+1)N-1 mN-1
N+ Y (n—I)P([i¢ | Ij])
k=0  I=kN j=(k+1)N
m-1 (k+1)N-1
<NZ+ Y (n-kN) > (1w
k=0 I=kN
m-1
=N?+ > (n—kN)N(1 = m)m <!
k=l
m-1
<N+ ) ((m+ N = kN)N(L = )™
k=0
m-1
=N2(1+Z(m+1 k) ( n)mkl)
k=0
m-1
= N2(1 + Z(|+2)(1 - n,)')
1=0
m-1 m-1
= N2(1 + > 1(1-m)'+ Z 2(1- n,)')
1=0 1=0
=N2(1+(1—TE.)1 m(1 - m)™” 1+2(m (A1 -m)™ 21—(1—m)m)
s T
_ N2(1 L lom-m—m)" -;(m -1 - m)™t L 2mit2(1- m)mzﬂ -2(1- m)m)
TT: TT:

_ Nz(1 L (MDA -m)™! — (m+2)(1-m)" +1 +m),

2

(4.67)
which shows that lim E(n — 8(n)) < N?(1 + (1 + m;)/n?) < +co. Thus,

n
Ellxy = gl < E D llxge1 = gl
j=0i(n)

E( n+l- S(nJ Z o1 = 12 )

=3 (n)
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<4/1+E(n —&(n))JE Z llx+1 — %1

=%(n)
— 0. (4.68)

This confirms that x, —x, — 0in LY(Q,F,P;H). O

(n)

Assumption 4.21 In the setting of Problem 4.15, set o = min{o’, B¢, 8¢ lier.kex, and let o €
10,+0co[ and ¢ € 10, 1[ be such that 6 > 1/(4a) and 1/e > max{a +x +0, B} +0,8] +licr ke, and
suppose that the following are satisfied:
[a] Foreveryie IandeveryneN, y, € [e, 1/(ocif +x+ c)].
[b] For every k € K and every n € N, py, € [&1/(B) +0)|, wn € [6.1/(5] +0)|, and oy, €
[e,1/¢].
[c] Foreveryiel, xo € L?(Q,7F,P;H;) and, for every k € K, {y«0, 20, Ui,o} c L%(Q,F,P; Gy).

We now introduce our stochastic block-iterative algorithm. It differs from that of [13] in
that the selection of the blocks of variables and operators to be activated at each iteration is
random, and so is the relaxation strategy. In addition, the relaxation parameters need not be
bounded by 2.

Algorithm 4.22 Consider the setting of Problem 4.15 and suppose that Assumptions 4.18 and
4.21 are in force. Let p € [2,+o0[ and iterate

forn=0,1,...

for every i € I,
I = Qixin + Rixn + 2y Ligty 5
ain = Jy, A (Xin + Yin (5" = I = Cixin));
@ =Y, (50— i) = L+ Qidin;

| &in = llain _x‘l,nllz;

foreveryie I\,

— g e g % . £ g .
I in =Ain-15 &G, =& q; &in = &in-15
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for every k € K,
* — ¥ t .
U = Y ~ Bicthons
£, .
= U; - Dk Zk,m

,n ,Nn

*
Wy

bk,n = ka,nBZZ (yk,n + Hk,n (u;n - nyk,n));

din = Ju, 07 (2on + Vien (wy, , = D 2kn));

€ n = Okn( Zier LiiXin = Yon = Zkn = k) + 0 5
qu:,n = lvl|:,11 (Yn — bin) + u;n + Blfbk,n - e;,n;
t:,n = Vl:i (zkn — din) + le,n + Dfdk,n - ei,n;
Mn = b — yk,nH2 +[ldkn — Zk,n||2;

| €kn = Tk + bin + dion = Dier Liiding

for every k € K\ K,

bin = bin-15 dkn = dkn-1; e;,n = e;,n—l; qli,n = qli,n—l; t;’n = tlj,n—l;
| Mkn = Mkn-15 €kn = Tk + bion + dion = 2ier Liidin;

for everyie I

(4.69)

*

P = a;fn + Rian + Yek L

kion’
An = _(40()_1 ( et &in + Zkex ’7k,n) + Qier{Xin — Gin |Piﬁn>
+ Tk (Uon = bion 1G5 ) + (2in = dion [ £,) + Cexn 105 — €6 )5
_ 1a,>014n ,
T St P02+ Zieo (g 1P + 15 1P + llnl2) + Liacor
take A, € L*(Q, F, P; [, p])
for everyie I

n

{ Xin+l = Xin — Anenpfn§
for every k e K

*

[ thonet = Yo = a5 Zenet = 2n = Aot 5 9 00n = 85 — AnBnin

The convergence properties of Algorithm 4.22 are established in the following theorem.

Theorem 4.23 Consider the setting of Algorithm 4.22. Suppose that inf ey E(A,(2 — A,)) > 0 and
that @ + @. Then the following hold:
(i) Leti € I. Then (xn)new lies in L2(Q, F,P; Hy) and Y ey Ell%ins1 — Xinl|? < +o0.

(ii) Let k € K. Then (ykn)nen, (Zkn)nen, and (vf;n)neN are sequences in L?(Q, F,P; Gy). Further,

ZnEN E”yk,n+1 - yk,n”2 < +o00, ZneN E”Zk,n+1 - Zk,n||2 < +oo, and ZneN E”U:,m_l - U:,nllz < too.
. P P P P
(iii) Letie I and k € K. Then xi, — @in = 0, ykn — bkn — 0, zxn — din — 0, and vi,n - e;,n — 0.

(iv) There exist a P-valued random variable x and a P-valued random variable v* such that, for

every i € I and every k € K, x,, — X; P-a.s., ¢, — x; P-a.s., and vf(‘,n — 7, P-as.

Proof. The results will be derived from Theorem 4.11 applied to Z = zer8 in X, following
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the general pattern of the deterministic proof of [13, Theorem 1]. We use the notation of
Definition 4.16, as well as (4.60) and (4.61). Note that, since & # @, Proposition 4.17(iii)
asserts that zer 8 # @. Let us show that (4.69) is a special case of (4.3). We define the random
indices

(Vie I)(Vn e N) &(n):max{jeN|j< n and ielj} (4.70)

and
(Vk €eK)(Vn € N) o(n) =max{jeN|j<n and k € K;}. (4.71)

It then follows from (4.69) that
(Vi S I)(Vn S N) in = G 9(n) P-a.s., a;fn = ai&(n) P-a.s., fi,n = gi,é},(n) P-a.s., (472)
and

bk,n = bk,gk(n) P-a.s.; dk,n = dk,gk(n) P-a.s.; Nkn = Uk,gk(n) P-a.s.;

(Vk € K)(Vn € N) 4.73)
Cen = Ceon(n) P-a.s.; Bon = Do (n) P-a.s.; oo = tk,gk(n) P-a.s.
To match the notation of Theorem 4.11, set
Xn = (Xn, Yp» Zn, 015
qn = (xn’ yn’ Zn, e:);
Wn = (an: bn: dn: e:);
(YneN)  wn = (P} = (Cxia(n)ien @ = (BY Yoy (m)keko tn = (Df Zk gy (m) ek €n) 5 (4.74)

g0 = (6 8(m)iets (Yoo (m) Dkeks (Zhogy (m) ek (ez’n)keK);
t = (P qnsthi€n);
(en. €5, fn) = (0.0,0).

Then it follows from (4.21) that, for every n € N and every z € zerS§, ¢,(-,z) = 0 P-a.s. Next, we
observe that, for everyi € I and everyn € N, (4.72), (4.70), (4.69), and [4, Proposition 23.2(ii) ]

imply that

a, = Cxigm = a g, — CGxam
= Yo m Ko = @am) = K — Gxiam + Qidiam
€ =5 + Aidgig(n) + Qigign)
=—s'+Aan + Qa, P-as. 4.75)
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and, therefore, that

pin = G = @y — Gxigm + Rign + ) Liel,
kek

S —Si* + A;ai,n + Qia;,n + R;an + Z Liielin P-a.s. (476)

kek

Likewise, we derive from (4.73), (4.71), (4.69), and [4, Proposition 23.2(ii)] that

B~ By Uko(n) € B bin + Bffbk,n —¢, P-as;
(VkeK)(Vn €N) <4 = Dfzcg ) € Df"din + D din — ¢, P-as.; (4.77)

€n =Tk + bk,n + dk,n — Ziel Lkiai,n P-a.s.

In turn, we derive from (4.74) and (4.60) that the sequence (w,, w;)nen lies in graW P-a.s. Next,
using (4.74) and (4.61), we obtain, for every n € N, #; = w;; + Cq,, P-a.s. Additionally, (4.69)
and (4.72)-(4.74) yield

(YneN) > &n+ ) n = llwn —g,lI* P-as. (4.78)

i€l kek

Hence, in view of (4.69),
(Vn €N) Ay = (xo —wa | £) = (40) 7 lwn — g, |1 P-as. (4.79)
On the other hand,

Ri. Q. Bf,D{ and Ly; are Lipschitzian;
(Vie I)(Yk e K)(Yn € N) (C;, B¢, and Dy are cocoercive, hence Lipschitzian; (4.80)

Jynpis J By, and Jy, oy are 1-Lipschitzian.

Vk,n

It therefore follows from Assumption 4.21[c], Lemmas 4.7 and 4.8, and an inductive argument
that the variables defined in (4.74) belong to L?(Q, 7, P; X). Altogether, taking into account the
assumptions, we have shown that (4.69) is a realization of (4.3). In turn, Theorem 4.11(iii) (c)
asserts that

D Ellnia = xnl|? < +oo. (4.81)
neN

(i)—(ii): These follow from Theorem 4.11(ii), (4.81), and (4.74).
(iii)—(iv): Theorem 4.11(iii) (a) implies that (x,)nen is bounded P-a.s. Therefore, arguing as
in the proof of [13, Theorem 1],

(gn) . (Wn)nenw, and (#,)neny are bounded P-a.s. (4.82)
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As a result, (4.79) and Theorem 4.11(iii) (d) yield

lim ((xn —wn | £3) = (40) " lwn — g, [I*) =limA, < 0 P-as. (4.83)
Now define
L:H—-G:x— (Z Lkix;) , with adjoint L*: G > H: v > (Z Lf:iVE) , (4.84)
i€l kek keK i€l
and
U: X = X: (xy,zv) - (L', =v', —v', —-Lx +y + 2). (4.85)

Further, for every n € N, set

(Vi S I) Fi,n = Yi,_é}l,(n)ld - Qi;
_ -1 ‘. _ 41 ‘.
(Vk €K) S =pd, 1d=Bf3 Tiew =il (ld = Df; (4.86)

Fn: X— Xt (xy,z,v") ((Fi,nxi)iel, (Sk,nYk)keK’ (Tk,nzk)k€K7 (Ggék(n)VE)keK)

and

*
Zn

Xn = ((xi,&‘,(n))iela (Y01 (n) Jkek> (Zio(n) ke (U:;Qk(n))keK);
F

— Fawn; up = Uwn — Uy

nXn
(Rian — Rixn)ic1, 0,0,0); 75 = ((Rign — Rixg(n))icr, 0, 0,0);

*
Tn

(
= ((_ Likex Lf:i“;,&,(n))iep (Uz,gk(n))keK’ (U:,@k(n))kew (Zier biXigu(m) = Yg(m) ~ Zk,gk(n))kek)-
(4.87)
Assumptions [a]-[c] in Problem 4.15 and 4.21[a]&[b], together with Lemma 4.10, imply that

Fin)ier are (y + o)-strongly monotone;
(Vn € N) the operators (Finker (et o) &Y (4.88)

(Skn)kek and (Tyn)kex are o-strongly monotone.

