
ABSTRACT

MADARIAGA ROMAN, JAVIER IVAN. Stochastic Iterations in Hilbertian Nonlinear Analysis.
(Under the direction of Dr. Patrick Combettes).

This dissertation focuses on the development and the analysis of stochastic iterative methods

for solving nonlinear analysis problems in Hilbert spaces, including minimization, monotone in-

clusion, and fixed point problems. The methods under consideration are stochastic in the sense

that, at every iteration, the update is constructed using random quantities, e.g., problem data

defined over probability spaces, activation of random blocks of operators or coordinates, use of

stochastic approximations of the operators, averaging of operators with random weights, and

random relaxation parameters. Abstract frameworks are constructed to analyze in an unified

fashion these methods and establish both almost sure and mean-square convergence results

for the sequences of iterates they produce. They allow us to design novel stochastic algorithms

for composite inclusion problems, fixed point iterations, gradient descent, and extrapolated

parallel algorithms for feasibility problems. They also allow us to improve existing results on

the convergence of stochastic methods such as the stochastic Krasnosel’skĭı–Mann algorithm

and the stochastic gradient algorithm. Finally, an abstract stochastic version of the Haugazeau

method is proposed to compute the best approximation from a closed convex set by successive

projections onto randomly generated stochastic outer approximations of that set. Throughout

the dissertation, numerical experiments are provided to illustrate the theoretical findings.

This dissertation was supported by the U.S. National Science Foundation grants CCF-

2211123 and DMS-2513409 (PI: P. L. Combettes).
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DEDICATION

Para Catalina: Sine qua non.

Resumen. Iteraciones Estocásticas en el Análisis no lineal Hilbertiano (Bajo la dirección de

Patrick L. Combettes.) Esta disertación se enfoca en el desarrollo y el análisis de métodos

iterativos estocásticos para resolver problemas de análisis no lineal en espacios de Hilbert, in-

cluyendo problemas de minimización, inclusión monótona, y punto fijo. Los métodos bajo con-

sideración son estocásticos en el sentido de que, en cada iteración, la actualización es construida

usando cantidades aleatorias, por ejemplo, datos del problema definidos sobre espacios de prob-

abilidad, activación de bloques aleatorios de operadores o coordenadas, uso de aproximaciones

estocásticas de los operadores, promediado de operadores con pesos aleatorios, y parámetros de

relajación aleatorios. Esquemas abstractos son construidos para analizar de una manera unifi-

cada estos métodos y establecer resultados de convergencia tanto casi segura como en media

cuadrática para las secuencias de iterados que ellos producen. Ellos nos permiten diseñar al-

goritmos estocásticos novedosos para problemas de inclusión compuesta, iteraciones de punto

fijo, descenso de gradiente, y algoritmos paralelos extrapolados para problemas de factibilidad.

Ellos también nos permiten mejorar resultados existentes sobre la convergencia de métodos

estocásticos tales como el algoritmo estocástico de Krasnosel’skĭı–Mann y el algoritmo de gra-

diente estocástico. Finalmente, una versión estocástica abstracta del método de Haugazeau

es propuesta para computar la mejor aproximación desde un conjunto convexo cerrado por

proyecciones sucesivas sobre aproximaciones exteriores estocásticas generadas aleatoriamente

de ese conjunto. A lo largo de la disertación, experimentos numéricos son proporcionados para

ilustrar los hallazgos teóricos.
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NOTATION AND DEFINITIONS

The following notation is used throughout this dissertation.

General notation

• (Ω,F,P): Complete probability space.

• (Ξ,G), (K,K): Measurable spaces.

• X, Xn: Sub σ-algebras of F.

• α, β, x, y, T (sans-serif letters): Deterministic variables.

• U, V, G , ~, ) (italicized serif letters): Random variables.

• H, Hi, G, Gk: Separable real Hilbert spaces.

• 〈 · | · 〉: Scalar product of a real Hilbert space.

• ‖ · ‖: Norm.

•
⊕

i∈I Hi: Hilbert direct sum of a finite family (Hi)i∈I of real Hilbert spaces, that is,

⊕

i∈I
Hi =

{
x = (xi)i∈I

���� (∀i ∈ I) xi ∈ Hi

}

equipped with the scalar product (x, y) ↦→ ∑
i∈I〈xi | yi〉Hi

.

• Id: Identity operator.

• 2H: Power set of H.

• L∗: Adjoint of a bounded linear operator L : H → G.

• →: Strong convergence.

• ⇀: Weak convergence.

• ‖L‖ = sup
{
‖Lx‖ | x ∈ H, ‖x‖ ¶ 1

}
: Norm of a bounded linear operator L : H → G.

Notation and definitions relative to a function f : H → [−∞, +∞]

• dom f =
{
x ∈ H | f (x) < +∞

}
: Domain of f.

• epi f =
{
(x, ξ) ∈ H × R | f (x) ¶ ξ

}
: Epigraph of f.

• f is proper if −∞ ∉ f (H) and dom f ≠ ∅.

• Suppose that f is proper. Then Argmin f =
{
x ∈ H | f (x) = inf f (H)

}
is the set of minimizers

of f over H.

• f is convex if epi f is a convex subset of H ⊕ R.

• f is lower semicontinuous if epi f is a closed subset of H ⊕ R.

• Γ0(H): Set of proper lower semicontinuous convex functions from H to ]−∞, +∞].
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• Conjugate of f: f∗ : H → [−∞, +∞] : x∗ ↦→ supx∈H(〈x | x∗〉 − f (x)):

• Suppose that f is proper. Then

mf : H → 2H : x ↦→
{
x∗ ∈ H | (∀y ∈ H) 〈y − x | x∗〉 + f (x) ¶ f (y)

}
(1)

is the subdifferential of f.

• Suppose that f ∈ Γ0(H). Then, for every x ∈ H, proxf x denotes the unique minimizer of

the function f + (1/2)‖ · − x‖2. The proximity operator of f is proxf : H → H : x ↦→ proxf x.

Notation and definitions relative to a subset C of H

• ]C: Indicator function of C, that is,

]C : H → [0, +∞] : x ↦→



0, if x ∈ C;

+∞, if x ∉ C.
(2)

• int C: Interior of C.

• C: Closure of C.

• sri C: Strong relative interior of C, that is,

sri C =

{
x ∈ C

����
⋃

λ∈]0,+∞[
λ(C − x) is a closed vector subspace of H

}
. (3)

• ri C: Relative interior of C, that is,

ri C =

{
x ∈ C

����
⋃

λ∈]0,+∞[
λ(C − x) is a vector subspace of H

}
. (4)

• dC : H → [0, +∞] : x ↦→ inf ‖C − x‖: Distance function to C.

• Suppose that C is nonempty, closed, and convex. Then projC = prox]C .

Notation and definitions relative to an operator T : H → H

• Fix T =
{
x ∈ H | Tx = x

}
: Set of fixed points of T.

• T is cocoercive with constant β ∈ ]0, +∞[ if

(∀x ∈ H) (∀y ∈ H) 〈x − y | Tx − Ty〉 ¾ β‖Tx − Ty‖2 . (5)

• T is Lipschitzian with constant β ∈ [0, +∞[ if

(∀x ∈ H) (∀y ∈ H) ‖Tx − Ty‖ ¶ β‖x − y‖. (6)
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• T is nonexpansive if it is Lipschitzian with constant 1.

• T is firmly quasinonexpansive if

(∀x ∈ H) (∀y ∈ Fix T) ‖Tx − y‖2 + ‖Tx − x‖2 ¶ ‖x − y‖2. (7)

Notation and definitions relative to a set-valued operator M : H → 2H

• dom M =
{
x ∈ H | Mx ≠ ∅

}
: Domain of M.

• ran M =
⋃

x∈H Mx: Range of M.

• zer M =
{
x ∈ H | 0 ∈ Mx

}
: Set of zeros of M.

• gra M =
{
(x, x∗) ∈ H × H | x∗ ∈ Mx

}
: Graph of M.

• M−1: Inverse of M, that is,

M−1 : H → 2H : x∗ ↦→
{
x ∈ H | x∗ ∈ Mx

}
. (8)

• JM = (Id + M)−1: Resolvent of M.

• M is monotone if

(
∀(x, x∗) ∈ gra M

) (
∀(y, y∗) ∈ gra M

)
〈x − y | x∗ − y∗〉 ¾ 0. (9)

• M is maximally monotone if M is monotone and, for every monotone operator M′ : H →
2H, gra M ⊂ gra M′ ⇒ M = M′.

Notation and definitions relative to a random variable b : Ω → R

• Eb =

∫

Ω

b (ω)P(3ω): Expectation of b.

• E(b | G): Conditional expectation of b given G.

• σ({bi}i∈I): The σ-algebra generated by the family of random variables {bi}i∈I.

• (∀p ∈ [1, +∞[) !p (Ω,F,P;R): Space of equivalence classes of P-a.s. equal random vari-

ables b such that E|b |p < +∞.

• !∞ (Ω,F,P;R): Space of equivalence classes of P-a.s. equal random variables b such that

inf
{
η ∈ [0, +∞[ | |b | ¶ η P-a.s.

}
< +∞.

xii



AUTHORSHIP STATEMENT

Chapter 1

Javier I. Madariaga: sole author of Chapter 1.

Chapter 2

First Published in: P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly

activated monotone operator splitting methods, SIAM Journal on Imaging Sciences, vol. 18, pp.

2177–2205, 2025, published by the Society for Industrial and Applied Mathematics (SIAM).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Chapter 3

P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic iterations, Mathe-

matics of Computation, to appear. First published in Mathematics of Computation (to appear),

published by American Mathematical Society.

© American Mathematical Society.

Chapter 4

P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic scheme for

solving monotone inclusions, submitted.

Chapter 5

J. I. Madariaga, Convergence of the iterates of the stochastic proximal gradient method, sub-

mitted.

Chapter 6

J. I. Madariaga, An abstract stochastic Haugazeau method for best approximation, submitted.

Chapter 7

Javier I. Madariaga: sole author of Chapter 7.

Use of generative artificial intelligence: No generative artificial intelligence was used to

write this dissertation.

xiii



Chapter 1

INTRODUCTION

1.1 Overview

The objective of this dissertation is to propose general algorithmic frameworks and convergence

principles for dealing with stochasticity in a broad class of algorithms arising in optimization

and nonlinear analysis. Throughout, H is a separable real Hilbert space with scalar product 〈· | ·〉
and induced norm ‖·‖, and the underlying probability space (Ω,F,P) is complete. We denote

by Z ⊂ H the set of solutions to the problem of interest and assume that it is nonempty, closed,

and convex. This setting covers a broad range of models in nonlinear analysis, including the

following ones in which the solution set Z is assumed to be nonempty.

• Let f : H → ]−∞, +∞] be a lower semicontinuous convex function. The problem is to

minimize f, where Z = Argmin f.

• Let T : H → H be a nonexpansive operator, i.e., 1-Lipschitzian. The problem is to find a

fixed point of T, i.e., a point in Z = Fix T =
{
z ∈ H | Tz = z

}
.

• Let M : H → 2H be a maximally monotone operator, i.e.,

(
∀(x, x∗) ∈ H × H

) [
(x, x∗) ∈ gra M ⇔

(
∀(y, y∗) ∈ gra M

)
〈x − y | x∗ − y∗〉 ¾ 0

]
. (1.1)

The problem is to find a zero of M, i.e., to find a point in Z = zer M =
{
z ∈ H | 0 ∈ Mz

}
.

• Let (Zk)1¶k¶p be a finite collection of closed convex subsets of H. The problem is to find a

common point of the collection, where the solution set is Z =
⋂

1¶k¶p Zk.