Consequently, in view of (4.86), there exists k € |0, +oo[ such that

the operators (F,)neny are k-Lipschitzian. (4.89)
Next, using the same arguments as in the proof of [13, Theorem 1], we obtain
. — Fnwn +7, + 1 + Uw, P-ass. (4.90)

We also observe that, in view of (4.81), (4.70), (4.71), and Assumption 4.18, Proposition 4.20
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and Lemma 4.4 imply that

P P
xg(n) = %n = 05 Xg (n) = Xn — 0;

H * * P . P .
(Vie I)(Vk €K) Yo~ % = 05 Ypm) ~Yn — 05 (4.91)
P . , P
Zo(m) — 2z — 05 v () —vp — 0.
Thus, (4.87), (4.84), and (4.85) yield
5+ Uxy > 0, (4.92)
while assumption [e] in Problem 4.15 gives
i P
(VieI) |IRixgm — Rixnll < xllxgn) — xall — 0. (4.93)
On the other hand, (4.89), (4.87), and (4.91) yield
IFnE, — Faxall < <IE, - xall = 0 (4.94)
which, combined with (4.90), (4.87), (4.92), and (4.93) leads to
£~ (o5 + i+ 1) = I+ Uxo + FoZ, — Foxa 47, — 1 — 0. (4.95)
Additionally, (4.74) and (4.91) yield
q-¢,—0 (4.96)
Therefore, by Cauchy-Schwarz and (4.82),
o~ — — P
[{wn —q |7 —q.)| < (SUP Wil + sup IIquI)IIqn ~q,ll >0 (4.97)
=ni=n = meN meN ~ snoo=
while, by (4.95),
P
[(xtn —wn | £ = (0) + 15 +up)| < (sup [l xml| + sup ||wm||)||t§ —(op+ri+u)l > 0. (4.98)
meN meN

However, it follows from (4.85) and assumption [d] in Problem 4.15 that U is linear and
bounded, with U* = —U. It then results from (4.87) that, for every n € N, (x, —w, |u:) = 0 P-a.s.

On the other hand, note that, for every n € N,

(%0 —wn | 1) = (40) ! [lwn — g, 117

= (o —wn |0y + 10+ 1) + (0 —wa | £y = (¢ + 15 +up)) = (40) " lwn — g

= (xn —wn oy +10) + (X0 —wWn |t — (0, + 1, + 1))
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_ (4()()—1(|’wn _ "In”z +2(wa-g |q —q.)+q - gn||2) P-a.s. (4.99)
Moreover, as in [13, Equation (95)], it follows from (4.87), (4.74), (4.86), (4.88), Assump-

tion 4.21[b], and assumption [e] in Problem 4.15 that, for every n € N,

<-’_Cn — Whn |Q:: + Zi) - (40()_1||‘1’n _qnllz

> (0= (40) ") (Ilxn = @nll® + lly, = ball* + 120 — dnl1?) +ello; —enll® P-as. (4.100)
For every n € N, let us define

gn = (G - (40()_1)(”xn - anllz + ”yn - bn”2 + Hzn - dn||2) +5||0: - e:Hz; (4.101)
o= (n—walth = (op +rn+un) — (4o) 7 (2wn — ¢ 19— q0) + g~ q,lI7).

Then inf,cy & > 0 P-a.s. Moreover, (4.99) and (4.100) imply that, for every n € N, & + y, <
A, P-a.s. In addition, mAn < 0 P-a.s. by (4.83) and y, LA 0 by (4.96)—(4.98). Therefore, in
view of Lemma 4.6, &, A 0 and therefore

Xn—ay 20, Yy —by 0, za—dy >0, 0" —e 50, (4.102)
which establishes (iii). In turn, (4.74) and (4.89) force
fo-wa >0 and (YneN) [[Faxn — Fownll < xllz0 — wall (4.103)

Hence,
Foxn — Fawn - 0. (4.104)

Likewise, (4.91) yields w,—q, A 0. Further, we infer from (4.87), (4.102), and Problem 4.15[e]
that
IralI? = IIRan = Rall? < xllan - xal® = 0. (4.105)

As a result, it follows from (4.87), (4.95), (4.104), and (4.105) that
* * * * * * P
tn = (tn - (z_’n +r, + l_‘n)) + (En-’_cn - En‘l’n) + l_J(‘l’n - -’_Cn) tr, — (_) (4106)
Altogether,
X —Wn—€n — 0, Wn +ep — 4y 50, and w) +e] +Cq, 50 (4.107)

and Theorem 4.11(iii) (f) therefore guarantees that there exists a zer 8-valued random variable
x = (x,y,2,0") such that x, — x P-a.s. This and (4.102) imply that, for every i € I and every
k €K, xin — X P-as., an — % P-as.,and o, — v, P-a.s. Finally, Proposition 4.17(ii) asserts
that x solves (4.56) P-a.s. and that 7" solves 64.57) P-ass. O
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Remark 4.24 Here are some observations pertaining to Theorem 4.23.

(i) There does not exist any result on stochastic algorithms for solving Problem 4.15 with
random block selection or random relaxations. In the case of deterministic relaxations
(An)new in ]0, 2] and deterministic blocks selection (see Example 4.19(i)), Theorem 4.23
appears in [13, Theorem 1(iv)].

(i) For notational simplicity, we have not considered stochastic errors in the evaluations of
the single-valued operators and the resolvents, as is done in the simpler settings of The-
orem 4.13 and [20, 22,33, 39, 43]. For this reason, we have implemented Theorem 4.11
with (Vn € N)(Vz € zer8) &(,z) = 0 P-a.s. Such stochastic errors can be introduced
in Algorithm 4.22 under suitable summability conditions to guarantee that (Vz € zer8)
Snert Een (- 2)Edy < +oo.

(iii) The convergence results invoke Theorem 4.11(iii) (f), which requires Euclidean spaces.
Note that we cannot use Theorem 4.11(iii) (e), which would provide weak convergence
in general Hilbert spaces, because the convergences in (4.107) are only in probability and
not almost sure.

4.2.5.3 Application to multivariate minimization

We consider a multivariate composite minimization problem.

Problem 4.25 Let (H;)ic; and (Gy)kex be finite families of Euclidean spaces with respective direct
sums H = B
and every k € K, let f; € T[H(H;), let o; € ]0, +oo[, let ¢;: Hi — R be convex and differentiable with
a (1/a)-Lipschitzian gradient, let g, € IH(Gy), let h € TH(Gy), let Bx € ]0,+o0[, let Y : Gx —» R
be convex and differentiable with a (1/py)-Lipschitzian gradient, and suppose that Ly;: Hi — Gy

.; Hi and G = @B, Gk. Denote by x = (x)icr a generic element in H. For every i € I

is linear. In addition, let y € [0,+c[ and let ®: H — R be convex and differentiable with a
x-Lipschitzian gradient. The objective is to

minimize ©() + Y (%) +¢i(x)) + > (g + o) 2 hy) (Z Lkixi). (4.108)

i€l kek i€l

We denote by & the set of solutions to (4.108).

Algorithm 4.26 Consider the setting of Problem 4.25 and suppose that Assumptions 4.18 and
4.21 are in force with, for every i € I and every k € K, o’ = o4, B = P, of = B =87 = 8] =
0, and V;© denotes the partial derivative of © relative to H;. Iterate as in (4.69), where the
following adjustments are made

Jy.A =prox, ¢; G=Ve; Q=0; R=V0O; s =0;
Yl,nA, p XY|,nf| P ! , p (4109)
By = PIOX, o3 B = Vs by pp = prox, p,; B =D¢ =D{ =0; 1, =0.
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Corollary 4.27 Consider the setting of Algorithm 4.26. Suppose that inf,cyy E(4,(2 - A,)) > 0 and
that a Kuhn-Tucker point (x,v*) € H x G exists, that is,

= Y LW € (%) + Vi (%) + V O(%);

(Vi € I)(Vk € K) jex (4.110)
> Lg% € algg 0 U) (F) + hy (7).
jel

Then there exists a P-valued random variable x such that, for every i € I, x;, — X; P-a.s.

4.2.6 Randomized block-iterative Kuhn-Tucker projective splitting

We revisit a multivariate primal-dual inclusion problem studied in [19] and randomize the
algorithm proposed there to solve it. See also [18, Section 9] and [28] for further discussions
on the deterministic setting.

Problem 4.28 Let (H;)ic; and (Gy)yex be finite families of Euclidean spaces with respective direct
sums H = (5
and every k € K, A;: H; — 2" is maximally monotone, B, : G, — 2% is maximally monotone,

; Hiand G = €, Gk. Denote by x = (x)icr a generic element in H. For every i € I

and Ly;: H; — Gy is linear. The objective is to solve the primal problem

find X € H such that (VieI) 0 AX + Z L;(Bk(z ijij)) (4.111)

kek jel

and the associated dual problem

(VieI) xeAl (—Z L;v;;);

kek

(Vk S K) Z I—kiXi S BEIV;E.

i€l

find v* € G such that (Ix € H) 4.112)

Finally, & denotes the set of solutions to (4.111) and 9 the set of solutions to (4.112).
The Kuhn-Tucker operator associated with Problem 4.28 is [18, Equation (9.18)]
W:He G — 216 (xv*) s (>< (Aixi > L;;iv;), ><(B;1v; -3 Lkixi) ) (4.113)

i€l kek kek i€l

As shown in [18, Lemma 9.7(ii)], zerW c & x @. We can therefore approach Problem 4.28 as
an instance of Problem 4.1 with C = 0 and then « can be selected arbitrarily large. By applying
Theorem 4.11 in this context, we obtain a randomized version of the deterministic algorithm
of [19], which relied on Algorithm 4.2. To this end, let us make the following assumption.
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Assumption 4.29 In the setting of Problem 4.28, set ¢ € |0, 1[ and suppose that for every i € I,
every k € K, and every n € N, yi, € [g1/e], jn € [&1/e], x50 € L2(Q,F,P; H;), and U €
L%(Q,F,P; Gy).

Algorithm 4.30 Consider the setting of Problem 4.28 and suppose that Assumptions 4.18 and
4.29 are in force. Let p € [2,+o0[ and iterate

forn=0,1,...
for everyi € I,
liTn = Zkek Liivlzn;
L in = JYi,nAi (xi,n - Yi,nliikn); aifn = Yi,_nl (xi’" - ai’") - liTn;
foreveryie I\,
Qin = Gin-1; a::n = aiTn—l;
for every k € K,
lk,n = ZieI I-kixi,n;
L bk,n = ka,an (lk,n + IJ-k,nUIZn); b;n = U:’n + Ifll:}] (lk,n - bk,n);
for every k € K\ K,
bon = bon15 B = B0 1
foreveryie I (4.114)
L tijﬁn = aiTn + ZkEK L;:iblt,n;
for every k € K
ton = by + Dier Liia) 3
Ao = Siex (Gin | £) = Cain 1050) + Shex ((on 107 ) + (Bion 1570);
B 11a,>014n )
Yier I 112 + Zieex Ntionll? + 1ja,<0)”
take A, € L®(Q, 7, P; [&, p])
for everyie I

On

[ Xin+l = Xin — Anentfn;

for every k € K

| 0 = %~ bt
The convergence properties of Algorithm 4.30 are established in the following theorem.

Theorem 4.31 Consider the setting of Algorithm 4.30. Suppose that 2 # @ and inf,en E(A (2 —
M) > 0. Then there exist a P-valued random variable x and a @-valued random variable v* such
that, for every i € I and every k € K, x;, — X; P-a.s. and oL = o, P-as.

Proof. (Sketch) We apply Theorem 4.11 to find a zero (x,v*) of W following the deterministic
pattern of the proof of [19, Theorem 13] and using probabilistic arguments made in the proof
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of Theorem 4.23, which shares the same Assumption 4.18 and involves a more sophisticated
version of Assumption 4.29. 0O

Remark 4.32 We complement Theorem 4.31 with the following observations.
(i) In the case of deterministic relaxations (A,)nen in |0, 2] and deterministic blocks selection,
Theorem 4.31 appears in [19, Theorem 13].

(i) A stochastic block-iterative algorithm for solving Problem 4.28 was proposed in [22,
Corollary 5.3], with almost sure convergence of its iterates. This algorithm involves deter-
ministic relaxations in |0, 2| and necessitates inversions to handle the linear operators. In
the case when I is a singleton, further algorithms with the same features were proposed
in [20]. The algorithm of [39, Proposition 4.6] also guarantees almost sure convergence
of the iterates but it requires knowledge of the norms of linear operators. The same com-
ments apply to the algorithm of [14, Theorem 2.1 and Algorithm 3.1], which considers
the minimization case with I as a singleton. Additionally, none of these prior works show
convergence in L2, nor can they benefit from adaptive strategies as in Assumption 4.18
since their block-selection distributions remain constant throughout the iterations.

(iii) As in Remark 4.24, stochastic errors can be introduced in the evaluations of the resolvents
in Algorithm 4.30.
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Chapter

CONVERGENCE OF THE ITERATES OF
THE STOCHASTIC PROXIMAL
GRADIENT METHOD

5.1 Introduction and context

This chapter is dedicated to answering question (Q4) of Chapter 1. We derive almost sure
convergence of the sequence generated by the stochastic proximal gradient method, under
suitable assumptions.

This chapter presents the following journal article:

J. I. Madariaga, Convergence of the iterates of the stochastic proximal gradient
method, submitted.

5.2 Article: Convergence of the iterates of the stochastic proximal
gradient method

Abstract. We propose a novel study of the stochastic proximal gradient method for minimizing
the sum of two convex functions, one of which is smooth. Under suitable assumptions and with-
out requiring any boundedness or control of the variance of the random variables, we derive
the almost sure convergence and the convergence in the mean of the iterates to a solution of the
minimization problem. The results are applied to classification and convex feasibility problems.

125



5.2.1 Introduction

Let H be a Euclidean space and let (Q, J, P) be a complete probability space. We consider the
minimization of the sum of two functions in Iy(H), one of which is smooth. As shown in [10],
this framework models many problems in applied mathematics and engineering.

Problem 5.1 Let § € ]0,+co][, let f € Ty(H), and let g: H — R be convex, differentiable, and
such that Vg is p-Lipschitzian, with Argmin(f + g) # @. The task is to

minirﬁlize f(x) + g(x). (5.1)

A standard approach to solve this problem is to use the forward-backward algorithm, also
called the proximal-gradient algorithm in this context: Given xy € H and a sequence (y,)nen in
10, +oo[ such that O < infy, < supy, < 2/, iterate

(Vn €N)  Xnpp1 = prO)(Ynf(xn — Y Vg(xn)). (5.2)

Then (x,)nen is guaranteed to converge to a solution to Problem 5.1 [16,27]. The implemen-
tation of this method requires both the proximity operator of f and the gradient of g to be
numerically tractable. However, evaluating these operators could be computationally expen-
sive or even impossible. This paper investigates the following version of Problem 5.1.

Problem 5.2 In the context of Problem 5.1, let (K, X) be a measurable space. For every k € K,
let f, € Tp(H) and let g : H — R be convex and differentiable. Further, let k: (Q, F, P) — (K, X)
be a random variable such that

(Vx € domf) f(x) = JQ fr(w) (P (dw);
(5.3)

(WxeH) g0 = L B (0) (P (do).

The contribution of this paper is to provide new results on the asymptotic behavior of the

following stochastic version of the proximal-gradient method for solving Problem 5.2.

Algorithm 5.3 In the setting of Problem 5.2, let (y,)nenw be a sequence in ]0,+co[ and let xp €
L?(Q, F,P; H). Iterate

forn=0,1,...
k. is a copy of k and is independent of c(xo, ..., x,) (5.9)
Xn+l = PTOXYnfkn (xn — Yn ngn (xn))-

Algorithm 5.3 can be interpreted as the inexact version

(VneN) xpy1 = Proxy r (xn — Yn(Vg(xn) + bn)) + an, (5.5)
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of (5.2), in which

an = Prox, ¢ (% = yn Ve, (xn)) = Prox ¢(xn — ynVex, (xn));
b, = ngn (xn) = Vg(xn).

(Vn € N) (5.6)

Thus, we can establish the asymptotic behavior of Algorithm 5.3 through some stochastic inex-
act version of the forward-backward algorithm; see, e.g., [12,14]. However, the general frame-
works established in these works do not make use of the structure of the functions in (5.3) and,
instead, they rely on strong conditions on the sequences (an)neny and (b, )nen Such as convergence
to zero and boundedness of their variance.

Algorithm 5.3 has been studied in the case of a deterministic function f, i.e., when only
Vg is randomly approximated [2,6,17,19,24,28], and in the case when g = 0 [1,18,21, 26].
However, Algorithm 5.3 in its full generality has been less explored. Existing analyses either
do not prove almost sure convergence [20, 22] or rely on restrictive assumptions, such as the
uniform boundedness of all gradients and subgradients [4] or the existence of solutions with
subgradients in L?P [5]. In the present paper, we establish almost-sure and L' convergence of
the sequence generated by Algorithm 5.3 under much weaker assumptions.

The rest of the paper is organized as follows. Section 5.2.2 introduces the general notation
and the preliminary results used throughout the manuscript. Section 5.2.3 establishes the con-
vergence of Algorithm 5.3 to a solution of Problem 5.2 under mild conditions. Section 5.2.4
proposes an application to mixed-loss classification problems and Section 5.2.5 to inconsistent
convex feasibility problems.

5.2.2 Notation

Throughout, H is a Euclidean space with identity operator |d, scalar product (- | -), and associ-
ated norm || - ||. Let C be a nonempty closed convex subset of H. Then ic denotes the indicator
function of C, projc the projection operator onto C, N¢ the normal cone to C, and dc: x +—
infyec|lx — y|| the distance function of C. The class of lower semicontinuous convex functions
h: H — ]—o0,+00] such that domh = {x e H|h(x) < +oo} # @ is denoted by Iy (H). Let h € T (H).
The subdifferential of h at x € H is the set oh(x) = {u eH|(VzeH) (z—x|u)+h(x)< h(z)}, the
element of minimal norm in oh(x) is %h(x), and the proximity operator of h is

prox, : H — H: x - argmin (h(z) + %Hx— z||2). (5.7)
zeH

Let (Z,5G) be a measurable space. A =Z-valued random variable is a measurable mapping

x: (QFP) - (5 9).Givenx: Q —» Zand S € G, we set [x € S] = {(o €Q | x(w) e S}. Let

x and y be random variables from (Q,J,P) to (Z,5). Then y is a copy of x if, for every S € G,

P([x € S]) = P([y € S]). The Borel s-algebra of H is denoted by B. An H-valued random variable

is a measurable mapping x: (Q,F) — (H,B). Let p € [1,+o0[. Then LP(Q, F, P; H) denotes the
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space of equivalence classes of P-a.s. equal H-valued random variables x: (Q,F,P) — (H, B)
such that E||x||P < +co. Endowed with the norm

1/p
I e @..psmy : x > EVPlx|P = (L IIX(w)II"P(dw)) , (5.8)
LP(Q,J, P; H) is a real Banach space. Further,
(VSeB) LP(QF,P;S) ={x € LP(QF,P;H) |x €S P-as.}. (5.9)

The c-algebra generated by a family ® of random variables is denoted by ¢ (®).

The reader is referred to [3] for background on convex analysis, and to [25] for background
on probability.
5.2.3 Convergence analysis

We propose to study the convergence of Algorithm 5.3 to solutions to Problem 5.2 under the
following assumptions.

Assumption 5.4 In the context of Problem 5.2, there exists z € Argmin(f +g) and, for every k € K,
s € of(2), such that

fQ (Sk(m) + ng(w)(i))P(d(D) =0 and fQ”Sk(m + ng(m) (i)”zp(d(o) < +00. (5.10)
Assumption 5.5 In the context of Problem 5.2,
(Vk € K)  dom of, = dom of. (5.11)

In addition, there exists a coercive function {: [0, +co[ — [0, +oo[ such that
(Vx € dom of) LHOafk(m) (X) + VEk(w) (X)HZP(dw) < Y(IIx]]). (5.12)

Assumption 5.4 is significantly weaker than the standard assumptions in the literature,
which typically require uniform boundedness of all measurable selections of subgradients at
every solution to Problem 5.2 [1,4], or the existence of subgradients in L?P [5]. Assumption 5.5
ensures that the sequence generated by Algorithm 5.3 remains within domf. In addition, it
allows for arbitrary subgradient growth, since { can be any coercive function. Assumption 5.5
is weaker than those in the literature, which require controlling every measurable selection of
subgradients [1] or restricting the function { to a particular form [5].
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We present two technical lemmas.

Lemma 5.6 Let x = (x1,...,xn) be an HN-valued random variable, let (K, XK) be a measurable
space, and suppose that the random variable k: (Q,F,P) — (K,X) is independent of o(x). Let
h: (KxH, X ® B) — [0, +oo| be measurable and define ¢: H — [0,+0] : x — Eh(k,x). Then, for

P-almost every o’ € Q,
E(h(k,x1) |G(x))(w’) = fQ h(k(w), x1(e"))P(dw) = ¢(x1(w")). (5.13)

Proof. The proof is analogous to that of [11, Lemma 2.8], replacing Fubini’s theorem with
Tonelli’s theorem. 0O
The following fact is used in several papers without proof.

Lemma 5.7 In the context of Algorithm 5.3, suppose that Assumptions 5.4 and 5.5 are in force.
Let n € N\ {0}, let z € domf, and set X, = 6(xo, ..., x,). Then, with probability 1,

() E(fi,(2)]X) = F(2), and E(gr, (2)| %) = g(2)
(ii) E(fkn (xn) | xn) =f(x,) and E(gkn (xn) | xn) = g(xn)-
(iii) E(ngn (2) | xn) = Vg(z) and E(ngn (xn) | xn) = Vg(xn).

Proof. (i): This follows from (5.3) and the fact that k, is a copy of k.
(ii): We note that

fr, () = fi, (xn) = i, (2) +(Z = %0 | sk, ) + fi, (2) = (Z— %0 | s,) P-ass. (5.14)

It follows from the definition of the subdifferential that fi (x,) — fg (2) + (Z— xn | s¢,) > O P-a.s.
Therefore, by Lemma 5.6, (ii), and Assumption 5.4, we get

E(fe, (x0) | Xn) = f(xn) = f(2) + (Z— x| -V&(2)) +f(Z) — (Z— x| -V&(2)) = f(xn) P-as. (5.15)

Similarly, we deduce E(gg, (xn) | Xn) = g(xn) P-a.s.

(iii): From Assumption 5.5, E||Vgc(-)||? is locally bounded. Thus, the conclusion follows
from (ii) and the dominated convergence theorem. 0O

We now show the almost sure convergence and L' of the iterates of Algorithm 5.3.

Theorem 5.8 In the setting of Problem 5.2, suppose that Assumptions 5.4 and 5.5 are in force,
and let (xn)nen be the sequence generated by Algorithm 5.3. In addition, suppose that <y Yn = +0
and ¥,y Y2 < +oo. Then the following hold:

(1) (x)nen is bounded P-a.s. in H and bounded in L?(Q, F, P; H).