• Let B : H → H be a maximal monotone operator and let φ : H → ]−∞, +∞] be a lower

semicontinuous convex function. The variational inequality problem consists in finding a

point in

Z =

{
z ∈ H

��� (∀x ∈ H)
〈
z − x

��Bz
〉
+ φ(z) ¶ φ(x)

}
. (1.2)
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These examples are prominent in equilibria across diverse fields such as mechanics [46,58], dy-

namical systems [1], domain decomposition methods [3,6,7], machine learning [5,33,50,71],

partial differential equations [16, 23, 49, 67], signal processing [35, 36, 52], image process-

ing [22, 24, 47, 63] data science [32, 45], neural networks [12, 31, 72, 73], and optimization

[4, 8, 9, 13, 28, 53]. A central notion for finding a point in Z is Fejér monotonicity: A sequence

(xn)n∈N in H is Fejér monotone with respect to Z if

(∀z ∈ Z) (∀n ∈ N) ‖xn+1 − z‖ ¶ ‖xn − z‖. (1.3)

Provided that every weak sequential cluster point of (xn)n∈N belongs to Z, the sequence con-

verges weakly to a point in Z [11, Theorem 5.5]. This fact has been used to show the weak

convergence of a wide range of deterministic algorithms in nonlinear analysis [26,27].

When studying algorithms for solving nonlinear problems, stochasticity can arise at different

levels.

• The problem itself is defined using probability spaces [14,15,19,48,54,61].

• The activation of randomly selected blocks of operators [38,51,60,62,68].

• The randomized activation and updating of coordinate blocks [17,29,30,59].

• The use of stochastic approximations for the underlying operators [20,40,43,55,64,65].

State-of-the-art stochastic methods address only specific aspects of stochasticity, and there is no

unified analysis for them. Moreover, their results for asymptotic behavior remain unstandard-

ized. Indeed, a significant volume of research focuses exclusively on weaker forms of conver-

gence, such as ergodic convergence or convergence of the values of the objective function in

the context of minimization. The few studies concerning iterates convergence focus on almost

sure convergence and !p convergence, mostly in finite dimensional settings.

Our goal is to analyze stochasticity in iterative algorithms in full generality. Furthermore,

we aim at exploring conditions that guarantee almost sure and !p convergence of sequences

constructed by stochastic methods. To achieve this, we leverage concepts analogous to those

used in deterministic methods by applying (1.3). Unlike their deterministic counterparts, how-

ever, stochastic iterations are not generally Fejér monotone in an almost sure sense. In practice,

random updates introduce perturbations that modify the trajectory of the algorithm. For ex-

ample, the stochastic gradient descent method is not a “descent” method in the strict sense.

Given this, the generated sequences often move away from the target set of solutions Z during

individual steps. Thus, the condition of (1.3) is too restrictive for the analysis of these methods.

To address this issue, the concept of stochastic quasi-Fejér monotonicity was introduced to an-

alyze stochastic iterations, first in the late 1960s for Euclidean spaces in the works of Ermol’ev

[41, 42, 44], and later extended to Hilbert spaces in [29, 30]. A sequence (Gn)n∈N of H-valued

random variables is stochastic quasi-Fejér monotone with respect to Z if

(∀z ∈ Z) (∀n ∈ N) E
(
‖Gn+1 − z‖2

��σ(G0, . . . , Gn)
)
¶ ‖Gn − z‖2 + [n (z) P-a.s., (1.4)
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where, for every z ∈ Z, ([n(z))n∈N is a sequence of [0, +∞[-valued random variables satisfying
∑

n∈N [n (z) < +∞ P-a.s. Conceptually, this means that for any solution z ∈ Z and any iteration n ∈
N, the update Gn+1 is conditionally expected to be closer to every solution z than Gn, up to some

stochastic error [n (z). If, for almost every ω ∈ Ω, the weak cluster points of (Gn (ω))n∈N belong to

Z, then (Gn)n∈N converges weakly P-a.s. to a Z-valued random variable [29, Proposition 2.3(iv)].

The analysis of stochastic iterative methods has seen significant development in the last

decades. Yet, many important open questions remain unanswered. We list below the ones that

will be addressed in this dissertation:

(Q1) Many stochastic splitting algorithms have been proposed in the literature for solv-

ing large-scale composite inclusion problems involving monotone and linear operators

[2, 21, 39, 62, 69]. To establish convergence, these methods rely on restrictive assump-

tions, such as finite-dimensional spaces, strong monotonicity or cocoercivity of the op-

erators, or knowledge of a bound on the norm of the linear operators (Lk)1¶k¶p, among

many others. Further, just a few of them guarantee weak P-a.s. convergence of the it-

erates. Can we develop stochastic splitting methods for solving the composite inclusion

problem by avoiding the extra assumptions and that guarantee weak P-a.s. convergence

of the constructed sequence (Gn)n∈N?

(Q2) A notable fact about Fejér monotonicity is that every Fejér monotone sequence (xn)n∈N
can be constructed by an iterative process in which, at every iteration n ∈ N, xn+1 is a

relaxed projection of xn onto a half-space Hn of H that contains Z [10, Proposition 2.7].

This fact is important for the design and the analysis of iterative methods for finding

a point in Z. (see, e.g., [27, Section 4.2]) and leaves the following question: Does a

geometric framework exist that covers the construction of stochastic quasi-Fejér monotone

sequences and explains their asymptotic behavior?

(Q3) In [27, Section 4.4], a monotone inclusion problem is studied that considers the sum of

two operators W +C, where W : H → 2H is maximally monotone and C : H → H is cocoer-

cive. An abstract framework to solve it is provided, which covers classical algorithms such

as the proximal point algorithm [56,66], the forward-backward-forward algorithm [70],

the unrelaxed forward-backward algorithm [57], among others. Additionally, in [18], this

framework is explored in the context of saddle block-iterative projective splitting meth-

ods. Can this framework be extended to the context of stochastic iterations?

(Q4) The problem of minimizing the sum of two convex functions when one of them is smooth,

has been extensively studied via the proximal-gradient method; see [33,34,37]. In mod-

ern applications, such as those in machine learning, a common approach is to express

those functions as the sum (or integral in the continuous case) of a collection of func-

tions. These individual components are simpler in the sense that their proximity operator

and gradient (for the smooth function) are known and easy to evaluate. Can we provide

suitable assumptions that guarantee the convergence of the proximal-gradient method

3



when the functions are selected randomly?

(Q5) Haugazeau’s scheme has been used to solve the best approximation problem from closed

convex sets in Hilbert spaces. Under mild conditions, one can construct a sequence that

converges strongly to the solution [10, 25]. However, this deterministic scheme does not

allow for the incorporation of randomness as in stochastic block-coordinate splitting iter-

ations. Can we construct a version of Haugazeau’s scheme to solve the best approximation

problem through stochastic iterations?

1.2 Contributions and organization

The main contributions of the thesis are outlined below.

• In Chapter 2, we answer (Q1) positively by introducing three different algorithmic frame-

works for solving large-scale composite inclusion problems involving monotone and linear

operators in Hilbert spaces. Each framework guarantees weak almost sure convergence

to a solution without extra assumptions.

• We address (Q2) in Chapter 3, where we propose a geometric framework to construct

stochastic quasi-Fejér monotone sequences. This framework recovers the deterministic

case and provides a template to create new stochastic methods. We establish conditions to

achieve almost-sure convergence, convergence in expectation, and convergence in mean-

square. We apply this framework to derive novel results in the context of the stochastic

gradient descent method in Hilbert spaces, stochastic extrapolated parallel algorithms for

feasibility problems, among others.

• In Chapter 4, we focus on question (Q3) and specialize the geometric framework to de-

velop a stochastic scheme for solving a broad range of systems of composite inclusion

problems. The proposed scheme uses, at each iteration, stochastic approximations to

points in the graph of the operators to form the update. We apply the scheme to de-

rive the convergence of versions of the proximal point algorithm as well as randomized

block-iterative projective splitting methods.

• Question (Q4) is addressed in Chapter 5. The convergence of a sequence generated by

the stochastic proximal gradient method is established under suitable assumptions on

the subgradients. Unlike state-of-the-art methods, this result requires neither bounded

variance of the random variables nor uniform boundedness of the subgradients.

• Chapter 6 is devoted to (Q5). We introduce an abstract stochastic Haugazeau method to

compute the best approximation to a point from a closed convex set in a Hilbert space.

We also provide conditions to derive strong convergence in both the mean square and

the almost sure senses. We apply the results to design stochastic extrapolated parallel

algorithms for computing the best approximation from an arbitrary intersection of sets.

• We conclude the dissertation in Chapter 7 and we provide future research directions.
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1.3 Publications

This work has produced the following two conference articles and five journal articles:

1. P. L. Combettes and J. I. Madariaga, Randomly activated proximal methods for nons-

mooth convex minimization, Proceedings of the European Signal Processing Conference,

pp. 2642–2646. Lyon, France, August 26–30, 2024.

2. P. L. Combettes and J. I. Madariaga, Stochastic block-iterative parallel subgradient pro-

jections method with super relaxations, Proceedings of the European Signal Processing

Conference, pp. 2757–2761. Palermo, Italy, September 7–12, 2025.

3. P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly activated mono-

tone operator splitting methods, SIAM Journal on Imaging Sciences, vol. 18, pp. 2177–

2205, 2025.

4. P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic iterations,

Mathematics of Computation, to appear.

5. P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic scheme

for solving monotone inclusions, submitted.

6. J. I. Madariaga, An abstract stochastic Haugazeau method for best approximation, sub-

mitted.

7. J. I. Madariaga, Convergence of the iterates of the stochastic proximal gradient method,

submitted.
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Chapter 2

ALMOST-SURELY CONVERGENT

RANDOMLY ACTIVATED MONOTONE

OPERATOR SPLITTING METHODS

2.1 Introduction and context

We address question (Q1) of Chapter 1 by introducing three algorithmic frameworks for solving

large-scale composite inclusion problems involving monotone and linear operators.

This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, Almost-surely convergent randomly acti-

vated monotone operator splitting methods, SIAM Journal on Imaging Sciences,

vol. 18, pp. 2177–2205, 2025.

2.2 Article: Almost-surely convergent randomly activated mono-

tone operator splitting methods

Abstract. We propose stochastic splitting algorithms for solving large-scale composite inclu-

sion problems involving monotone and linear operators. They activate at each iteration blocks

of randomly selected resolvents of monotone operators and, unlike existing methods, achieve

almost sure convergence of the iterates to a solution without any regularity assumptions or

knowledge of the norms of the linear operators. Applications to image recovery and machine

learning are provided.

11



2.2.1 Introduction

The problem of extracting information from data is at the core of many tasks in signal process-

ing, inverse problems, and machine learning. A prevalent methodology to seek meaningful solu-

tions is to build a mathematical model that incorporates the prior knowledge about the object of

interest x and the data, which consist of observations mathematically or physically related to x

(see Figure 2.1). Since the first mathematical formalizations of Euler [23] and Mayer [31] in the

Prior knowledge Observations

Mathematical model

Algorithm

Solution

Figure 2.1 Data processing flowchart.

late 1740s, which contained the embryo of least-squares data fitting techniques, convex mini-

mization formulations have been a tool of choice. The following problem encapsulates a broad

range of minimization models found in data analysis problems [2, 4, 5, 7, 10, 12, 16, 25, 28, 39]

(see Section 2.2.2.1 for notation).

Problem 2.1 H is a separable real Hilbert space and f ∈ Γ0(H). For every k ∈ {1, . . . , p}, Gk is

a separable real Hilbert space, gk ∈ Γ0(Gk), and 0 ≠ Lk : H → Gk is linear and bounded. It is

assumed that zer(mf + ∑p

k=1 L∗
k
◦ (mgk) ◦ Lk) ≠ ∅. The task is to

minimize
x∈H

f (x) +
p∑

k=1

gk (Lkx). (2.1)

In recent years, an increasing number of problem formulations have emerged, which cannot

be naturally reduced to tractable minimization problems and which are best captured by more

general notions of equilibria provided by inclusion problems [14,15,17,18,24,27,35,41,42]. A

formulation covering such models, as well as Problem 2.1, is the following composite monotone

inclusion formulation.

Problem 2.2 H is a separable real Hilbert space and A : H → 2H is maximally monotone. For

every k ∈ {1, . . . , p}, Gk is a separable real Hilbert space, Bk : Gk → 2Gk is maximally monotone,
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and 0 ≠ Lk : H → Gk is linear and bounded. It is assumed that Z = zer(A +∑p

k=1 L∗
k
◦Bk ◦ Lk) ≠ ∅.