(i) lim(f +g)(x) = inf(f + g)(H) P-a.s.

(iii) (xn)nery converges P-a.s. to a random variable x € L?>(Q, F, P; Argmin(f + g)).
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(iv) Vg(xn) — Vg(z) P-a.s.

(v) Suppose that there exists £ € ]0,+co[ such that ¢ = £(1 + |-|?). Then (x,)nen converges in
LY(Q,F,P;H) to x.

Proof. (i): Let n € N and set X;, = o = (xo,...,%,). It follows from [3, Proposition 12.28]
that, for P-almost every v € Q, Proxy ¢ is firmly nonexpansive, hence nonexpansive. On the
other hand, we deduce from Assumption 5.4 and the characterization of the proximity operator
[3, Proposition 16.44] that, for P-almost every v € Q,

Skn(w) € afkn(w) (2)ez+ Y”skn(co) —Z€ Ynafkn(m)(i) S z= prOXYnfkn(m) (2 + Ynskn(co)) (5.16)

Then it follows from (5.4), (5.3), and (5.16) that

%1 — 2|2

= [lprox, s, (x ~ ¥ Ve, (xn)) = Prox, s, (2+vass,)|”

< Hxn = Yn V8, (xn) — (2 + Ynskn)”z
= )| = 2) = va (Vetk, () + 55|

= 10 = ZII* = 2yn(x — Z| Ve, (xn) + 51, ) + ¥2|

sk, + Ve, ()|

< llxn = 212 = 2yn (%0 — Z| Ve, () + 55, ) + 2v2 ]| Ve, () — Ve, @] + 2v2]
<l = 2ZI1% = 2yn{xn — Z| Ve, (%) + 5, ) + 28v2 lxn — ZI| + 27|

= (1+2By2) 10 = ZII? = 2ya{xn — Z| Ve, (xn) + 55, ) + 27|

s, + Ve, Q)|
2

sk, + Ve, (2)]
sk, + Ve, )| P-ass. (5.17)

Therefore, since k, is independent of X, x, — z is X,-measurable, Vg is (1/p)-cocoercive [3,
Corollary 18.17], and by Lemmas 5.6 and 5.7, we get

E(Ilns1 — 2117 Xn)

< (14 2B42) I = 2117 = 2yn {0 ~ 2| E(Va, () + 5

o)) + 242 Ik, + Ver, B2 %)
= (1 +2By2) 1% — ZII* = 2yn (% — Z| EVr (xn) + Esi ) + 2yEllsk + Ver (2) ||
= (1+2BY2) llxn = ZII* = 2¥n{x0 — 2| Vg (xa) — VE(2)) + 2y2Ellsk + Ver (2)[I?
< (1+28y7)

n

- - -\ 1|2 —
e = 212 = 2871 [ Ve(xn) - Ve@)|* + 2v2Ellsi + Ver(@)I? P-as.  (5.18)

Since Y an Y2 < +o0 and E||sy + Vg (2)]1? < +00, we deduce from (5.18) that (xn)ne is stochastic
quasi-Fejérian relative to the set {z} in the sense of [13, Proposition 2.3]. It then follows from
[13, Proposition 2.3(i) and (ii)] that (x,)nen is bounded P-a.s. and

> ol Ve () - Ve@)|]* < +o0 P-ass. (5.19)
neN
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Hence, the assumption ). yn = +0 yields
lim |Vg(x,) - Ve@)|] =0 P-aus. (5.20)
Similarly, by taking the expected value in (5.18) we get
(Vn € N)  Ellxn1 = 2I1* < (1 +2y7B)Ellxn — 2II* + 2y7 Ellsk + Ve (D)1, (5.21)

which shows that (x,)nen is quasi-Fejérian in L?(Q,J, P; H) relative to the set {z} [15, Def-
inition 3.1]. Hence, it follows from [15, Proposition 3.2(ii)] that (x,)nen is bounded in
L%(Q,F,P; H).

(ii): Denote ¢ = f + g and, for every k € K, ¢, = fx + gk. Let z € Argmin ¢, and let n € N \ {0}.
We infer from Assumption 5.5 and (5.4) that x, € domdf,_, ¢ domf P-a.s. and, similarly to
(5.16) and (5.17), we deduce that

|1 — x| = ”prOXYnfkn (xn —Yn ngn (xn)) - prOXYnfkn (xn + Yn Oalckn (xn))”

< [|yn %9fx, (xa) + Y Ve, (x|
= Ya||%0fk, (xn) + Vi, ()| P-a.s. (5.22)

On the other hand, it follows from (5.4) and [3, Proposition 12.26 and Theorem 18.15] that

Yn‘ckn (Xn+1) < Ynfk (2) + <xn+1 A | Xn = Xn+1 — Yn V&, (xn)> P-a.s.

Yop ) (5.23)
Yk, (Xn+1) < YnBk, (2) + (xns1 — 2| Y Vex, (%)) + —IIxn+1 xn|® P-as.
Thus, after adding both inequalities and rearranging the terms, we obtain
(%ne1 = 2| Xne1 = X0 ) < Y (9k, (2) — @k, (xns1)) + 2[3 %41 = XalI* P-as. (5.24)
Then (5.24), the definition of the subdifferential, and (5.22) yield
(et = 2| st = )
< Va0, 2) = 0, () + 05, C50) = 0, i) + P 1 = 3l
< Y0 (04 (2) = 05, 5) + 50 = 301 | 0t () + Vi () + Y2 = 3l
< 0 (05,2) = 01, () + Yol = et 1085, o) + Vi, ()| + Y2 1 — a2
< (05, ~ 01, (o)) #4205, () + Vi, G+ P s —xall? Pras. (5.29)
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Thus, we deduce from (5.25), Lemmas 5.6 and 5.7, and Assumption 5.5 that, with probability 1,

E (11 — 2% Xa)
= Jlxn = zl1? + 2E((n = 2| Xna1 = %0} | X)) + E(I[xns1 = x0ll* | X0)
= [lxn = zl1* + 2E((ns1 = 2 | Xne1 = %) | Xn) = E(llxne1 = %% | o)
< llxn = 2l + 2¥aE 9k, (2) = 9, (xn) | Xn) + 2y2E(||%, (x0) + Vi, (x)|[* | Xn)
+ YoBE(IIxne1 = X 12| Xn) = E(llne1 = xall® | Xn)
= [0 = 2012 + 2vn (9(2) = p(xn)) + 2Y2E (|| %, (xn) + Vi, () || )
+ (YaB = 1)E(llxns1 = xnl1*] )
<l = 2 + 2va (9(2) = 9(x)) + 22U ([Ixall) + (voB = 1) E(llxne1 = xal1* | L)
< o = 21 + 2y (9(2) — 9(x0)) + 229 (|Ixa ) + max{0, yoB — L}E(Ilxne1 — xall? | Xn).  (5.26)

We infer from (i) and Assumption 5.5 that {(||x,||) is bounded P-a.s. In addition, 3oy Y2 < +c0
yields y,p — 1 < O for n large enough. Altogether, (5.26) yields that (x,)nen is stochastic quasi-
Fejérian relative to Argmin ¢ in the sense of [13, Proposition 2.3]. It then follows from [13,
Proposition 2.3(ii)] that

D al0(x) - 0(2) < +o0 P-as. (5.27)
neN

Hence, since },cy Yn = +o0, we have lim ¢(x,) = info(H) P-a.s.
(iii): Let us show that (x,)nen corresponds to a sequence generated by [11, Algorithm 3.4].
To this end, set Z = Argmin ¢ and

ty = 2(xn = %n41) € L2(Q,F, P; H);
h = <xn+1 + Xn |xn _xn+1> € Ll(Q, F,P;R);

(Vn € N) an =1; (5.28)
en = 2Y2Y(||xn 1) + max{0, yaB — 1}E([lxns1 — % ll* | Xn) € [0, +00[ P-a.s.;
Ll
n — 2'

The Cauchy-Schwarz inequality shows that

L1201 1 xalt)> 01

- € L*(Q,7,P;R). (5.29)
a1l + Lpz=0)

(Vn € N)

In addition, we can show analogously to (5.25) and (5.26) that, for every n € N and every
zeZ,
<z| E(ant, | f)Cn)> < E(onmn | X)) + 6, P-ass. (5.30)

Finally, we derive that
(Vn e N)  xp41 = X — Anant;,. (5.31)
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Altogether, we confirm that (x,).en iS @ sequence constructed by [11, Algorithm 3.4]. On the
other hand, it follows from (i) and (ii) that there exists Q’ € F such that

P(Q) =1and (Yo € Q) [(xn(w))nen is bounded and lim ¢(x,(w)) = infp(H)]. (5.32)

Let v € Q" and let (jn)new be a strictly increasing sequence in N such that lim ¢ (x;, (0)) = infp(H).
Since the sequence is bounded, there exists a point x € H and a further subsequence, say x, (),
such that x, (w) — x. Note that the lower semicontinuity of f and the continuity of g lead to the

lower semicontinuity of ¢, which yields
info(H) < o(x) < lim(p()an (0)) = infg(H). (5.33)

Hence x € Argmin ¢. Since o is arbitrarily taken in Q’, we deduce that, for P-almost every w € Q,
there exists a cluster point of (x,(w))nen that belongs to Argmin ¢. Therefore, it follows from
[11, Theorem 3.6(i)(d)] and the fact that } o & < +o0 P-a.s. that there exists an (Argmin ¢)-
valued random variable x such that x, — x P-a.s. Furthermore, (i) and Fatou’s lemma guarantee
that

0 < Ellx||? < E(limlxy %) < lm Eflxn 1% < sup Ellx[|? < +o, (5.34)

which shows that x € L2(Q, , P; Argmin ¢).
(iv): The continuity of Vg and (iii) yield Vg(x,) — Vg(x) P-a.s. On the other hand, (5.20)
shows that lim ||Vg(x,) — Vg(z)|| = 0 P-a.s. Then

[Ve(x) - Ve (@) < lim([[Ve(x) - Ve@)|| + [Ve(x) - Ve@)]) =0 P-ass, (5.35)

which shows that Vg(x) = Vg(z) P-a.s. Therefore, Vg(x,) — Vg(z) P-a.s.
(v): It follows from (i) that

sup EY(||xa ) = sugg(l + E||xn||2) < +00. (5.36)

neN n

Hence Y, E&y < +00 and the convergence of (xp)nen to x in L1(Q, F, P; H) follows from [11,
Theorem 3.6(ii) (d)]. 0O

We present two corollaries of Theorem 5.8 that introduce novel almost surely convergent
results for the stochastic proximal point algorithm and the stochastic gradient method.

Corollary 5.9 Let f € Ty(H) and let (K, X) be a measurable space. For every k € K, let fy € Tp(H)
such that dom of, = dom of. Further; let k: (Q,F, P) — (K, X) be a random variable such that

(¥ € domof) f(x) = L feto) (P (doo). (5.37)
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Assume that there exists z € Argminf such that, for every k € K, s, € of(z), and

J;Z Sk(w)P(d(o) =0 and fQHSk(M ||2P(d(o) < +00. (538)

Further, assume that there exists a coercive function {: [0, +co[ — [0, +oo[ such that
2
(Vx € H) L”Oafk(w)(x)” P(dw) < Y(Ix]l). (5.39)

Let xo € L?(Q,7,P;H) and let (yn)nen be a sequence in 10, +oco[ such that ¥,y yn = +oo and
Shen Y2 < +oo. ITterate
(Vn €N)  xp1 = Pprox g (xn). (5.40)

Then (xn)nex converges P-a.s. to a random variable x € L?(Q, F, P; Argmin f).

Corollary 5.10 Let € ]0,+co[ and let g: H — R be a convex differentiable function such that
Vg is B-Lipschitzian. Let (K,X) be a measurable space. For every k € K, let gx: H — R be a
convex differentiable function such that Vg is p-Lipschitzian. Further, let k: (Q,F,P) — (K, X) be
a random variable such that

(WxeH) g(x)= fQ k(e) (X)P(dw). (5.41)

Assume that there exists a coercive function {: [0, +oo[ — [0, +oo[ such that
(Vx € H) LHng(w)(x)HzP(dw) < Y(IIxll)- (5.42)

Let xo € L?(Q,F,P;H) and let (y,)ne be a sequence in 10, +oo[ such that ¥,cyyn = +o and
Shen Y2 < +oo. Iterate
(Vn €N)  xni1 = %0 — Yn Vek, (%n). (5.43)

Then (xn)nen converges P-a.s. to a random variable x € L*(Q, F, P; Argmin g).

5.2.4 Application to mixed-loss classification problems

We address a binary classification problem which is modeled via the combination of two loss
functions.

Problem 5.11 The training data samples are split into two finite collections in RN x {-1,1}:
(uk, Ekek, and (u, &k kek,- Let a € ]0, 1[. The task is to

minimize — ka(x)+ 1 ng(x), (5.44)

N
<€R card K1 & card Ko o
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where
(Vk € K1) fi(x) = amax{0, 1 — & (x| u)};

(Vk € K2) () = (1 - o) In(1 + exp(~E(x] uc))).

Mixed-loss problems, in particular Problem 5.11, are commonly used to train multi-task

(5.45)

learning models; see, e.g., [9]. The goal of Problem 5.11 is to learn a linear classifier x € H = RN
by minimizing the mixed-loss function. In our model, K; represents a set of noisy data, which we
handle using the hinge loss, whereas K, represents accurate data, for which we use the logistic
loss. To solve Problem 5.11 using Algorithm 5.3, let us first provide the proximity operator of
the hinge loss and the gradient of the logistic loss. As shown in [3, Example 24.37], for every
x € H, y € ]0,+[, i € K1, and j € Ky,

X, if &(ui[x) > 1;
1-&(u %)
i |*

x+ayEu|x), if 1T—ayllull® > &u|x);
(1-o)
TTrexpE e w) Y

Prox,; (x) = {x+ ,if 12 Eui %) > 1 - aylluill?;

(5.46)

Vgi(x) =

Proposition 5.12 In the context of Problem 5.11, let xo € L?(Q,J,P;H) and let (y,)nen be a
sequence in |0, +oo[ such that ¥,,c Yo = +00 and ey Y2 < +oo. Iterate

forn=0,1,...
take (i, j,) uniformly in K; x K5 and independent of o(xy, ..., xn) (5.47)
Xn+1 = PIOX, ¢ (3% — Yn Vg, (xn)).

Denote by Z the set of solutions to Problem 5.11 and assume that Z # @. Then (x,)nen converges
P-a.s. and in L' (Q, F, P; H) to a Z-valued random variable.

Proof. We deduce from (5.46) that, for every x € H and j € Ko,

1 _ . . ]_ —
1920l = Lm0 PEW) o — (5.48)
(1+exp(g(xIw)))
Set .
_L-« 12
p=— ?gfgcllujll . (5.49)

Hence, for every k € Kq, Vg is p-Lipschitzian. Thus, we confirm that Problem 5.11 is an instance
of Problem 5.2, and (5.47) is an instance of Algorithm 5.3. It follows from Fermat’s rule [3,
Theorem 16.3] and [23, Theorems 1.37 and 3.8] that there exists z € Z and, for every k € Kj,
s, € ofi(z) such that

0= L (Sk(w) + V8k(w) (2))P(dw). (5.50)
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Furthermore, we infer from (5.45) and the fact that the sets K; and K, are finite that the
subgradients of (fy)kek, and the gradients of (gy)kek, are uniformly bounded. Let p € |0, +oo[ be
the bound. Hence Assumptions 5.4 and 5.5 hold with § = p + |-|. Thus the conclusion follows
from Theorems 5.8(iii) and 5.8(v). O

5.2.5 Application to inconsistent convex feasibility problems

We apply the stochastic proximal gradient method to the inconsistent convex feasibility prob-
lem.

Problem 5.13 Let (K, X) be a measurable space and let k: (Q,F,P) — (K,X) be a random
variable. Let C be a nonempty closed convex subset of H, and, for every k € K, let Z, be a
nonempty closed convex subset of H. It is assumed that the mapping

T: (KxHX®By) = (H,Bn): (kx) - dJ x (5.51)
is measurable, ET (k,0) < +o0, and Argmin ET(k, -) # @. The task is to

miriiergize L %d%kw (X)P(dw). (5.52)

Minimizing the integral of the squared distances dates back to the expected-projection
method [7, 8]. However, this method requires the activation of every set at every iteration
via a Bochner integral average. For the consistent case, random iterative methods have been
proposed; see [11, Remark 5.6]. These methods activate only a finite number of sets at each it-
eration and guarantee convergence to a solution. For the inconsistent case, the random iterative
method of [20] guarantees convergence in distribution to an invariant measure by randomly
selecting one set at every iteration. Stronger modes of convergence have not been shown for
the inconsistent case. As an application of Theorem 5.8, we introduce a randomized single-
set activation algorithm for solving Problem 5.13 that converges both almost surely and in
LY(Q,F,P; H).

Proposition 5.14 In the context of Problem 5.13, let xo € L?>(Q,J,P;H) and let (y,)nen be a
sequence in |0, +oo[ such that ¥,,c Yo = +00 and ey Y2 < +oo. Iterate

forn=0,1,...
k» is a copy of k and is independent of ¢ (xg, ..., xn) (5.53)
Xn+l = Projc((l ~ Yn)Xn + Yn Pl’szkn (xn))~

Denote by Z the set of solutions to Problem 5.13. Then (x,)nei converges P-a.s. and in L' (Q, F, P; H)
to a Z-valued random variable.
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Proof. Let us define

fi = 1c € To(H);
(Vk € K) 1, (5.54)
gk = zdzk.
We deduce from [3, Example 12.25 and Corollary 12.31] that
(Vn e N) pro = Projc;
(Vk € K) Hnfl ¢ (5.55)

Vegk = Id — projz, .

It then follows from [3, Corollary 4.18] that, for every k € K, Vg is firmly nonexpansive, hence
1-Lipschitzian. This confirms that Problem 5.13 is an instance of Problem 5.2 with § = 1, and
(5.53) is an instance of Algorithm 5.3. We deduce from Fermat’s rule [3, Theorem 16.3] and
[23, Theorems 1.37 and 3.8] that there exists z € Z and s € Nc(Z) such that

0=s+ f Vek(w) (Z)P(dw). (5.56)
Q
Moreover, for every x € H,
EllVer ()11 = EdZ_(x) < 2EdZ (0) + 2[x[|* = 2ET (k, 0) + 2{Ix||*. (5.57)

Combining (5.56) and (5.57) with x = z, we deduce that Assumption 5.4 holds. On the other
hand, for every k € K and every x € C, %fi(x) = °Nc(x) = 0. Hence Assumption 5.5 also
holds by setting ¢ = max{2, 2ET (k,0)}(1+ |-|?) in (5.57). Therefore the conclusion follows from
Theorems 5.8(iii) and 5.8(v). O
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Chapter

AN ABSTRACT STOCHASTIC
HAUGAZEAU METHOD FOR BEST
APPROXIMATION

6.1 Introduction and context

We dedicate this chapter to question (Q5) of Chapter 1. We propose a novel abstract stochastic
Haugazeau method for computing the best approximation from a closed convex set. We es-
tablish the strong convergence of the generated sequence of random variables under general
hypotheses.

This chapter presents the following journal article:

J. I. Madariaga, An abstract stochastic Haugazeau method for best approxima-

tion, submitted.

6.2 Article: An abstract stochastic Haugazeau method for best ap-
proximation

Abstract. The Haugazeau method was originally designed to compute the best approximation
from an intersection of closed convex sets in Hilbert spaces using the projection operators onto
the individual sets iteratively. We propose an abstract stochastic version of it to compute the
best approximation from a closed convex set by successive projections onto randomly gener-
ated stochastic outer approximations of that set. Strong convergence in the mean square and
the almost sure modes is derived under general hypotheses on the outer approximations. The
results are applied to the development of stochastic algorithms to construct the best approx-

imation from an arbitrary intersection of fixed point sets by random activation of blocks of
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operators. A numerical application to the computation of Chebyshev centers is provided.

6.2.1 Introduction

Throughout this paper, H is a separable real Hilbert space with identity operator Id, scalar
product (- | -)y, and associated norm || - [|4. (Q,F, P) is a complete probability space.

In his unpublished thesis, Yves Haugazeau presented a geometric strategy for finding the
projection onto the intersection Z of a finite collection (Zy)1<k<p 0f closed convex subsets of H
by periodic projections onto these sets individually. To describe it, let (x,y,z) € H® and define

Hixy) ={zeH|&-ylx-y)y<0};
Otxy.z) = H(x,y) NH(y,z), if H(x,y) NH(y,z) # 2; (6.1)
{y}h if H(x,y) NH(y,2z) = 2;

Q(xy,2) = Pprojo, ..

The half-space H(x, y) is defined so that the projection of x onto H(x,y) coincides with y, that is,
y = Projy, % Additionally, O(xy, z) is a nonempty closed convex subset of H, which implies
that Q(x,y, z) is well-defined. Given a starting point xg € H, it is shown in [18, Théoréme 3-1]
that the sequence (x,)nen generated by the iterative algorithm

(Vn e N) X471 = Q(XO, Xn, PrOjz (6.2)

n(mod p)+1 Xn )

converges strongly to the best approximation proj, xo to xo from Z. In this process, xo is pro-

jected onto the set O(xo, Xn, Proj; xn), which is an outer approximation to Z. These ideas

n(mod p)+1
have also been used to design parallel projection methods to project xo onto Z [28]. Note that

Z= m Z C Zn(modp)+1 C H(Xn,an), where a, = proj; (6.3)

1<kgp

n(mod p)+1 Xn-

This observation led to the development in [6] of the following abstract version of Haugazeau’s
method to find the best approximation to xg € H from a nonempty closed convex subset Z of H.

forn=0,1,...
take a, € H such that Z c H(x,, a,)
take A, € ]0,1] 6.4)
fn = Xn + An(an —Xn)

Xn+1 = Q(X()’ Xn’ rn)-

This algorithm covers the original Haugazeau method, which is obtained by setting Z =

M1<k<p Zk> and, for every n € N, A, = 1 and a, = proj; xn. In the general case, the strong

n(mod p)+1
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convergence of the sequence (x,)nen in (6.4) to the solution of the best approximation problem
is guaranteed as long as each weak cluster point of (x,),en belongs to Z [3, 6]. Applications of
this framework can be found for instance in [2,5,6,9,10,25,26,29].

In optimization theory, many stochastic methods have been proposed to handle large-scale
problems and high-dimensional settings; see, e.g., [11,13,15,19,21,24] and their bibliographies
for discussions of the modeling and computational benefits of stochastic methods. However, it
remains an open question whether stochastic versions of (6.4) can be developed and if so, with
which convergence properties. Closely related to the best approximation problem is the convex
feasibility problem, which consists of finding an arbitrary point in the intersection of a collection
of closed convex sets. Stochastic methods have been proposed for this problem in which, at each
iteration, only a finite randomly selected subcollection of sets is activated [12,19,22,27]. This
feature is especially valuable when the collection of sets is uncountably infinite since, in that
setting, deterministic methods cannot guarantee convergence of the iterates by activating finite
blocks of sets. In this spirit, we propose to study the convergence of a stochastic counterpart to
(6.4) for finding the best approximation to xy € L*(Q, F,P; H) from an arbitrary collection of
sets. This abstract stochastic Haugazeau method operates as follows.