The task is to

find x ∈ H such that 0 ∈ Ax +
p∑

k=1

L∗k
(
Bk (Lkx)

)
. (2.2)

Splitting algorithms for solving Problem 2.2 operate on the principle that each nonlinear

and linear operator is used separately over the course of the iterations. Since the nonlinear

operators are general set-valued monotone operators, they must be activated through their

resolvent. Various deterministic operator splitting methods are available to solve Problem 2.2,

most of which require the activation of the resolvents of the p + 1 operators A and (Bk)1¶k¶p at

each iteration [11]. Our specific focus is on solving Problem 2.2 in instances when p is large,

as is often the case in data analysis problems. In such scenarios, memory and computing power

limitations make the execution of standard monotone operator splitting algorithms inefficient if

not simply impossible. We aim at designing monotone splitting algorithms which are stochastic

in the sense that they activate a randomly selected block of operators at each iteration and, in

addition, allow for random errors in the implementation of these resolvent steps. Furthermore,

the proposed algorithms satisfy the following requirements:

R1: They guarantee the almost sure convergence of the sequence of iterates to a solution

to Problem 2.2 (respectively Problem 2.1) without any additional assumptions on the

nonlinear operators (respectively the functions), the linear operators, or the underlying

Hilbert spaces.

R2: At each iteration, more than one randomly selected resolvent of the operators

(A,B1, . . . ,Bp) can be activated.

R3: Knowledge of bounds on the norms of the linear operators is not required.

R4: The operators are available only through a stochastic approximation.

Requirement R1 imposes actual iterate convergence to a solution and not a weaker form of con-

vergence such as ergodic convergence, vanishing step sizes, or, in the context of Problem 2.1,

convergence of the values of the objective function. It also asks that Problems 2.2 and 2.1 be

addressed in their generality, without restricting their scope by introducing additional assump-

tions. Requirement R2 makes it possible to activate more than one operator, hence opening

the way to matching efficiently the computational load of an iteration to the possibly parallel

architecture at hand. Requirement R3 broadens the scope of the methods by not assuming any

knowledge of the norms of the linear operators present in the model. For instance, in domain

decomposition methods, it is quite difficult to obtain tight upper bounds on the norms of the

trace operators [3]. Finally, in the spirit of the classical stochastic iteration models of [8,22,37],

R4 addresses the robustness of the algorithm to stochastic errors affecting the implementation

of the operators.

As will be seen in the literature review of Section 2.2.2.2, there does not seem to exist meth-

ods that satisfy simultaneously R1–R4. Our main contribution is presented in Section 2.2.3,
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where we propose three algorithmic frameworks that comply with R1–R4. Section 2.2.4 is de-

voted to the minimization setting of Problem 2.1. The last section of the paper is Section 2.2.5,

where the proposed algorithms are applied to signal restoration, support vector machine, clas-

sification, and image reconstruction problems.

2.2.2 Notation and existing algorithms

2.2.2.1 Notation

Throughout, H is a separable real Hilbert space with power set 2H, identity operator Id, scalar

product 〈· | ·〉, and associated norm ‖ · ‖.
Let A : H → 2H. The graph of A is gra A =

{
(x, x∗) ∈ H × H | x∗ ∈ Ax

}
and the set of zeros

of A is zer A =
{
x ∈ H | 0 ∈ Ax

}
. The inverse of A is the operator A−1 : H → 2H with graph

gra A−1 =
{
(x∗, x) ∈ H × H | x∗ ∈ Ax

}
and the resolvent of A is JA = (Id + A)−1. Further, A is

maximally monotone if

(
∀(x, x∗) ∈ H × H

) [
(x, x∗) ∈ gra A ⇔

(
∀(y, y∗) ∈ gra A

)
〈x − y | x∗ − y∗〉 ¾ 0

]
. (2.3)

An operator F : H → H is firmly nonexpansive if

(∀x ∈ H) (∀y ∈ H) 〈x − y | Fx − Fy〉 ¾ ‖Fx − Fy‖2. (2.4)

Lemma 2.3 Let F : H → H be firmly nonexpansive and let γ ∈ ]0,+∞[. Then there exists a maxi-

mally monotone operator A : H → 2H such that the following hold:

(i) F = JA.

(ii) JγF = Id − γJ(1+γ)−1A ◦ (1 + γ)−1Id.

Proof. (i): See [6, Corollary 23.9].

(ii): This follows from (i) and [6, Proposition 23.29].

Γ0(H) denotes the class of lower semicontinuous convex functions f : H → ]−∞, +∞] such

that dom f =
{
x ∈ H | f (x) < +∞

}
≠ ∅. Let f ∈ Γ0(H). The subdifferential of f is the maximally

monotone operator

mf : H → 2H : x ↦→
{
x∗ ∈ H | (∀z ∈ H) 〈z − x | x∗〉 + f (x) ¶ f (z)

}
(2.5)

and the proximity operator of f is

proxf = Jmf : H → H : x ↦→ argmin
z∈H

(
f (z) + 1

2
‖x − z‖2

)
. (2.6)

Let C be a nonempty closed convex subset of H. Then ]C denotes the indicator function of C, dC
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the distance function to C,

NC = m]C : x ↦→



{
x∗ ∈ H | (∀y ∈ C) 〈y − x | x∗〉 ¶ 0

}
, if x ∈ C;

∅, otherwise
(2.7)

the normal cone operator of C, and projC = prox]C = JNC
the projection operator onto C. In

particular, if V is a closed vector subspace of H, then

NV : H → 2H : x ↦→



V⊥, if x ∈ V;

∅, otherwise.
(2.8)

The underlying probability space (Ω,F,P) is assumed to be complete and BH denotes the

Borel σ-algebra of H. An H-valued random variable is a measurable mapping G : (Ω,F) →
(H,BH). The σ-algebra generated by a family Φ of random variables is denoted by σ(Φ). Given

G : Ω → H and S ⊂ H, we set [G ∈ S] =
{
ω ∈ Ω | G (ω) ∈ S

}
. The reader is referred to [6]

for background on monotone operators and convex analysis, and to [29] for background on

probability in Hilbert spaces.

We use sans-serif letters to denote deterministic variables and italicized serif letters to de-

note random variables. Finally, in connection with Problem 2.2, we define the Hilbert direct

sum

G = G1 ⊕ · · · ⊕ Gp, (2.9)

as well as the subspace

W =

{
x ∈ H ⊕ G

���� (∀k ∈ {1, . . . , p}) xk+1 = Lkx1

}
, (2.10)

and note that

W⊥ =

{
x∗ ∈ H ⊕ G

���� x∗1 = −
p∑

k=1

L∗kx
∗
k+1

}
. (2.11)

2.2.2.2 Existing algorithms

It seems that no algorithm satisfying requirements R1–R4 has been explicitly proposed to solve

Problem 2.2 — or even Problem 2.1 — in the literature. There is a vast body of papers on

random activation algorithms in the special case of Problem 2.1 that consists in minimizing a

sum of smooth functions
∑p

k=1 gk in H = RN via so-called stochastic gradient descent methods.

Their principle is to activate a randomly selected gradient in (∇gk)1¶k¶p at each iteration; see

[21] and its bibliography and [19, 40] for related work with random proximal activations for

this type of problem. These methods focus on a very specific instance of Problem 2.1 and they

do not satisfy R1–R2. The only random activation algorithm tailored to Problem 2.1 which

guarantees almost sure convergence of the iterates without additional assumptions such as
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strong convexity is the following (see also [1] for a nonadaptive version).

Proposition 2.4 ([9, Theorem 2.1 and Algorithm 3.1]) Consider the setting of Problem 2.1

and suppose that H = RN and that, for every k ∈ {1, . . . , p}, Gk = RMk , all considered as standard

Euclidean spaces. Let (πk)1¶k¶p be real numbers in ]0, 1] such that
∑p

k=1 πk = 1, and let (:n)n∈N
be identically distributed {1, . . . , p}-valued random variables such that, for every k ∈ {1, . . . , p},
P[:0 = k] = πk. For every k ∈ {1, . . . , p} and every n ∈ N, set Yk,n = 1[:n=k] . Let g0 ∈ ]0, +∞[ and

f0 ∈ ]0,+∞[ be such that

g0f0 max
1¶k¶p

‖Lk‖2

πk

< 1. (2.12)

Further, let j0 ∈ [0, 1[, η ∈ ]0, 1[, and δ ∈ ]1,+∞[, set d0 = 0 and a0 = 0, let G1,0 be a H-valued

random variable, and let ~0 be a G-valued random variable. Set z0 = ~0 and L : H → G : x ↦→
(Lkx)1¶k¶p, and iterate

for n = 0,1, . . .


(
gn+1, fn+1, jn+1

)
=




( gn

1 − jn
, fn(1 − jn), jnη

)
, if dn > ‖L‖anδ;

(
gn (1 − jn),

fn

1 − jn
, jnη

)
, if dn < ‖L‖anδ;

(
gn, fn, jn

)
, if

‖L‖an
δ

¶ dn ¶ ‖L‖anδ

G1,n+1 = G1,n + proxgn+1f

(
G1,n − gn+1

∑p

k=1 L∗
k
Ik,n

)

for k = 1, . . . , p


~k,n+1 = ~k,n+1 + Yk,n
(
proxfn+1g∗

k

(
~k,n + fn+1LkG1,n+1

)
− ~k,n

)

Ik,n+1 = ~k,n + Yk,n
(
~k,n+1 + 1

πk

(
~k,n+1 − ~k,n

)
− ~k,n

)

dn+1 =





1
gn+1

(
Gn − Gn+1

)
− 1
π:n

L∗
:n

(
~:n,n − ~:n,n+1

)



1

an+1 =
1
π:n




L:n

(
Gn − Gn+1

)
− 1
fn+1

(
~:n,n − ~:n,n+1

)



1
,

(2.13)

where ‖ · ‖1 denotes the ℓ1-norm. Then (G1,n)n∈N converges P-a.s. to an Argmin(f + ∑p

k=1 gk ◦ Lk)-
valued random variable.

Algorithm (2.13) is of interest because it guarantees R1 in a finite-dimensional setting.

However, it does not satisfy R2 since, at each iteration, f must be activated together with one of

the functions (gk)1¶k¶p. It does not satisfy R3 either since it requires the knowledge of the norms

of linear operators in (2.12). We also note that it does not tolerate errors in the evaluation of

the proximity operators, which means that R4 is not satisfied.

Let us now turn to the general Problem 2.2. The only algorithm that satisfies R1 is that

of [34], which corresponds to an implementation of the random block-coordinate forward-

backward algorithm of [13, Section 5.2] suggested in [13, Remark 5.10(iv)].
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Proposition 2.5 ([34, Proposition 4.6]) Consider the setting of Problem 2.2. Let W : H → H

and, for every k ∈ {1, . . . , p}, let Uk : Gk → Gk be bounded linear strongly positive self-adjoint

operators such that
p∑

k=1



U1/2
k

LkW
1/2

2

<

1
2
. (2.14)

Let (λn)n∈N be a sequence in ]0, 1] such that infn∈N λn > 0, let G1,0 and (01,n)n∈N be H-valued

random variables, let v0 and (bn)n∈N be G-valued random variables, and let (9n)n∈N be identically

distributed {0, 1}p r {0}-valued random variables. Iterate

for n = 0, 1, . . .


~1,n = JWA

(
G1,n − W

(∑p

k=1 L∗
k
Ek,n

) )
+ 01,n

G1,n+1 = G1,n + λn (~1,n − G1,n)
for k = 1, . . . , p⌊
Dk,n = Yk,n

(
JUkB

−1
k

(
Ek,n + Uk

(
Lk (2~1,n − G1,n)

) )
+ 1k,n

)

Ek,n+1 = Ek,n + Yk,nλn

(
Dk,n − Ek,n

)
,

(2.15)

and set (∀n ∈ N) En = σ(9n) and Xn = σ(G1,l, vl)0¶l¶n. In addition, assume that the following hold:

(i)
∑

n∈N
√

E(‖01,n‖2 |Xn) < +∞ and
∑

n∈N
√

E(‖bn‖2 |Xn) < +∞.

(ii) For every n ∈ N, En and Xn are independent.

(iii) For every l ∈ {1, . . . , p}, P[Yl,0 = 1] > 0.

Then (G1,n)n∈N converges weakly P-a.s. to a Z-valued random variable.

Let us note that algorithm (2.15) satisfies R1 but not R2 since it must activate A at each

iteration, nor does it satisfy R3 since it requires the knowledge of the norms of linear operators

to implement (2.14). Another framework related to Problem 2.2 is that of [20], which allows

for random activations in Problem 2.2 in a finite-dimensional setting when no linear operator

is present and under the assumption that the operators (Bk)1¶k¶p are cocoercive. It therefore

does not satisfy several requirements of R1 and activates only one operator per iteration, which

violates R2. On the other hand, the recent work [38] solves Problem 2.2 in a finite-dimensional

setting when no linear operator is present and under strong monotonicity of the nonlinear

operators. Hence, it does not satisfy R1 and, since it does not allow for multiple activations at

each iteration, it does not satisfy R2 either.

2.2.3 Proposed algorithms

2.2.3.1 Multivariate framework

Our strategy consists in embedding Problem 2.2 into multivariate problems that have the fol-

lowing general form studied in [13] and involve m agents (x1, . . . , xm).
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Problem 2.6 Let (Xi)1¶i¶m and (Yj)1¶j¶r be families of separable real Hilbert spaces with Hilbert

direct sums X = X1⊕· · ·⊕Xm and Y = Y1⊕· · ·⊕Yr. For every i ∈ {1, . . . ,m} and every j ∈ {1, . . . , r},
let Ci : Xi → 2Xi and Dj : Yj → 2Yj be maximally monotone, and let Mji : Xi → Yj be linear and

bounded. Set 


M : X → Y : x ↦→
(∑m

i=1 M1ixi, . . . ,
∑m

i=1 Mrixi

)

C : X → 2X : x ↦→ C1x1 × · · · × Cmxm

D : Y → 2Y : y ↦→ D1y1 × · · · × Dryr .

(2.16)

The task is to

find x ∈ X such that 0 ∈ Cx + M∗ (D(Mx)
)
. (2.17)

The set of solutions to (2.17) is denoted by Z and assumed to be nonempty. Further, the projec-

tion operator onto the subspace

V =
{
(x, y) ∈ X ⊕ Y | y = Mx

}
(2.18)

is decomposed as

projV : (x, y) ↦→
(
Ql (x, y)

)
1¶l¶m+r, where




(∀i ∈ {1, . . . ,m}) Qi : X ⊕ Y → Xi

(∀j ∈ {1, . . . , r}) Qm+j : X ⊕ Y → Yj.
(2.19)

Our approach is ultimately based on the Douglas–Rachford algorithm implemented in X⊕Y.

Define

A : X ⊕ Y → 2X⊕Y : (x, y) ↦→ Cx × Dy and B = NV. (2.20)

Then it follows from [13, Eq. (5.23)] that (x, y) ∈ zer(A+B) if and only if x ∈ zer(C+M∗ ◦D◦M)
and y = Mx. We can construct a point in zer(A+B) iteratively by the Douglas–Rachford algorithm

[6, Section 26.3], which requires the resolvents of A and B. By [6, Proposition 23.18], JA can be

decomposed in terms of (JC1, . . . , JCm
, JD1, . . . , JDr

). On the other hand, JB = projV and it follows

from (2.18) and [6, Example 29.19(ii)] that

(∀x ∈ X) (∀y ∈ Y) projV (x, y) = (p,Mp), where p = (Id + M∗ ◦ M)−1 (
x + M∗y

)
. (2.21)

This operator is decomposed in terms of the operators (Ql)1¶l¶m+r in (2.19). The following

result provides a randomly block-activated implementation of this product space version of the

Douglas–Rachford algorithm.

Theorem 2.7 ([13, Corollary 5.3]) Consider the setting of Problem 2.6. Set O = {0, 1}m+r r {0},
let γ ∈ ]0, +∞[, let (λn)n∈N be a sequence in ]0, 2[ such that infn∈N λn > 0 and supn∈N λn < 2, let x0,

z0, (an)n∈N, and (cn)n∈N be X-valued random variables, let ~0,w0, (bn)n∈N, and (dn)n∈N be Y-valued
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random variables, and let (9n)n∈N be identically distributed O-valued random variables. Iterate

for n = 0,1, . . .


for i = 1, . . . ,m⌊
Gi,n+1 = Gi,n + Yi,n

(
Qi (zn,wn) + 0i,n − Gi,n

)

Ii,n+1 = Ii,n + Yi,nλn

(
JγCi

(2Gi,n+1 − Ii,n) + 2i,n − Gi,n+1
)

for j = 1, . . . , r⌊
~j,n+1 = ~j,n + Ym+j,n

(
Qm+j (zn,wn) + 1j,n − ~j,n

)

Fj,n+1 = Fj,n + Ym+j,nλn

(
JγDj

(2~j,n+1 −Fj,n) + 3j,n − ~j,n+1
)
,

(2.22)

and set (∀n ∈ N) En = σ(9n) and Sn = σ(zl,wl)0¶l¶n. In addition, assume that the following are

satisfied:

(i)
∑

n∈N
√

E(‖an‖2 | Sn) < +∞,
∑

n∈N
√

E(‖bn‖2 | Sn) < +∞,
∑

n∈N
√

E(‖cn‖2 | Sn) < +∞,
∑

n∈N
√

E(‖dn‖2 | Sn) < +∞, an ⇀ 0 P-a.s., and bn ⇀ 0 P-a.s.

(ii) For every n ∈ N, En and Sn are independent.

(iii) For every l ∈ {1, . . . ,m + r}, P[Yl,0 = 1] > 0.

Then (xn)n∈N converges weakly P-a.s. to a Z-valued random variable.

Remark 2.8 The measurability of the weak limit in [13, Corollary 5.3] relies on [13, Propo-

sition 2.3], which involves Pettis’ theorem [36, Corollary 1.13]. The applicability of the latter

follows from the separability of H and the fact that (Ω,F,P) is a complete probability space; see

[26, Sections 1.1a–b] for details.

Remark 2.9 At iteration n, the random variables (Yi,n)1¶i¶m and (Ym+j,n)1¶j¶r act as switches

which control which components are updated, while the random variables 0i,n, 1j,n, 2i,n, and 3j,n
model approximations in the implementation of the operators Qi, Qj, JγCi

, and JγDj
, respectively.

We now present three frameworks for solving Problem 2.2 which are based on specializa-

tions of Theorem 2.7.

2.2.3.2 Framework 1

The first approach stems from the observation that Problem 2.6 reduces to Problem 2.2 when

m = 1, r = p, X1 = H, C1 = A, and (∀k ∈ {1, . . . , p}) Yk = Gk, Mk,1 = Lk, and Dk = Bk. Surprisingly,

this basic observation does not seem to have been exploited in attempts to design random block

activation algorithms for solving Problem 2.1 or Problem 2.2 (or special cases thereof) using

the stochastic quasi-Fejér framework of [13]; see for instance [9,30,32,33].

We derive from Theorem 2.7 the following convergence result.

Proposition 2.10 Consider the setting of Problem 2.2. Set O = {0, 1}1+p r {0}, let γ ∈ ]0, +∞[, let

(λn)n∈N be a sequence in ]0, 2[ such that infn∈N λn > 0 and supn∈N λn < 2, let G1,0, I1,0, (21,n)n∈N,

19



and (4n)n∈N be H-valued random variables, let ~0, w0, and (dn)n∈N be G-valued random variables,

and let (9n)n∈N be identically distributed O-valued random variables. Set Q = (Id + ∑p

k=1 L∗
k
◦ Lk)−1

and iterate

for n = 0, 1, . . .


Bn = Q
(
I1,n +

∑p

k=1 L∗
k
Fk,n

)
+ 4n

G1,n+1 = G1,n + Y1,n(Bn − G1,n)
I1,n+1 = I1,n + Y1,nλn

(
JγA(2G1,n+1 − I1,n) + 21,n − G1,n+1

)

for k = 1, . . . , p⌊
~k,n+1 = ~k,n + Y1+k,n (LkBn − ~k,n)
Fk,n+1 = Fk,n + Y1+k,nλn

(
JγBk

(2~k,n+1 −Fk,n) + 3k,n − ~k,n+1
)
.

(2.23)

In addition, assume that the following are satisfied:

(i)
∑

n∈N
√

E(‖21,n‖2 | σ(I1,l, vl)0¶l¶n) < +∞,
∑

n∈N
√

E(‖dn‖2 | σ(I1,l, vl)0¶l¶n) < +∞,
∑

n∈N
√

E(‖4n‖2 | σ(I1,l, vl)0¶l¶n) < +∞, and 4n ⇀ 0.

(ii) For every n ∈ N, σ(9n) and σ(I1,l,wl)0¶l¶n are independent.

(iii) For every l ∈ {1, . . . , p + 1}, P[Yl,0 = 1] > 0.

Then (G1,n)n∈N converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 2.6, set m = 1, r = p, X1 = H, C1 = A, and, for every k ∈ {1, . . . , p}, Yk = Gk,

Mk,1 = Lk, and Dk = Bk. Further, for every n ∈ N, set 01,n = 4n and, for every k ∈ {1, . . . , p}, set

1k,n = Lk4n. Then it follows from (i) that 01,n ⇀ 0 P-a.s., bn ⇀ 0 P-a.s., and

∑

n∈N

√
E(‖bn‖2 | σ(zl, vl)0¶l¶n) ¶

∑

n∈N

√√√
E

(( p∑

k=1

‖Lk‖2

)
‖4n‖2

����� σ(zl, vl)0¶l¶n

)

=

√√√ p∑

k=1

‖Lk‖2
∑

n∈N

√
E
(
‖4n‖2

��σ(zl, vl)0¶l¶n

)

< +∞. (2.24)

The assertion therefore results from Theorem 2.7.

2.2.3.3 Framework 2

In Framework 1, Problem 2.6 collapses to Problem 2.2 by reducing the number of agents to

m = 1. Here, we use m = p + 1 agents in Problem 2.6 and capture Problem 2.2 by forcing these

agents (x1, . . . , xp+1) to lie in the subspace W of (2.10).

Proposition 2.11 Consider the setting of Problem 2.2. Set O = {0, 1}p+2 r {0}, let γ ∈ ]0,+∞[,
let (λn)n∈N be a sequence in ]0, 2[ such that infn∈N λn > 0 and supn∈N λn < 2, let x0, z0, u0, v0,

and (cn)n∈N be H ⊕ G-valued random variables, let (4n)n∈N be H-valued random variables, and let
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(9n)n∈N be identically distributed O-valued random variables. Set Q = (Id +∑p

k=1 L∗
k
◦ Lk)−1. Iterate

for n = 0, 1, . . .


for i = 1, . . . , p + 1⌊
Gi,n+1 = Gi,n + Yi,n

(Ii,n + Ei,n
2

− Gi,n
)

I1,n+1 = I1,n + Y1,nλn

(
JγA (2G1,n+1 − I1,n) + 21,n − G1,n+1

)

for k = 1, . . . , p⌊
Ik+1,n+1 = Ik+1,n + Yk+1,nλn

(
JγBk

(2Gk+1,n+1 − Ik+1,n) + 2k+1,n − Gk+1,n+1
)

for k = 1, . . . , p + 1⌊
Dk,n+1 = Dk,n + Yp+2,n

(Ik,n + Ek,n
2

− Dk,n

)

Bn = Yp+2,n

(
Q

(
2D1,n+1 − E1,n +

∑p

k=1 L∗
k
(2Dk+1,n+1 − Ek+1,n)

)
+ 4n

)

E1,n+1 = E1,n + Yp+2,nλn (Bn − D1,n+1)
for k = 1, . . . , p⌊
Ek+1,n+1 = Ek+1,n + Yp+2,nλn (LkBn − Dk+1,n+1).