Algorithm 6.1 Let Z be a nonempty closed convex subset of H and let xo € L2(Q,F,P;H).

Iterate
forn=0,1,...

take a, € L2(Q, 7, P; H) such that Z c H(x,, a,) P-a.s.
take A, € L (9, F,P:10,1]) 6.5)
Tn = X + An(@n — Xn)

Xn+l = Q(x()’ Xn rn)-

In contrast to the deterministic setting, where the weak-to-strong convergence principle
discovered in [3] enables the transformation of a broad range of weakly convergent methods
in nonlinear analysis into strongly convergent best approximation methods [9], there is no
stochastic weak-to-strong convergence principle for stochastic methods. This is because they
are constructed over random outer approximations that are not deterministic and do not act as
exact cuts in the sense that Z is not almost surely contained in the random outer approxima-
tion, as illustrated in [12, Figure 1]. Thus, a dedicated analysis of Algorithm 6.1 is required to
establish convergence guarantees in this stochastic framework.

The paper is organized as follows. In Section 6.2.2, we introduce the notation and prelimi-
nary results. The study of Algorithm 6.1 is presented in Section 6.2.3, where we show the strong
convergence of the sequences of iterates almost surely and in L?(Q, J, P; H). In Section 6.2.4,
we apply the method to develop a randomly activated block-iterative algorithm for solving a
best approximation problem in which Z is described as the common fixed points of an arbitrary
family of operators, possibly uncountably infinite. In addition, we compare Haugazeau’s origi-
nal cyclic method with a specialized version of our method for finding the projection onto the
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finite intersection of closed convex sets. Section 6.2.5 concludes the paper with a numerical
application to the computation of Chebyshev centers of nonempty and bounded sets in RN.

6.2.2 Notation and background
6.2.2.1 Notation

Random variables are denoted by italicized serif letters and deterministic variables by sans-serif
letters.

The symbols — and — denote weak and strong convergence in H, respectively. The set of
weak sequential cluster points of a sequence (x,)ney in H is denoted by M (x, )nen. The projection
onto a nonempty closed convex set C c H is denoted by proj.. The fixed point set of an operator
T:H > HisFixT = {x € H| Tx=x}, T is firmly quasinonexpansive [4, Definition 4.1(iv)] if

(Vx € H)(Vy € FixT) [ Tx = yli§ + ITx = xIIfy < lIx = ylI3, (6.6)

and T is demiclosed at y € H if for every x € H and every sequence (x,)nen in H such that x, — x
and Tx, — y, we have Tx = y. The reader is referred to [4] for background on convex analysis
and fixed point theory.

Let (Z,9) be a measurable space. We say that x: (Q,F,P) — (5, 9) is a E-valued random
variable (random variable for short) if it is measurable. In particular, an H-valued random
variable is a measurable mapping x: (Q,F, P) — (H, By), where By denotes the Borel c-algebra
of H. The sub c-algebra of F generated by a family ® of random variables is denoted by o (®).
Given x: Q > Eand S € G, we set [x € S] = {0 € Q | x(0) € S}. Let x and y be E-valued
random variables. We say that y is a copy of x if, for every S € G, P([x € S]) = P([y € S]). Let X
be a sub c-algebra of F. Then L?(Q, X, P; H) denotes the space of equivalence classes of P-a.s.
equal H-valued random variables x: (Q, X, P) — (H, By) such that E||x||ﬁ < +00. Endowed with
the scalar product

CIrzapsm s (6y) = B lyn = L(x(w) | y(©)),P(dw), (6.7)

L?(Q, X, P; H) is a real Hilbert space. The reader is referred to [20, 23] for background on prob-
ability in Hilbert spaces.

6.2.2.2 Preliminary results

A fundamental question regarding Algorithm 6.1 is whether x,,1 is well-defined and measur-
able for every n € N. To provide an affirmative answer, it is necessary to first investigate the
properties of Q.
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Lemma 6.2 ([4, Definition 29.24]) Set y = (x—y|y—2)y, p = IIx=yl?, v = |ly —z||2, and
p =pv —x2 Then

2 ifp=0andx < O0;
Z, ifp=0andy > 0;

Q(xy,2) = b X (6.8)
x+(1+x/v)(z-vy), if p>0andyv > p;
y+(v/p)(x(x—y) +p(z—-y)), ifp>0andyv<p.

Lemma 6.3 Let {x,y,z} c L?(Q,,P;H). Suppose that there exists some u € L>(Q,J,P; H) such
that u € O(x,y,z) P-a.s. Then Q(x,v, z) € L2(Q,F, P; H). In particular, Q(x,y, z) € L>(Q, F,P; H) if
there exists u € H such that u € O(x,y, z) P-a.s.

Proof Set y = (x —y|y—2)y, k= llx —yll3, v = |ly — 2|3, and p = pv — y2. The continuity of the
addition, the scalar multiplication, the scalar product on H, and the norm on H, along with the
measurability of x, y, and z, assure us that y, p, v, and p are measurable. Define the disjoint

measurable sets

Si=|p=0and y<0|; Sz=[p=0and y>0];

(6.9)
Ss=|p>0and yv>p|; Ss=[p>0and yv<p|.
Then it follows from Lemma 6.2 and (6.9) that we can write Q(x, y, z) as
Q(x, Y, Z) = 151!/ + 1522+ 153 (x + (1 + m)(z - y))
v
+1s, (y + (m()((x -y) +p(z— y)))) P-a.s., (6.10)

which shows that Q(x, y, z) is measurable, as (Q, &, P) is complete. On the other hand, we deduce

from (6.1) and the assumptions that
LE)Qry2) — 2|2 = SEprojog, . x ~ I < SElu -l < ENuld +Elxl3.  (6.11)
2 Y, H = 5 ElIPTOJo(x,.2) HS 5 HS H H- .
Hence, since {x,u} c L?(Q, 7, P; H), we conclude that Q(x,y,z) € L>(Q,F,P;H). 0O

Lemma 6.4 ([12, Lemma 2.8]) Let x = (x1,...,xn) be an HN-valued random variable, let (K, K)
be a measurable space, and suppose that the random variable k: (Q,F) — (K, X) is independent
of o(x). Let f: (Kx H,X ® By) — R be measurable and such that E|f(k,x1)| < +co, and define
g: H—> R: x> Ef(k,x). Then, for P-almost every o’ € Q,

E(f(k,x1) |6(x))(m’) = fQ f(k(w),x1(0"))P(dw) = g(x1(x)). (6.12)
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6.2.3 Convergence analysis

In this section, we establish the strong convergence of the sequence (x,)nen generated by Al-
gorithm 6.1 to the solution of the best approximation problem, in both the almost sure and
L%(9Q, %, P; H) modes.

Theorem 6.5 Let (x,)nen be the sequence generated by Algorithm 6.1. Then the following hold:
() (Xn)nen is a well-defined sequence in L?(Q, F, P; H).
(ii) (Vn € N) Z c H(xp,x,) N H(xn, ) P-a.s.
(iii) (3¢ € L?(Q,F,P;R)) |lxn — xolly T £ < |lprojz xo — xolly P-a.s.
(i) (JIxn [l)nex is bounded P-a.s.
V) Snert Elnst = 5013 < +00 and Spe E(lxns1 = 51?1 %) < +o0 P-as.
VD) Znert EG2llan = x0l12) < +00 and Speyy EQ2llan — 50l 1 Xn) < +00 P-as.
(vii) Suppose that MW (x,)nenw € Z P-a.s. Then (xn)new converges strongly P-a.s. and strongly in

L2(9Q,J, P; H) to proj; xo.

Proof. (i) and (ii): Suppose that, for some n € N, x, € L2(Q,F, P; H) and Z c H(xo, x,) P-a.s. It is
clear from (6.5) that r, € L?(Q, F, P; H). On the other hand, for P-almost every o € Q,

H((xn (), an ()
={zeH| (z=a(0) % () = an(w))y < O}
= {z € H | (2= a,(0) [ % (0) = %0 (©) = A (an (©) = % (0)))y < O}
={zeH | (z-m(0) % (0) = (@) < (ar(©) = () |10 (©) = (©)H}
= {ze H[(z=m(0) | %(®) = @@y < =4 (1= A0) % (@) = ar (@) I}
C H(xn (), i (w)). (6.13)

We deduce from (6.5) and (6.13) that Z c H(x,,r,) P-a.s. Hence there exists a subset Q) € F
such that P(Q)) = 1 and (Vo € Q) Z c H(x,(w),m(w)). Likewise, there exists Q € F such
that P(Q)) = 1 and (Vo € Q) Z ¢ H(xp(w),xn(w)). Let ® € Q) N Q. It follows from [4,
Theorem 3.16] and (6.5) that

ZC H(xo((o),xn ((o)) N H(xn (), ((o)) =7cC H(xo((o),Q(xO(m),xn (w), 1 ((o)))
o Z C H(xg(w), Xn11 (0)). (6.14)

Since P(Q;, N Q) = 1, we get @ # Z C H(xp,xn+1) P-a.s. Hence, Lemma 6.3 yields x,+1 €
L?(Q,7F,P; H). Since xo € L?(Q,7,P;H) and Z ¢ H(xg,x0) = H P-a.s., we conclude by an in-
ductive argument that (x,)ner and (7, )new are sequences in L2(Q, 7, P; H), and, for every n € N,
Z C H(xg,x) N H(xpy, ) P-a.s.
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(iii): Set, for every n € N, X, = o(xo,...,x,), and consider the random process
(JIn = x0ll4> Xn)nen- Let us show that this process is a submartingale. Let n € N. It follows from
(ii) that

O(x9, Xn, 1) = H(x0, x,) N H(xn, ) P-a.s. and xn41 € H(xg, x,) N H(xn, ) P-a.s. (6.15)

We note from (6.1) that x, = projH(xo,xn) xo P-a.s., and from (6.15) that x,41 € H(xg, x,) P-a.s.
Then
(Vn €N Jlxy = %ol < [Ixn1 = xolly  P-as. (6.16)

Hence
(Vn € N)  |lxa — xolly = E(I1%n — X0l | Xn) < E(l%ns1 — xollu| Xn) P-as. (6.17)

Therefore (||x, — xo0lly, Xn)nen is @ positive submartingale. On the other hand, for every n € N,
projz xo € Z € H(xo, xn) P-a.s. Then, for every n € N, ||x, — xoll4 < ||projz xo — xolly P-a.s., which
shows that

(Vn € N)  Ellxy — %0l < E|lprojz xo — xol|3 < +eo. (6.18)

Consequently, sup, ¢y Ellx, — x0|||%| < 400 and we deduce from [16, §IV Theorems 4.1s(i) and
4.1s(iii)] that (||x, — xolly)nex converges P-a.s. and converges in L?(Q, 7, P; R) to a random vari-
able ¢ € L2(Q, J, P; R) which satisfies ¢ < ||proj; xo — xol|y P-a.s.

(iv): Note that, for every n € N,

lxally < llxn = xolln + [Ix0lly P-a.s. (6.19)

We deduce from (6.19) and (iii) that (||x,||)nen is bounded P-a.s.
(v): Let n € N. Since x,41 € H(x0, x») P-a.s., we have

l|xhs1 = xn”a < %1 — xn”ﬁ +2(Xn41 — Xn | X0 — xO)H

= [lxn+1 = %0lI3 = %0 — %ol P-a.s. (6.20)

Hence, Zj":O||xj+1 - lela < l%ne1 — xolla < |lprojz xo — x0||a P-a.s. Therefore, by taking expected

value and limit n — +oc0, we have

> E(Ehga - x5131%6)) = D Ellgaa = 513 < Ellprojz xo - xoll < +eo. (6.21)
jeN jeN

We conclude that ¥je Ellxj1 — x|l < +o0 and that Y E(llx41 — %11 1 %) < +o0 P-a.s.
(vi): Let n € N. Since xp;1 € H(xy, 1) P-a.s., we have

[l _xn”a < lxne1 = rn”a + |lxn — rn|||%|
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< lxne1 = rn”a +2(Xn41 — o | Tn = X))y + [0 — rn”a

= [lxns1 — x|y P-as. (6.22)

It follows then from (v) and (6.5) that

D E(ECe - 513 15G)) = Y E(Plla - x)3) = ) Elln - xll <+ (623)

jeN jeN jeN

Hence, S E(A2[|g; — xlI3) < +o0 and Yoy E(Alla - x4 1%) < +oo P-as.

(vii): It follows from (iv) that MW (x,)henw # @ P-a.s. Now suppose that W (x,)nenw € Z P-a.s.
Then there exists Q' € F such that P(Q') =1 and (Vo € Q') @ # W (xn(w))nenw C Z. In addition,
consider from (iii) the event Q” € F such that P(Q”) = 1 and

(@) = xo(@)lly = e(w);
(Vo € Q) (6.24)

£(w) < [[projz xo(w) — xo(w)ly-

Let w € Q' N Q” and let x € Z be a weak sequential cluster point of (x,(®))nen, say xi, (©) — x.
Then, the weak lower semicontinuity of || - ||y and (6.24) imply that

lIx = x0() Iy < lim||x, (©) = xo0(w)|ln
neN

=f(w)

< [lprojz xo(w) = xo(w)|l4

= inflly — xo(w)lln
yeZ

< [Ix = x0 (@) I (6.25)

Therefore x = proj; xo(w) is the only weak sequential cluster point of the sequence (x,(®))nen
and x,(w) — projzxo(w). Hence, x,(w) — xo(w) — Pproj; xo(w) — xo(w) and (6.25) yields
llxn (@) — x0(®) ||y = [Iprojz xo(w) — xo(w)||. Then, by [4, Lemma 2.41(i)], we get that x,(w) —
xp(w) — proj; xo(w) — xo(w) and, therefore, x,(w) — proj; xo(w). Since P(Q' N Q”) = 1, we
deduce that x, — proj; xo P-a.s. Furthermore, note from (iii) that, for every n € N,

llprojz xo — xally < llprojz xo — xolly + llxn — xolln

< 2||projz xo — xolly P-a.s. (6.26)

Since ||proj; xo — xolly € L(Q,F,P;R), the dominated convergence theorem guarantees that
(Xn)nen converges strongly in L2(Q, F, P; H) to proj; xo. O
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6.2.4 Application to common fixed point best approximation

In this section we specialize the best approximation problem to the following setting.

Problem 6.6 Let (K, X) be a measurable space and let (Ty)kek be a family of firmly quasinon-
expansive operators such that T: (K x H, X ® By) — (H,Bu): (k,x) — Tyx is measurable and,
for every k € K, Id — T is demiclosed at 0. Let k be a K-valued random variable, suppose that

Z={zeH|zeFixT, P-as.} # 2, (6.27)

and let xo € L?(Q, J, P; H). The goal is to find proj; xo.

To emphasize the versatility of Problem 6.6, we present some examples of firmly quasinon-
expansive operators commonly used in nonlinear analysis and optimization methods.

Example 6.7 ([3, Proposition 2.3]) Let T: H — H. Then T is firmly quasinonexpansive if one
of the following holds:

(i) Z is a nonempty closed convex subset of H and T = proj,. Here, Fix T = Z.

(i) f: H > ]—o0,+00] is a proper lower semicontinuous convex function and
. 1 9
T=prox: H—-H: xm— argm1n(f(y)+—||x—y||H). (6.28)
yeH 2

Here, Fix T = Argminf.
(iii) A: H — 2" is maximally monotone and T = Ja = (Id+A)~!. Here, Fix T = {z € H| 0 € Az}.

(iv) f: H — R s a continuous convex function, s: H — H: x — s(x) € of(x) is a selection of of,
and

f(x)
X= 2
T=G:H—oH: x> lIs() 115
X if f(x) <0,

s(x), if f(x) > 0;

is the subgradient projector onto Fix T = {x € H | f(x) < 0}.

6.2.4.1 Algorithm and convergence

Since the set Z of Problem 6.6 is a nonempty closed convex subset of H [12, Remark 5.3], we
invoke Theorem 6.5 to introduce the first randomly selected block-iterative fixed point algo-
rithm to solve Problem 6.6, which guarantees both strong almost sure convergence and strong
convergence in L?(Q, F, P; H). We emphasize that this method is novel even for K finite or count-
ably infinite. Furthermore, unlike the deterministic algorithms, this stochastic method is able to

solve Problem 6.6 in its generality by random activation of block of operators.
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Theorem 6.8 In the setting of Problem 6.6, let 0 < M € N, § € |0,1/M|, and ¢ € ]0, 1[. Iterate

forn=0,1,...
Xn =o(xg,...,%)
fori=1,....M
ki, is a copy of k and is independent of X,
Pin = Th,Xn
(Bin)1<icm are [0, 1] -valued random variables such that
SM fin=1P-as.and (Yie{l...,M}) fin> 8

1t =30 ly= max i —nllu]
M
Pn = 2z Binbin
SO Binllpin — xall3 + 1
i=1 PinllPin nlly [po=x0]

1Pn = 0l + L[]
an = Xn +Ln(Pn _xn)
take A, € L®(Q, F,P; [e,1])
n = Xn +/1n(an _xn)

| Xn+1 = Q(x0, Xn, ).

Then (xn)new converges strongly P-a.s. and strongly in L?(Q, J, P; H) to projy xo.

(6.29)

Proof. We will show that the sequence constructed by (6.29) corresponds to a sequence gener-

ated by Algorithm 6.1. First, let us show that
(VFneN) L,>1 P-as.
Fixze Zand n e N. For everyi € {1,..., M}, let Q;, € F be such that
P(Qn) =1 and (Yo € Qi) z€FixTy, (o).

Thanks to (6.31), we then choose Q, € F such that

M
P(Q)=1 and (Yo e Q) ﬂ Fix Ty, o) # @ and Zﬂi,n(w)ﬂ.
1

1<isM i=

Given o € Q,, we study the following two cases:

* Suppose that p,(w) = x,(®). Then [7, Proposition 2.4] shows that

M
Xn(w) € FiX(Z ﬁi,n(w)Tki,nm)) = [ FixTh
i=1

1<isM
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(6.30)

(6.31)

(6.32)

(6.33)



hence, for every i€ {1,..., M}, x,(®) = pi.n(w). Thus,

M
2 Ain(@)pa (@) = xa(@f; + 1] (@)

1[pn:xn] (m)

In(w) = 2 =

Ion (@) = %0 (@) + L[ prose] (©) L pvra] ()

* Suppose that p,(w) # x,(w). Then the convexity of || - ||ﬁ yields

0 < [lpn(©) = xa ()| = 0 (0) (pin (©) = X0 ()

which implies that L, (w) > 1

=1 (6.34)

})mmﬂmam xn ()| |2,

(6.35)

Next, we will show by induction that (x,)ner and (a,)ner are in L2(Q, F,P; H). Leti € {1,...,M}
and suppose that x, € L>(Q,F,P;H). Then Ti,Xn = T o (kin,x,) is measurable. Furthermore,

for every o € Qin, 2Ty, (w) — Id is quasinonexpansive with Fix(2Ty, (o) — Id) = Fix Ty, () [7,

Proposition 2.2(v)]. Hence

1
2lpin (@l = 52T @)
< 12T = 1d)xn () = 2|7 + [Jxa () + 2]

< [l (@) =2l + [bxn (0) + 2],

(6.36)

Thus, since x, € L2(Q,F,P; H) and z € H, we have p;,, € L2(Q, F, P; H). Hence, (6.29) yields that
pn € L2(Q, 7, P; H) and that a, is measurable. To show that a, € L?>(Q, F, P; H), we first note that

Xn — 0n = Ln(xn _Pn)
Zi'\:/ll ,Bi,nHPi,n - xn|||%| + 1[Pn:Xn]
= 2 1 (xn _pn)
llpn — anH + [Pn=x]
_ Z.l\ill ﬂi,n((xn | Xn _Pi,n>H - <Pi,n | xn _pi,n>H) (
[Be _pn”a + 1[Pn=xn]
_ (xn | xn _Pn>H - Zil\z/ll ﬂi,n <pi,n | % _Pi,n>H (
ll2¢0 = pn |||%| + 1[pn=xn]

Xn _Pn)

n_pn)

(6.37)

:<m|%—pmH—z&ﬁm@m—zuh—moH—z&ﬁm@uh—mth__p)

[1%n _pn”a + 1[Pn=xn]
_ (X —z|x0 — Pn)H - Zi'\ill ﬂi,n<pi,n —z| % — Pi,n)H (x
0 = pnllE + Lpc] ’
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On the other hand, it follows from [4, Proposition 4.2(iv)] that

(Vied{l,...,M}) <pi,n - z|xn —Pi,n>H = <Tkmxn - z|xn - qu,nxn>|-| >0 P-as. (6.39)

In turn, the concavity of y — (y — z| x, (w) — y)y yields

=

Il
—_

0< ) fin{pin 2|50 = paly < (2|0~ )y Pas. (6.40

and therefore it follows from the convexity of the norm square and (6.38) that

1 1 || G =21 % = pdu = 24 Bin{Pin = 2] %0 — pin) 2
5 Elln = anllf = 5 Ef| = T e (o — )
[1%n _pn”H + 1[Pn=xn] H
_ 1 (%0 =z | xn _pn>H - Zi,\:/|1 ﬂi,n<Pi,n -z |xn _pi,n>H 2
2 [1%0 = Pl + 1[5, 2]
2 M 5 : ] 2
(Xn —z| % — Pn)H + E‘ Zi=1 ﬂl,h(Pl,n —z|x — Pl,n>H
[0 = pnllH + 15 2] 1% = PallH + 15, =]
50 = zlallxn = pall [P, 2| Con = 2zlx0 = podu |
1% = pnllb + 1[pn=xn] %0 = pnllH + 1[Pn=xn]
2
< Elx, —Z||f| LE llpn = zlly 12 — pnlly
%0 = PallH + 1[5, =]
< Ellx, - Z||ﬁ +Ellpn - Z||ﬁ
< +00. (6.41)

Since {xn, pn} € L?*(Q,F,P;H) and z € H, we thus obtain x, — a, € L?>(Q, 7, P;H) and hence

an € L2(Q, F, P; H). Moreover, it follows from (6.29) that r, € L?>(Q, F, P; H). On the other hand,
we deduce from (6.29) and (6.37) that

(@n | X0 — an)y = Ln<xn + Ln (pn — xn) |xn _Pn>H

= Ln( % 150 = po)h = Inllpn = w0l

=L,

—

M
(xn | xn _Pn>H = (%n | Xn _Pn>H + Zﬂi,n<Pi,n | xn _Pi,n>H)
i=1

Lz

1l
—_

Ln .Bi,n<Pi,n |xn _Pi,n>H P-a.s. (642)