(2.25)

In addition, assume that the following are satisfied:

(i)
∑

n∈N
√

E(‖cn‖2 | σ(zl, vl)0¶l¶n) < +∞ and
∑

n∈N
√

E(‖4n‖2 | σ(zl, vl)0¶l¶n) < +∞.

(ii) For every n ∈ N, σ(9n) and σ(zl, vl)0¶l¶n are independent.

(iii) For every l ∈ {1, . . . , p + 2}, P[Yl,0 = 1] > 0.

Then (G1,n)n∈N converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 2.6, set m = p+1, r = 1, X1 = H, (Xi)2¶i¶m = (Gi−1)2¶i¶m, and Y1 = H⊕G. Thus,

Y = Y1 = H ⊕ G = X. Moreover, for every i ∈ {1, . . . , p + 1}, set

M1i : Xi → H ⊕ G : xi ↦→
(
0, . . . , 0, xi︸︷︷︸

ith position

, 0, . . . , 0
)
, (2.26)

which yields

M∗
1i : H ⊕ G → Xi : (x∗1, . . . , x

∗
p+1) ↦→ x∗i . (2.27)

Further, denote by x = (x1, . . . , xp+1) a generic element in H ⊕ G and define D1 = NW, where W is

the subspace of (2.10). In this configuration, (2.17) reduces to

find x ∈ H ⊕ G such that 0 ∈
p+1?

i=1

Cixi + NWx. (2.28)
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We observe that

(∀i ∈ {1, . . . , p + 1}) (∀l ∈ {1, . . . , p + 1}) M∗
1i ◦ M1l =




Id, if i = l;

0, if i ≠ l.
(2.29)

As a result, (Id + M∗ ◦ M)−1 = (1/2)Id and we derive from (2.19), (2.21), and (2.27) that

Qp+2 : (z, v) ↦→ z + v

2
and (∀l ∈ {1, . . . , p + 1}) Ql : (z, v) ↦→ Il + El

2
. (2.30)

Altogether, (2.22) with variables ~1,n = un ∈ H ⊕ G and F1,n = vn ∈ H ⊕ G becomes

for n = 0, 1, . . .


for i = 1, . . . , p + 1


Gi,n+1 = Gi,n + Yi,n
(Ii,n + Ei,n

2
− Gi,n

)

Ii,n+1 = Ii,n + Yi,nλn

(
JγCi

(2Gi,n+1 − Ii,n) + 2i,n − Gi,n+1
)

un+1 = un + Yp+2,n

( zn + vn

2
− un

)

vn+1 = vn + Yp+2,nλn

(
projW (2un+1 − vn) + d1,n − un+1

)
,

(2.31)

where d1,n is the error incurred when projecting onto W at iteration n. We derive from (2.10)

and [6, Example 29.19(ii)] that

projW : (x, y1, . . . , yp) ↦→ (s, L1s, . . . , Lps),

where s =

(
Id +

p∑

k=1

L∗k ◦ Lk

)−1 (
x +

p∑

k=1

L∗kyk

)
. (2.32)

Set (∀n ∈ N) d1,n = (4n, L14n, . . . , Lp4n). Then we infer from (i) that

∑

n∈N

√
E
(
‖d1,n‖2

��σ(zl, vl)0¶l¶n

)
¶

∑

n∈N

√√√
E

((
1 +

p∑

k=1

‖Lk‖2

)
‖4n‖2

�����σ(zl, vl)0¶l¶n

)

=

√√√
1 +

p∑

k=1

‖Lk‖2
∑

n∈N

√
E
(
‖4n‖2

�� σ(zl, vl)0¶l¶n

)

< +∞. (2.33)

Thus, it follows from Theorem 2.7 that, with Z denoting the set of solutions to (2.28),

the sequence
(
G1,n, G2,n, . . . , Gp+1,n

)
n∈N in (2.31) converges weakly P-a.s.

to a Z-valued random variable x =
(
G1, G2, . . . , Gp+1

)
if Z ≠ ∅. (2.34)
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Next, we specialize (2.28) to

C1 = A and (∀i ∈ {2, . . . , p + 1}) Ci = Bi−1. (2.35)

In this context, (2.31) reduces to (2.25). Recalling that Z denotes the set of solutions to Prob-

lem 2.2, in view of (2.34), it remains to show that

Z =
{
(x1, L1x1, . . . , Lpx1) | x1 ∈ Z

}
. (2.36)

Let x ∈ H ⊕ G. We have

x ∈ Z ⇔ x solves (2.28)

⇔



x ∈ W

(∃ x∗ ∈ W⊥) 0 ∈
p+1
×
i=1

Cixi + x∗

⇔



(∃ x1 ∈ H) x = (x1, L1x1, . . . , Lpx1)

(∃ x∗ ∈ W⊥) 0 ∈ Ax1 × B1(L1x1) × · · · × Bp(Lpx1) + x∗

⇔




(∃ x1 ∈ H) x = (x1, L1x1, . . . , Lpx1)

(∃ (y∗1, . . . , y
∗
p) ∈ G) (0,0, . . . , 0) ∈

Ax1 × B1(L1x1) × · · · × Bp (Lpx1) +
( p∑

k=1

L∗ky
∗
k,−y∗1, . . . ,−y∗p

)

⇔




(∃ x1 ∈ H) x = (x1, L1x1, . . . , Lpx1)

(∃ (y∗1, . . . , y
∗
p) ∈ G)




0 ∈ Ax1 +
∑p

k=1 L∗
k
y∗
k

(∀k ∈ {1, . . . , p}) y∗
k
∈ Bk (Lkx1).

⇔



(∃ x1 ∈ H) x = (x1, L1x1, . . . , Lpx1)

0 ∈ Ax1 +∑p

k=1 L∗
k

(
Bk (Lkx1)

)

⇔ (∃ x1 ∈ Z) x = (x1, L1x1, . . . , Lpx1), (2.37)

which completes the proof.

2.2.3.4 Framework 3

Our last algorithm connects Problem 2.2 to Problem 2.6 by means of a coupling operator E

mapping to an auxiliary space K and such that ker E coincides with the space W of (2.10).

Proposition 2.12 Consider the setting of Problem 2.2, let (Kj)1¶j¶r be separable real Hilbert
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spaces, set

K =

r⊕

j=1

Kj, (2.38)

and let

E : H ⊕ G → K : x ↦→
(
p+1∑

i=1

Ejixi

)

1¶j¶r

(2.39)

be linear, bounded, and such that ker E = W. Define V as in (2.18), where X is replaced with H⊕G,

Y with K, and M with E, and decompose its projection operator as projV : x ↦→ (Rjx)1¶j¶p+1+r,

where R1 : H ⊕ G ⊕ K → H, (∀i ∈ {1, . . . , p}) R1+i : H ⊕ G ⊕ K → Gi, and (∀k ∈ {1, . . . , r})
Rp+1+k : H ⊕ G ⊕ K → Kk. Set O = {0, 1}p+1+r r {0}, let γ ∈ ]0, +∞[, let (λn)n∈N be a sequence

in ]0, 2[ such that infn∈N λn > 0 and supn∈N λn < 2, let x0, z0, (an)n∈N, and (cn)n∈N be H ⊕ G-

valued random variables, let ~0, w0, and (bn)n∈N be K-valued random variables, and let (9n)n∈N be

identically distributed O-valued random variables. Iterate

for n = 0, 1, . . .


G1,n+1 = G1,n + Y1,n
(
R1 (zn,wn) + 01,n − G1,n

)

I1,n+1 = I1,n + Y1,nλn

(
JγA

(
2G1,n+1 − I1,n

)
+ 21,n − G1,n+1

)

for k = 1, . . . , p⌊
Gk+1,n+1 = Gk+1,n + Yk+1,n

(
Rk+1 (zn,wn) + 0k+1,n − Gk+1,n

)

Ik+1,n+1 = Ik+1,n + Yk+1,nλn

(
JγBk

(
2Gk+1,n+1 − Ik+1,n

)
+ 2k+1,n − Gk+1,n+1

)

for j = 1, . . . , r⌊
~j,n+1 = ~j,n + Yp+1+j,n

(
Rp+1+j (zn,wn) + 1j,n − ~j,n

)

Fj,n+1 = Fj,n − Yp+1+j,nλn~j,n+1.

(2.40)

In addition, assume that the following are satisfied:

(i)
∑

n∈N
√

E(‖an‖2 | σ(zl,wl)0¶l¶n) < +∞,
∑

n∈N
√

E(‖bn‖2 | σ(zl,wl)0¶l¶n) < +∞,
∑

n∈N
√

E(‖cn‖2 | σ(zl,wl)0¶l¶n) < +∞, an ⇀ 0 P-a.s., and bn ⇀ 0 P-a.s.

(ii) For every n ∈ N, σ(9n) and σ(zl,wl)0¶l¶n are independent.

(iii) For every l ∈ {1, . . . , p + 1 + r}, P[Yl,0 = 1] > 0.

Then (G1,n)n∈N converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 2.6, set m = p+1, X1 = H, (Xi)2¶i¶m = (Gi−1)2¶i¶m, Y = K, for every j ∈ {1, . . . , r},
Dj = N{0}, and, for every i ∈ {1, . . . ,m}, Mji = Eji. Thus, the subspace V of (2.18) becomes

V =

{
(x, y) ∈ X ⊕ Y

���� (∀j ∈ {1, . . . , r}) yj =

p+1∑

i=1

Ejixi

}
, (2.41)
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Further, denote by x = (x1, . . . , xp+1) a generic element in H ⊕ G. In this configuration, (2.17)

reduces to

find x ∈ H ⊕ G such that 0 ∈
p+1?

i=1

Cixi + E∗ (N{0} (Ex)
)
. (2.42)

We note that Proposition 2.12 is the application of Theorem 2.7 to (2.42) when

C1 = A and (∀i ∈ {2, . . . , p + 1}) Ci = Bi−1. (2.43)

Let Z be the set of solutions to (2.42) in the context of (2.43). Recalling that Z denotes the set

of solutions to Problem 2.2, it remains to show that

Z =
{
(x1, L1x1, . . . , Lpx1) | x1 ∈ Z

}
. (2.44)

Let x ∈ H ⊕ G. It follows at once from (2.39) that

]W (x) = ]{0} (Ex). (2.45)

Hence, we deduce from [6, Corollary 16.53] that

NWx = E∗ (N{0} (Ex)
)
. (2.46)

Note that the set in (2.46) is nonempty if and only if x ∈ W. Consequently,

x ∈ Z ⇔ x solves (2.42) ⇔ x solves (2.28) (2.47)

and the claim follows from (2.37).

Let us provide some examples of implementations of Proposition 2.12.

Example 2.13 In Proposition 2.12, set r = p, K = G, and, for every k ∈ {1, . . . , p} and every

i ∈ {1, . . . , p + 1},

Eki =




Lk, if i = 1;

−Id, if i = k + 1;

0, otherwise.

(2.48)

Let x ∈ H ⊕ G, let y ∈ G, and set q = (2Id + ∑p

k=1 L∗
k
◦ Lk)−1(2x1 + ∑p

k=1 L∗
k
(xk+1 + yk)). Then, for

every i ∈ {1, . . . , p + 1},

Ri (x, y) =




q, if i = 1;

1
2

(
Li−1q + xi − yi−1

)
, if 2 ¶ i ¶ p + 1;

1
2

(
Li−p−1q − xi−p + yi−p−1

)
, if p + 2 ¶ i ¶ 2p + 1.

(2.49)
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Let (4n)n∈N be H-valued random variables such that
∑

n∈N
√

E(‖4n‖2 | σ(zl,wl)0¶l¶n) < +∞ and

4n ⇀ 0 P-a.s., and set

Q =

(
2Id +

p∑

k=1

L∗k ◦ Lk

)−1

. (2.50)

Then (2.40) becomes

for n = 0, 1, . . .