Furthermore, (6.30), (6.40), and (6.42) yield

(Z]%n = an)y = Ln{z | %0 — pr)n
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Mz

=L, ﬂn<z|xn_pi,n>H

1l
—

< Ly

Mz

ﬂ <P|n [ X0 — pi,n>H

= (an | xn — an>H P-a.s., (6.43)

I
—_

which shows that Z c H(x,,a,) P-a.s. We can repeat the arguments in (6.13)-(6.14) to show
that x,41 € L2(Q, J, P; H). Since xo € L?(Q, F, P; H), we conclude inductively that

(Vn €N)  {xn,an} € L2(Q,F,P;H) and Z c H(xn, an) P-a.s. (6.44)

Therefore, the sequence (x,),en constructed by (6.29) corresponds to one generated by Algo-
rithm 6.1. It is therefore enough to show that W (x,)new C Z P-a.s. to prove the claim. For this
purpose, we infer first from (6.29) that

E(llan = 3 %) = E(|1Tn (b = 50) 5] )

- (| |upn—xn||H\x)
=0 Zﬂmllpm e

E(iﬂ.nup.n ol
(

I'I'I

)

> E max||pjn—xn||H|9Cn)

1<j<M

)
> 88 p1n 2| %)

= 8[| Th 0 — x5 |

) (6.45)

However, k;,, is independent of X, and is a copy of k. Thus, Lemma 6.4 guarantees that, for
P-almost every o’ € Q,

E(||Tk1,nxn - xn”a |xn)(®') = L”Tkl,n(m)xn(w') - xn(w’)||ﬁP(d(o)
= L”Tk(m)xn(w’) — 0 ())|[5 P (doo). (6.46)

Therefore, for P-almost every o’ € Q, (6.45) yields

E(A2Nlan — xall3 | X0) (o) > €28 L||Tk(m)xn(w') - xn(co’)”aP(dw) P-a.s. (6.47)
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Taking the expected value in (6.47), summing over n € N, and applying Theorem 6.5(vi), we
find that

E(Zf T ko — anaP(dw)) => E( f T k)20 — anaP(dw)) < 400, (6.48)
neN Q neN Q
which implies
Zf | T k()% = %||2P(dw) < 400 P-as. (6.49)
neN Q

This leads to the existence of a set Q' € F such that P(Q’) = 1 and, for every o’ € Q’, the series
Ynelt Joll Tk(w)xn (@) = %0 (') ||E|P(doa) converges. Furthermore, in view of Theorem 6.5(iv), we
can assume that W (x, (w’) newr # @ on Q. Fix o’ € Q" and let x(0") € W (xn(w'))nen, say xj, (0) —

x(w’). It follows from the monotone convergence theorem that

fQ D Tk (@) = 2 ()P (de) = > L”Tk(m)xn (@) = % (@)|[P(dw) < +e0.  (6.50)

neN neN

Hence, for P-almost every o € Q, X cnll Ti(w)*n (00) = x4 (co')||a < +o0. Therefore, there exists
Q” € F such that P(Q”) =1 and

(Vo € Q") Tiw)*n (@) —x(w) — 0. (6.51)
It then follows from the demiclosedness of the operators (Id — Ty )kek at O that
(Vo € Q") Tiex(o) = x(w). (6.52)

Therefore x(w’) € {z € H|zeFixTy P—a.s.} = Z. Since ' is arbitrarily taken in Q’, we conclude
that MW (x)new € Z P-a.s., and the claim thus follows from Theorem 6.5(vii). O

Remark 6.9 The algorithm of Theorem 6.8 is inspired by the deterministic extrapolated algo-
rithm proposed in [6, Section 6.5], where the collection of sets is at most countably infinite and
the control rule k; ,, the weights B; ,, and the relaxation parameters A, are deterministic.

Remark 6.10 The random activation of indices in Theorem 6.8 replaces the control rule strate-
gies of deterministic methods. Thus, the same approach to randomize the control rule can be
used, for instance, to design randomized block-iterative strongly convergent algorithms to find
the best approximation from the Kuhn-Tucker set associated with a primal-dual monotone in-
clusion problem [5,9, 10].

6.2.4.2 Best approximation from a finite collection of closed convex sets

To connect Theorem 6.8 with Haugazeau’s original work, we specialize it to solve the following
simple best approximation problem.
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Problem 6.11 Let (Zy)1<k<p be a finite collection of closed convex subsets of H such that Z =
Mi<k<p Zx # @ and let xo € H. The goal is to find proj; xo.

To implement Theorem 6.8, we need first to embed Problem 6.11 into the setting of Prob-
lem 6.6. Let us define then

K={1,...,p};
XK = 2K, (6.53)
k is any K-valued random variable such that (Vk € {1,...,p}) P([k =k]) > O.

Then Z = {zeH | zeZ; P-as.} = {zeH | zeFixproj,, P-as.} where, following Exam-
ple 6.7(i), the firmly quasinonexpansive operators correspond to the projectors. We remark
that any random variable k satisfying (6.53) suffices to define the randomized method. In par-

ticular, k may be uniformly distributed over K, i.e., for every k € {1,...,p}, P([k = k]) = 1/p.

However, (6.53) also allows for the implementation of nonuniform weights.

We implement Theorem 6.8 with 4, = 1 and M = 1, which implies that L, = 1 and r, = a,
Pn = P1n-

Corollary 6.12 In the setting of Problem 6.11 and (6.53), iterate

forn=0,1,...
k, is a copy of k and is independent of 6 (xo, ..., Xn) (6.54)

Xn+l = Q(XO’ Xn Projzkn xn)-
Then (xn)nen converges strongly P-a.s. and strongly in L?(Q, F, P; H) to proj; xo.

Remark 6.13

(i) The proposed randomized strategy differs fundamentally from Haugazeau’s original cyclic
approach. The cyclic method follows a deterministic order, ensuring that every set is acti-
vated exactly once every p iterations. This places a strict bound on how long any specific
set is ignored. On the other hand, the random strategy selects the active index indepen-
dently at each iteration. While this approach does not enforce a fixed time between visits
to a specific set, it still ensures that all sets are visited infinitely often with probability
one. Hence, it provides a simpler alternative that avoids rigid patterns. Moreover, the ex-
pected waiting time to activate a specific index k remains finite since it is the inverse of
the probability of activation, e.g., it is equal to p in the case of uniformly distributed k.

(i) Another way to analyze the asymptotic behavior of the algorithm is to fix » € Q and study
the behavior of (x,(w))nen Via the control rule (k,(®))nen- In this case, the convergence
of (x,(w))nen cannot be established by appealing to deterministic results since (kn(®))nen
fails to satisfy the necessary assumptions; see [6, Definition 3.1 and Theorem 3.1].
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(iii) To compare Haugazeau’s original cyclic approach with the randomized strategy, we use
Ay =1 and M = 1 in Corollary 6.12. However, randomly selected block-iterative versions
can also be implemented, where the extrapolation L, > 1 will significantly accelerate the
convergence, as shown for deterministic algorithms [8, 14, 28].

6.2.5 Application to the computation of a Chebyshev center

We specialize the setting to H = RN and let S be a nonempty bounded subset of H. A Chebyshev
center of S and the Chebyshev radius of S are a solution and the optimal value, respectively, of
the problem

minimize sup ||x —y|ly. (6.55)
xeH yes

We refer to [1, Chapter 15] for further background on Chebyshev centers. The goal is to find
a Chebyshev center of S and the Chebyshev radius of S. However, this task can be difficult,
particularly if the set S is nonconvex, which makes (6.55) nonconvex as well. Another way to
rewrite this problem is as the following constrained minimization in a higher space:

minimize p, where Z = ﬂ{(z, ) e HXR||lz-Y]|ly < §}. (6.56)
(xp)eZ ves
For every y € S, the set {(z, E)eHXR | |lz—-ylly < §} is closed and convex, and so is the

intersection. We propose the following a-approximation of (6.56).

Problem 6.14 Set K = S, let X be the Borel c-algebra of H restricted to S, and let k be an
S-valued random variable with uniform distribution over S. Let a € ]0,+co[ and set (xo, po) =
(0, —a). The task is to

m%nign;ze [|(x p) = (xo, p0)||f|xR, where Z={(z,€) e HXR | |lz- k|4 < € P-as.}. (6.57)
X,p)€

This a-approximation of (6.56) is a best approximation problem in the sense of Problem 6.6
under the quasinonexpansive operators defined by the projectors, as in Example 6.7(i). The
objective function

2
(xp) = || p) = (x0. po)|[yee = IIXIIZ + [P + 20p + |t/ (6.58)

corresponds to a regularization of the objective function of (6.56) and the distance between
their minimizers vanishes as o T +o0. Furthermore, we replace the strict intersection over every
y € S with the almost sure intersection defined by k.

In our experiment, we solve three instances of Problem 6.14 for H = R?, « = 200, and where
S is generated randomly. For every y € S, the set {(z, ) e HXR | [lz-yl|ly < §} corresponds to
the translated second-order cone and its projector operator is known explicitly [17, Proposi-
tion 3.3]. We employ Theorem 6.8 with M =1 and A, = 1.
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Figure 6.1 Three instances of the experiment of Section 6.2.5. Blue: The subset S. Red: The ball with
center and radius given by the a-approximation.
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Chapter

CONCLUSION

7.1 Summary

In this dissertation, we have proposed frameworks for the analysis and the design of stochas-
tic iterative methods and, in doing so, we have addressed the open questions (Q1)-(Q5) of
Chapter 1. First, we have presented a geometric algorithmic framework to construct stochastic
quasi-Fejér monotone sequences. We have established the convergence principles for the con-
structed sequences. As applications of these frameworks, we have developed new stochastic
extrapolated parallel algorithms for feasibility problems and randomized block-iterative pro-
jective splitting methods for solving systems of coupled inclusions. In addition, we applied the
framework to provide novel approaches to classic algorithms such as the stochastic proximal
point algorithm and the stochastic gradient method. Finally, we have proposed an abstract
stochastic version of the Haugazeau method and investigated its asymptotic behavior.

7.2 Future work

Direction 7.1 We have proposed stochastic methods for a wide range of problems in Hilbertian
nonlinear analysis. A natural extension of this work would be the study of stochastic iterative
algorithms in Banach spaces.

Direction 7.2 In Section 3.2.5, we studied stochastic splitting algorithms for finding a common
point of a family of sets. On the other hand, Section 4.2.5 is dedicated to investigating stochas-
tic methods for finding a zero of a highly structured multivariate monotone inclusion prob-
lem. A new approach could emerge from combining these two problems into a new feasibility-
composite inclusion problem, i.e., each set is the set of zeros of a composite monotone inclusion
problem.
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Direction 7.3 In Chapters 2 and 4, we studied different approaches for designing stochastic
splitting algorithms for the sum of maximally monotone operators. Recently, paper [1] studied
composite inclusion problems defined over the integral of maximally monotone operators; see
[1, Example 5.8]. Another interesting question is to extend the proposed stochastic splitting
algorithms beyond the (finite) sum of operators onto the integral of operators.

Direction 7.4 Our asymptotic analysis of the proposed methods consists of guaranteeing
weak/strong convergence P-a.s. as well as weak/strong/linear convergence in L2(Q, F, P; H).
Recent papers have studied stochastic methods in which the generated sequence (x,)nen fails
to converge in any of these modes, but converges in distribution to some invariant probability
measure; see, e.g., [2, 3]. This topic could extend the framework of Chapter 3 to incorporate
convergence in distribution under weaker conditions.

Raleigh, April 17, 2026
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