@n = Q
(
2I1,n +

p∑

k=1

L∗k (Ik+1,n +Fk,n)
)
+ 4n

G1,n+1 = G1,n + Y1,n(@n − G1,n)
I1,n+1 = I1,n + Y1,nλn

(
JγA

(
2G1,n+1 − I1,n

)
+ 21,n − G1,n+1

)

for k = 1, . . . , p


Gk+1,n+1 = Gk+1,n + Yk+1,n

(Lk@n + Ik+1,n −Fk,n

2
− Gk+1,n

)

Ik+1,n+1 = Ik+1,n + Yk+1,nλn

(
JγBk

(
2Gk+1,n+1 − Ik+1,n

)
+ 2k+1,n − Gk+1,n+1

)

for k = 1, . . . , p


~k,n+1 = ~k,n + Yp+1+k,n
(Lk@n − Ik+1,n +Fk,n

2
− ~k,n

)

Fk,n+1 = Fk,n − Yp+1+k,nλn~k,n+1

(2.51)

and Proposition 2.12 asserts that (G1,n)n∈N converges weakly P-a.s. to a solution to Problem 2.2.

The next examples focus on the special case of Problem 2.2 in which, for every k ∈ {1, . . . , p},
Gk = H and Lk = Id, that is,

find x ∈ H such that 0 ∈ Ax +
p∑

k=1

Bkx. (2.52)

Example 2.14 Consider the setting of Example 2.13 where, for every k ∈ {1, . . . , p}, Gk = H and

Lk = Id. Then, in view of (2.48), the operator E is defined by setting, for every k ∈ {1, . . . , p} and

every i ∈ {1, . . . , p + 1},

Eki =




Id, if i = 1;

−Id, if i = k + 1;

0, otherwise.

(2.53)
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Further, the operator Q of (2.50) is just (p + 2)−1Id. Thus, (2.40) becomes

for n = 0, 1, . . .


@n =
1

p + 2

(
2I1,n +

p∑

k=1

(Ik+1,n +Fk,n)
)

G1,n+1 = G1,n + Y1,n(@n − G1,n)
I1,n+1 = I1,n + Y1,nλn

(
JγA

(
2G1,n+1 − I1,n

)
+ 21,n − G1,n+1

)

for k = 1, . . . , p


Gk+1,n+1 = Gk+1,n + Yk+1,n

(@n + Ik+1,n −Fk,n

2
− Gk+1,n

)

Ik+1,n+1 = Ik+1,n + Yk+1,nλn

(
JγBk

(
2Gk+1,n+1 − Ik+1,n

)
+ 2k+1,n − Gk+1,n+1

)

for k = 1, . . . , p


~k,n+1 = ~k,n + Yp+1+k,n
(@n − Ik+1,n +Fk,n

2
− ~k,n

)

Fk,n+1 = Fk,n − Yp+1+k,nλn~k,n+1

(2.54)

and Proposition 2.12 asserts that (G1,n)n∈N converges weakly P-a.s. to a solution to (2.52).

Example 2.15 In Proposition 2.12, set r = p + 1, K = Hp+1, and, for every k ∈ {1, . . . , p + 1} and

every i ∈ {1, . . . , p + 1},

Eki =




p

p + 1
Id, if k = i;

− 1
p + 1

Id, if k ≠ i.

(2.55)

Then ker E is the subspace of all the vectors x ∈ Hp+1 such that, for every i ∈ {1, . . . , p + 1},
xi = (p + 1)−1 ∑p+1

j=1 xj. Hence, for every i ∈ {1, . . . , 2p + 2}, every x ∈ Hp+1, and every y ∈ Hp+1,

Ri (x, y) =




1
2
(xi + yi) +

1
2(p + 1)

p+1∑

j=1

(xj − yj), if i ¶ p + 1;

1
2
(xi + yi) −

1
2(p + 1)

p+1∑

j=1

(xj + yj), if p + 2 ¶ i ¶ 2p + 2.

(2.56)
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Then (2.40) becomes

for n = 0,1, . . .


G1,n+1 = G1,n + Y1,n
(I1,n +F1,n

2
+ 1

2(p + 1)

p+1∑

l=1

(Il,n −Fl,n) − G1,n

)

I1,n+1 = I1,n + Y1,nλn

(
JγA

(
2G1,n+1 − I1,n

)
+ 21,n − G1,n+1

)

for k = 1, . . . , p


Gk+1,n+1 = Gk+1,n + Yk+1,n

(Ik+1,n +Fk+1,n

2
+ 1

2(p + 1)

p+1∑

l=1

(Il,n −Fl,n) − Gk+1,n

)

Ik+1,n+1 = Ik+1,n + Yk+1,nλn

(
JγBk

(
2Gk+1,n+1 − Ik+1,n

)
+ 2k+1,n − Gk+1,n+1

)

for j = 1, . . . , p + 1


~j,n+1 = ~j,n + Yp+1+j,n
(Ij,n +Fj,n

2
− 1

2(p + 1)

p+1∑

l=1

(Il,n +Fl,n) − ~j,n

)

Fj,n+1 = Fj,n − Yp+1+j,nλn~j,n+1

(2.57)

and Proposition 2.12 asserts that (G1,n)n∈N converges weakly P-a.s. to a solution to (2.52).

Remark 2.16 In Example 2.14, the operator E applied to x ∈ Hp+1 couples each agent in

(x2, . . . , xp+1) with x1. In Example 2.15 the operator E applied to x ∈ Hp+1 couples each agent in

(x1, . . . , xp+1) with the average of all the agents. Various alternative coupling operators E can be

considered to enforce the condition x1 = · · · = xp+1.

2.2.3.5 Computation of inverse operators

The existing algorithms presented in Section 2.2.2.2 require the computation of norms of arbi-

trary linear operators whereas the proposed algorithms of Sections 2.2.3.2–2.2.3.4 require the

inversion of strongly positive Hermitian operators of the type Id + L∗ ◦ L. Note that, because of

the strongly positive Hermitian structure of Id+L∗ ◦L, the computation of the inverse is typically

much cheaper than the computation of the norm of L in (2.12) or those of (U1/2
k

LkW
1/2)1¶k¶p

in (2.14). In a finite-dimensional setting, in full generality, if Id + L∗ ◦ L has size N, then its in-

version via the Cholesky decomposition method requires about N3/6 multiplications. However,

this complexity can be reduced in several standard scenarios. Here are two examples in H = RN

that will be used in Section 2.2.5.

Example 2.17

(i) If, for every k ∈ {1, . . . , p}, Lk = Id, then




(
Id + ∑p

k=1 L∗
k
◦ Lk

)−1
=

1
1 + p

Id

(
2Id +∑p

k=1 L∗
k
◦ Lk

)−1
=

1
2 + p

Id.

(2.58)
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The cost of the inversion is $ (1).
(ii) Suppose that, for every k ∈ {1, . . . , p}, Lk is a block-Toeplitz. Then, following a standard

argument [2], each Lk can be approximated by a block-circulant matrix with convolution

kernel ℓk and




(
Id +

p∑

k=1

L∗k ◦ Lk

)−1

: x ↦→ F−1
(
F(x) ÷

(
1 +

p∑

k=1

|F(ℓk) |2
))

(
2Id +

p∑

k=1

L∗k ◦ Lk

)−1

: x ↦→ F−1
(
F(x) ÷

(
2 +

p∑

k=1

|F(ℓk) |2
))
.

(2.59)

where F denotes the discrete Fourier transform and ÷ denotes pointwise division. The

cost of the inversion using the fast Fourier transform is $ (N log(N)) [2].

(iii) The worst case is if the operators (Lk)1¶k¶p do not present a special structure. Even so,

the composed operators Id+∑p

k=1 L∗
k
◦Lk and 2Id+∑p

k=1 L∗
k
◦Lk are symmetric and positive-

definite. Hence they admit a Cholesky decomposition. The cost of computing the Cholesky

decomposition is $ (N3) (one time) and the cost of solving the linear system using the

Cholesky decomposition is $ (N2). It will be shown in the numerical experiments that

in the case when no special structure is present, Framework 2 is preferred since the

application of the inverse operator does not occur at every iteration.

2.2.4 Minimization problems

We dedicate this section to the minimization setting of Problem 2.1. Let us first formalize the

connection between Problems 2.1 and 2.2.

Proposition 2.18 In Problem 2.2, set A = mf and (∀k ∈ {1, . . . , p}) Bk = mgk. Then every solution

to (2.2) solves Problem 2.1.

Proof. Set L : H → G : x ↦→ (L1x, . . . , Lpx) and g : G → ]−∞, +∞] : y ↦→ ∑p

k=1 gk (yk). Then L∗ : G →
H : y ↦→ ∑p

k=1 L∗
k
yk. Hence, it follows from [6, Proposition 16.9] that

x ∈ zer
(
mf +

p∑

k=1

L∗
k
◦ (mgk) ◦ Lk

)
= zer

(
mf + L∗ ◦ (mg) ◦ L

)
. (2.60)

However, [6, Proposition 27.5(i)] asserts that

zer
(
mf +

p∑

k=1

L∗ ◦ (mg) ◦ L

)
⊂ Argmin

(
f + g ◦ L

)
= Argmin

(
f +

p∑

k=1

gk ◦ Lk

)
, (2.61)

which confirms the claim.

Problem 2.1 relies on the assumption that zer(mf + ∑p

k=1 L∗
k
◦ (mgk) ◦ Lk) ≠ ∅. Let us provide

sufficient conditions that guarantee it.
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Proposition 2.19 Let H be a separable real Hilbert space and f ∈ Γ0(H). For every k ∈ {1, . . . , p},
let Gk be a separable real Hilbert space, let gk ∈ Γ0(Gk), and let 0 ≠ Lk : H → Gk be linear and

bounded. Set

S =
{
(Lkx − yk)1¶k¶p | x ∈ dom f and (∀k ∈ {1, . . . , p}) yk ∈ dom gk

}
. (2.62)

Then zer(mf + ∑p

k=1 L∗
k
◦ (mgk) ◦ Lk) ≠ ∅ if the following hold:

(i) f (x) + ∑p

k=1 gk (Lkx) → +∞ as ‖x‖ → +∞.

(ii) Any of the following is satisfied:

(a) The cone generated by S is a closed vector subspace of G.

(b) For every k ∈ {1, . . . , p}, gk is real-valued.

(c) H and (Gk)1¶k¶p are finite-dimensional, and there exists x ∈ ri dom f such that

(∀k ∈ {1, . . . , p}) Lkx ∈ ri dom gk, (2.63)

where ri stands for the relative interior.

Proof. Set L : H → G : x ↦→ (L1x, . . . , Lpx) and g : G → ]−∞, +∞] : y ↦→ ∑p

k=1 gk (yk). Then L is linear

and bounded, g ∈ Γ0(G), S =
{
Lx − y | x ∈ dom f and y ∈ dom g

}
, and f + g ◦ L = f + ∑p

k=1 gk ◦ Lk.

On the other hand, it follows from (ii) that 0 ∈ S, which implies that dom(f + g ◦ L) ≠ ∅. Thus,

because f + g ◦ L is also lower semicontinuous and convex, we have f + g ◦ L ∈ Γ0(H). Hence,

since (i) states that f (x) + g(Lx) → +∞ as ‖x‖ → +∞, it follows from [6, Proposition 11.15(i)]

that

Argmin(f + g ◦ L) ≠ ∅. (2.64)

However, (ii) and [6, Proposition 27.5(iii)] guarantee that

Argmin(f + g ◦ L) = zer
(
mf + L∗ ◦ (mg) ◦ L

)
, (2.65)

which completes the proof.

In view of Proposition 2.18 and (2.6), we obtain the following solution methods for Prob-

lem 2.1.

Corollary 2.20 Consider the setting of Problem 2.1 and set F = Argmin(f+∑p

k=1 gk◦Lk). In (2.23),

(2.25), and (2.40), replace the resolvent operators (JγA, JγB1, . . . , JγBp
) by the proximity operators

(proxγf, proxγg1
, . . . , proxγgp

). Then Propositions 2.10, 2.11, and 2.12 provide sequences (G1,n)n∈N
which converge weakly P-a.s. to an F-valued random variable.
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2.2.5 Numerical experiments

2.2.5.1 Preamble

We present four experiments to illustrate the numerical behavior of the three algorithmic frame-

works presented in Section 2.2.3. These algorithms are initialized by setting x0, z0, ~0, and w0

to 0, and they use the proximal parameter γ = 1.0 and the relaxation strategy (∀n ∈ N) λn = 1.9.

The random variable 90 activates operator indices in {1, . . . , p + 1} (Framework 1), {1, . . . , p + 2}
(Framework 2), and {1, . . . , 2p + 1} (Framework 3 using Example 2.13), with a uniform distri-

bution.

We also provide comparisons with the existing methods of Section 2.2.2.2 when applicable,

because they do provide almost sure iterate convergence to a solution, although they do not

satisfy the requirements R2–R3:

• Algorithm (2.13) is initialized with G1,0 = 0 and ~0 = 0. Further, for every k ∈ {1, . . . , p},
πk = 1/p and, to enforce (2.12), we set g0 = 0.9/√p and f0 = 1/

(√
p max1¶k¶p ‖Lk‖2). In

addition we set j0 = 0.5, η = 0.5, and δ = 1.5. We recall that algorithm (2.13) can activate

only one operator at each iteration and does not satisfy R2–R4.

• Algorithm (2.15) is initialized with G1,0 = 0 and v0 = 0. Further, W = 0.9τId and, for every

k ∈ {1, . . . , p}, Uk = (τ/‖Lk‖2)Id, where λn ≡ 1 and, to enforce (2.14), τ = 1/
√

2p. We recall

that algorithm (2.15) does not satisfy R2–R3.

These parameters were found to enhance the performance of these two algorithms. The first

three experiments (Sections 2.2.5.2–2.2.5.4) correspond to minimization problems fitting the

format of Problem 2.1. The last experiment (Section 2.2.5.5) is a nonminimization problem

that fits the format of Problem 2.2, and algorithm (2.13) is therefore not applicable.

2.2.5.2 Signal restoration

The goal is to recover the original signal x ∈ H = RN (N = 1000) shown in Figure 2.2(a) from

M = 10 noisy observations (rl)1¶l¶M given by

(∀l ∈ {1, . . . ,M}) rl = Llx + wl (2.66)

where, for every l ∈ {1, . . . ,M}, Ll : RN → RN is a known linear operator, ηl ∈ ]0, +∞[, and

wl ∈ [−ηl, ηl]N is the realization of a bounded random noise vector. The parameters (ηl)1¶l¶M ∈
]0, +∞[M are not known exactly and are underestimated by (ξl)1¶l¶M ∈ ]0, +∞[M. For every

l ∈ {1, . . . ,M}, Ll is a Gaussian convolution filter with zero mean and standard deviation taken

uniformly in [20, 40], ηl = 0.1, wl is taken uniformly in [−ηl, ηl]N, and ξl = 0.07. For every

l ∈ {1, . . . ,M} and every j ∈ {1, . . . ,N}, set Zl,j = [〈rl | ej〉 − ξl, 〈rl | ej〉 + ξl]. Since the intersection

of these sets is empty, we cannot recover the signal by solving the associated convex feasibility
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problem. Instead, our objective is to solve an instantiation of Problem 2.1 with p = MN, to wit,

minimize
x∈RN

α‖x‖ +
M∑

l=1

N∑

j=1

dZl,j

(
〈Llx | ej〉

)
, (2.67)

where α = 0.05. Since, for every x ∈ RN, α‖x‖ ¶ α‖x‖ + ∑M
l=1

∑N
j=1 dZl,j

(
〈Llx | ej〉

)
, condition (i)

in Proposition 2.19 holds. In addition, for every l ∈ {1, . . . ,M} and every j ∈ {1, . . . ,N}, dZl,j

is real-valued. Hence, condition (ii)(b) in Proposition 2.19 holds as well, which confirms that

(2.67) is an instance of Problem 2.1. We can thus invoke Corollary 2.20. The three frameworks

of Sections 2.2.3.2–2.2.3.4 are used to solve (2.67), where the operator E in Proposition 2.12

is that of Example 2.13. Two experiments are conducted: the random variable 90 produces (a)

1 activation with 1 core; and (b) 8 activations with 8 cores. Given γ ∈ ]0, +∞[, the operators

(proxγdZl,j
)1¶l¶M,1¶j¶N are computed via [6, Example 24.28] and proxγ‖·‖ via [6, Example 24.20].

Furthermore, the convolutions and the inversions of linear operators are implemented using

the fast Fourier transform [2]; see Example 2.17(ii). As mentioned in Section 2.2.5.1, we also

compare with:

• Algorithm (2.13), which can activate only one operator at each iteration.

• Algorithm (2.15), where the random variable 90 activates (a) 1; and (b) 8 indices in

{1, . . . , p} with a uniform distribution at each iteration.

The solution produced by Framework 2 is shown in Figure 2.3. We display in Figure 2.4 the

normalized error versus execution time.
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Figure 2.2 Experiment of Section 2.2.5.2. (a): Original signal x. (b): Noisy observation r1.
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Figure 2.3 Experiment of Section 2.2.5.2. Solution produced by Framework 2.

2.2.5.3 Overlapping group lasso regression

We address the overlapping group lasso regression problem of [44]. Here H = RN and q groups

of indices (Ik)1¶k¶q in {1, . . . ,N} are present, with
⋃q

k=1 Ik = {1, . . . ,N}. In addition, for every

k ∈ {1, . . . , q},
Sk : RN → Rcard Ik : x = (ξj)1¶j¶N ↦→ (ξj)j∈Ik . (2.68)

The goal is to

minimize
x∈RN

α

2
‖Ax − b‖2 + 1

q

q∑

k=1

‖Skx‖, (2.69)

where A ∈ RM×N, b = (βl)1¶l¶M ∈ RM, and α ∈ ]0, +∞[. In the experiment, M = 1200, N = 3610,

q = 40, and, as in [44], α = 5/q2. The entries of A are independent and identically distributed

(i.i.d.) samples from a N(1, 10) distribution. The entries of the reference vector x̄ ∈ RN are i.i.d.

samples from a uniform distribution on [0, 10], and b = Ax̄ + w, where w ∈ RM has entries that

are i.i.d. samples from a N(0,0.1) distribution. We split the term ‖Ax − b‖2 into a sum of 30
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−25

0
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Figure 2.4 Experiment of Section 2.2.5.2. Normalized error 20 log10 (‖G1,n−G∞‖/‖G1,0−G∞‖) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed violet: Algorithm (2.13).
Dashed red: Algorithm (2.15).

33



blocks of 40 entries each. Finally, the groups are defined by

(∀k ∈ {1, . . . , q}) Ik = {90k − 89, . . . , 90k + 10}. (2.70)

Let (al)1¶l¶M be the rows of A. Then (2.69) is equivalent to

minimize
x∈RN

p∑

k=1

gk

(
Lkx

)
, (2.71)

where p = 70,

(∀k ∈ {1, . . . , 30})



Lk : RN → R40 : x ↦→
(
〈x | al〉

)
40(k−1)+1¶l¶40k

gk : R40 → R : y ↦→ α

2
‖y − (βl)40(k−1)+1¶l¶40k‖2,

(2.72)

and

(∀k ∈ {31, . . . , 70})



Lk : RN → R100 : x ↦→ Sk−30x

gk : R100 → R : y ↦→ 1
q
‖y‖.

(2.73)

Let x = (ξl)1¶l¶N ∈ RN and j ∈ {1, . . . ,N}. Since
⋃q

k=1 Ik = {1, . . . ,N},

1
q

q∑

k=1

‖Skx‖ =
1
q

q∑

k=1

‖(ξl)l∈Ik ‖ =
1
q

q∑

k=1

√∑

l∈Ik

|ξl |2 ¾
1
q
|ξj |. (2.74)

In turn,

70∑

k=1

gk

(
Lkx

)
= ‖Ax − b‖2 + 1

q

q∑

k=1

‖Skx‖ ¾
1
qN

N∑

j=1

|ξj | ¾
1
qN

√√√ N∑

j=1

|ξj |2 =
1
qN

‖x‖, (2.75)

which ensures that condition (i) in Proposition 2.19 holds. In addition, for every k ∈ {1, . . . , 70},
gk is real-valued. Hence, condition (ii)(b) in Proposition 2.19 holds as well. Therefore Proposi-

tion 2.19 guarantees that (2.71) is an instance of Problem 2.1 and we invoke Corollary 2.20 to

justify the convergence of the algorithms. We employ the three frameworks of Sections 2.2.3.2–

2.2.3.4 to solve (2.69), where the operator E in Proposition 2.12 is that defined in Example 2.13.

Two experiments are conducted: the random variable 90 produces (a) 1 activation with 1 core;

and (b) 8 activations with 8 cores. Given γ ∈ ]0, +∞[ and z ∈ R40, we compute proxγ‖·‖ via

[6, Example 24.20], proxγ‖·−z‖2 via [6, Proposition 24.8(i)], and the inverse operators by solv-

ing the linear systems with Example 2.17(iii). We also compare with:

• Algorithm (2.13).

• Algorithm (2.15), where the random variable 90 activates (a) 1; and (b) 8 indices in

{1, . . . , p} with a uniform distribution at each iteration.
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We display in Figure 2.5 the normalized error versus execution time.
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Figure 2.5 Experiment of Section 2.2.5.3. Normalized error 20 log10 (‖G1,n−G∞‖/‖G1,0−G∞‖) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed violet: Algorithm (2.13).
Dashed red: Algorithm (2.15).

2.2.5.4 Classification using the hinge loss

We address a binary classification problem. The training data samples (uk, ξk)1¶k¶p are in RN ×
{−1, 1} and the goal is to learn a linear classifier x ∈ H = RN. For this purpose, we solve the

instance of Problem 2.1 corresponding to the support vector machine model

minimize
x∈RN

α

2
‖x‖2 + 1

p

p∑

k=1

gk (x), (2.76)

where α ∈ ]0, +∞[ and, for every k ∈ {1, . . . , p}, gk : x ↦→ max{0, 1−ξk〈x | uk〉}. In the experiment,

N = 1500, α = 1, p = 750, and, for every k ∈ {1, . . . , p}, the entries of uk are i.i.d. samples from a

N(100,10) distribution, and (ξk)1¶k¶p are i.i.d. samples from a uniform distribution on {−1, 1}.
Since, for every x ∈ RN, (α/2)‖x‖2 ¶ (α/2)‖x‖2 + ∑p

k=1 gk (x), condition (i) in Proposition 2.19

holds. In addition, for every k ∈ {1, . . . , p}, gk is real-valued, so that condition (ii)(b) in Propo-

sition 2.19 holds as well. This guarantees that (2.76) is an instance of Problem 2.1 and we can

therefore invoke Corollary 2.20. We employ four methods to solve this problem: Framework 1,

Framework 2, and Framework 3 using the operators E defined in Examples 2.14 and 2.15. In

the case of Example 2.15 in Framework 3, the random variable 90 activates indices uniformly

in {1, . . . , 2p + 2}. Three experiments are conducted: the random variable 90 produces (a) 1 ac-

tivation with 1 core; (b) 8 activations with 8 cores, and (c) 32 activations with 32 cores. Given

γ ∈ ]0, +∞[, the operators (proxγgk
)1¶k¶p are computed via [6, Example 24.37]. The inverse

operators are explicitly computed in Example 2.17(i).

We also compare with:

• Algorithm (2.13), which can activate only one operator at each iteration.
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• Algorithm (2.15), where the random variable 90 activates (a) 1; (b) 8; and (c) 32 indices

in {1, . . . , p} with a uniform distribution at each iteration.

We display in Figure 2.6 the normalized error versus execution time for each instance. The

execution time is evaluated based on the assumption that the computation corresponding to

each selected index is assigned to a dedicated core and that all the cores are working in parallel.

2.2.5.5 Image reconstruction from phase

In contrast with the previous examples, we consider a data analysis framework, first proposed

in [18], which requires the monotone inclusion format of Problem 2.2 and is not reducible to

the minimization setting of Problem 2.1. The goal is to recover an image in a nonempty closed

convex subset C of H from p nonlinear observations (rk)1¶k¶p produced by Wiener models,

namely,

find x ∈ C such that (∀k ∈ {1, . . . , p}) rk = Fk (Lkx), (2.77)

where each operator Fk : Gk → Gk is firmly nonexpansive and each operator Lk : H → Gk is

linear and bounded. In many instances, the operators (Fk)1¶k¶p or (Lk)1¶k¶p may be imperfectly

known or the model may be corrupted by perturbations and, as a result, (2.77) may not have

solutions. A classical approach would be to relax it into a minimization problem such as the
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Figure 2.6 Experiment of Section 2.2.5.4. Normalized error 20 log10 (‖G1,n − G∞‖/‖G1,0 − G∞‖) (dB)
versus execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. (c): Block
size 32 with 32 cores. Green: Framework 1. Orange: Framework 2. Blue: Framework 3 with Exam-
ple 2.14. Magenta: Framework 3 with Example 2.15. Dashed violet: Algorithm (2.13). Dashed red:
Algorithm (2.15).

36



least-squares model

minimize
x∈C

p∑

k=1

‖Fk (Lkx) − rk‖2. (2.78)

However, because of the nonlinearity of the operators (Fk)1¶k¶p, the resulting optimization

problem is nonconvex and usually intractable. The strategy of [18] consists in relaxing (2.77)

into the variational inequality problem

find x ∈ C such that (∀y ∈ C)
p∑

k=1

αk〈Lk (y − x) | Fk (Lkx) − rk〉 ¾ 0, (2.79)

where the weights (αk)1¶k¶p are in ]0, +∞[. As shown there, (2.79) is an exact relaxation of

(2.77) in the sense that, if (2.77) happens to have solutions, they are the same as those of

(2.79). Let us introduce the operators

(∀k ∈ {1, . . . , p}) Bk = αk (Fk − rk), (2.80)

which are maximally monotone by [6, Example 20.30]. Then, in terms of the normal cone

operator of (2.7), (2.79) is equivalent to

find x ∈ H such that 0 ∈ NCx +
p∑

k=1

L∗k
(
Bk (Lkx)

)
. (2.81)

This inclusion problem is now in the format of Problem 2.2 with A = NC, which allows us to

apply the algorithms proposed in Sections 2.2.3.2–2.2.3.4 to solve it with guaranteed almost

sure convergence of the iterates to a solution.

The specific image recovery problem under consideration is similar to that of [18, Sec-

tion 5.1]. The goal is to recover the original image x ∈ H = RN (N = 2562) of Figure 2.7(a) from

the following prior knowledge and p = 62 observations:

(i) Bounds on pixel values: x ∈ C = [0, 255]N.

(ii) The degraded images (rk)1¶k¶20 in RN are obtained via a blurring process, addition of

noise, and finally clipping. In terms of the model (2.77), for every k ∈ {1, . . . , 20}, Gk =

RN, rk = Fk (Lkx + wk), where Lk performs convolution with a Gaussian kernel with a

standard deviation of 3, wk ∈ RN is a noise vector with i.i.d. entries uniformly distributed

in [−50,50], and

Fk : RN → RN : y ↦→ projC1
y, where C1 = [0, 60]N (2.82)

models a hard clipping process. This nonlinear measurement process models a low-quality

image acquired by a device which saturates at photon counts beyond a certain threshold.

As an example, the first degraded image r1 is shown in Figure 2.7(b).
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(iii) The degraded images (rk)21¶k¶40 in RN are obtained by a process similar to (ii). Here,

for every k ∈ {21, . . . , 40}, the blurring operator Lk performs a convolution in the vertical

direction with a uniform kernel of length 20, the entries of the noise vector wk ∈ RN are

i.i.d. and uniformly distributed in [−70,70], and pixel values beyond 90 are soft-clipped

by

Fk : RN → RN : (ηj)1¶j¶N ↦→
(
90 max{0, ηj}

90 + |ηj |

)

1¶j¶N

. (2.83)

As an example, the degraded image r21 is shown in Figure 2.7(c).

(iv) The degraded images (rk)41¶k¶60 in RN are obtained through an image formation process

similar to that of (iii). For every k ∈ {41, . . . , 60}, the blurring operator Lk now performs

a convolution in the horizontal direction with a uniform kernel of length 24, and the

entries of the noise vector wk ∈ RN are i.i.d. and uniformly distributed in [−90, 90]. For

every k ∈ {41, . . . , 60}, pixel values beyond 90 are soft-clipped by the same operator Fk as

in (2.83).

(v) The mean pixel value ρ = 137 of x is known. This information is imposed on a candidate

solution x ∈ RN via the equation 〈x | 1〉 = Nρ, where 1 = (1, . . . , 1) ∈ RN, which corre-

sponds to the model r61 = F61 (L61x), with G61 = R, L61 = 〈· | 1〉, r61 = Nρ, and F61 = Id.

(a) (b) (c)

(d) (e)

Figure 2.7 Experiment of Section 2.2.5.5: (a): Original image x. (b): Degraded image r1. (c): Degraded
image r21. (d): Degraded image r41. (e): Recovered image.
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(vi) The phase θ ∈ [−π, π]N of the two-dimensional discrete Fourier transform of a noise-

corrupted version of x, i.e., θ = ∠ DFT(x + w62), where w62 ∈ RN is uniformly distributed

in [−3, 3]. This information is enforced by forcing a candidate solution to lie in the closed

convex set C62 =
{
x ∈ RN | ∠ DFT(x) = θ

}
, i.e., by enforcing the constraint x = projC62

x.

This constraint corresponds to the model r62 = F62(L62x), with G62 = RN, L62 = Id, r62 = 0,

and F62 = Id − projC62
, that is [43],

F62 : RN → RN : x ↦→ x − IDFT
(��DFT x

��max
{
cos

(
∠ (DFT x) − θ

)
, 0

}
exp(yθ)

)
. (2.84)

Due to the presence of the measurement errors (wk)1¶k¶60 and w62, problem (2.77) is incon-

sistent and we approximate it by (2.80)–(2.81), where α1 = · · · = α62 = 1. To implement

the algorithms of Sections 2.2.3.2–2.2.3.4, we require the expressions of the resolvent of the

operators NC and (Bk)1¶k¶p. The former is just

JNC
= projC : (ξj)1¶j¶N ↦→

(
min{max{0, ξj}, 255}

)
1¶j¶N

. (2.85)

For the remaining cases, it follows from (2.80) that the operators (Bk)1¶k¶p are firmly nonex-

pansive. We therefore invoke Lemma 2.3 to compute their resolvents. Let γ ∈ ]0, +∞[ and note

that [6, Proposition 23.17(ii)] entails that

(∀k ∈ {1, . . . , p}) JγBk
= JγFk

(· + γrk). (2.86)

First, set k ∈ {1, . . . , 20}. Then Fk = projC1
= JNC1

. Hence, upon setting rk = (ρk,j)1¶j¶N, we

deduce from Lemma 2.3(ii) and (2.86) that

JγBk
: (ξj)1¶j¶N ↦→

(
ξj + γρk,j − γmin

{
max

{
0,
ξj + γρk,j

1 + γ
}
, 60

})

1¶j¶N

. (2.87)

On the other hand, for k ∈ {21, . . . , 60}, JγFk
: (ηj)1¶j¶N ↦→ (ζj)1¶j¶N, where

(∀j ∈ {1, . . . ,N}) ζj =




ηj − 90(1 + γ) +
√
|ηj − 90(1 + γ) |2 + 360ηj

2
, if ηj ¾ 0;

ηj, otherwise.

(2.88)

Thus, we derive from (2.86) the expressions for JγBk
. Next, we have JγB61 = (1 + γ)−1 (· + γNρ)

as a result of JγF61 = (1 + γ)−1Id and (2.86). Finally, we deduce from [6, Proposition 23.20] that

F62 = Id − projC62
= JN−1

C62
and J(1+γ)−1N−1

C62
◦ (1 + γ)−1Id =

Id − JNC62

1 + γ =
Id − projC62

1 + γ . (2.89)
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Hence, it follows from Lemma 2.3(ii) that JγB62 = JγF62 = (1 + γ)−1 (Id + γ projC62
), i.e.,

JγB62 : y ↦→ y

1 + γ + γ

1 + γ IDFT
(��DFT y

�� max
{
cos

(
∠
(
DFT y

)
− θ

)
, 0

}
exp(yθ)

)
. (2.90)

Finally, we implement the inversions of linear operators using the fast Fourier transform and

Example 2.17(ii).

We employ the three frameworks of Sections 2.2.3.2–2.2.3.4 to solve (2.81), where Propo-

sition 2.12 uses the operator E defined in Example 2.13. Two experiments are conducted: the

random variable 90 produces (a) 1 activation with 1 core; and (b) 8 activations with 8 cores.

We compare with algorithm (2.15), where the random variable 90 activates (a) 1; and (b) 8 in-

dices in {1, . . . , p} with a uniform distribution. The solution produced by Framework 3 is shown

in Figure 2.7(e). We display in Figure 2.8 the normalized error versus execution time on a

single-processor machine.

0 200 400 600
−100

−75

−50

−25

0

0 40 80 120 160
−100

−75

−50

−25

0

(a) (b)

Figure 2.8 Experiment of Section 2.2.5.5: Normalized error 20 log10 (‖G1,n−G∞‖/‖G1,0−G∞‖) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green: Framework 1.
Orange: Framework 2. Blue: Framework 3 with Example 2.13. Dashed red: Algorithm (2.15).

2.2.5.6 Discussion

The three proposed frameworks differ in terms of storage requirements, use of resolvent oper-

ators, and use of linear operators.

• Framework 1: It stores 2p + 3 vectors. In addition, for each of the p + 1 random activation

indices, there is one resolvent evaluation.

• Framework 2: It stores 4p + 5 vectors. Out of the p + 2 random activation indices, those

in {1, . . . , p + 1} involve the evaluation of a resolvent. In addition, the linear operators are

used only if index p + 2 is activated.

• Framework 3: It stores 2p+2r+2 vectors. Moreover, out of the p+ r+1 random activation

indices, those in {1, . . . , p + 1} involve the evaluation of a resolvent operator, while those

in {p + 2, . . . , p + r + 1} do not require a resolvent evaluation.
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Although Framework 1 is the most efficient in terms of storage, it may not always be

the fastest, especially when resolvents are computationally expensive. For instance, in Sec-

tion 2.2.5.5, where it is the case, Framework 3 is the fastest. Framework 2 has an advantage

when the linear operators are costly, which is the case in Section 2.2.5.3. Finally, we observe

that the existing algorithms (2.13) and (2.15) which, as discussed in Section 2.2.2.2, do not sat-

isfy conditions R2–R3, are consistently slower than the methods proposed in Sections 2.2.3.2–

2.2.3.4.
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Chapter 3

A GEOMETRIC FRAMEWORK FOR

STOCHASTIC ITERATIONS

3.1 Introduction and context

This chapter is dedicated to answering question (Q2) of Chapter 1. We propose a geometric

framework to construct stochastic quasi-Fejér monotone sequences in the sense of (1.4), and

we derive asymptotic results concerning the convergence of the generated sequences of random

variables.

This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, A geometric framework for stochastic itera-

tions, Mathematics of Computation, to appear.

3.2 Article: A geometric framework for stochastic iterations

Abstract. This paper concerns models and convergence principles for dealing with stochasticity

in a wide range of algorithms arising in nonlinear analysis and optimization in Hilbert spaces. It

proposes a flexible geometric framework within which existing solution methods can be recast

and improved, and new ones can be designed. Almost sure weak, strong, and linear conver-

gence results are established in particular for stochastic fixed point iterations, the stochastic

gradient descent method, and stochastic extrapolated parallel algorithms for feasibility prob-

lems. In these areas, the proposed algorithms exceed the features and convergence guarantees

of the state of the art. Numerical applications to signal and image recovery are provided.
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3.2.1 Introduction

The objective of this paper is to propose a general algorithmic framework and convergence

principles for dealing with stochasticity in a broad class of algorithms arising in optimization

and numerical nonlinear analysis. Throughout, H is a separable real Hilbert space and the

underlying probability space (Ω,F,P) is complete. We denote by Z ⊂ H the set of solutions to

the problem of interest and assume that it is nonempty and closed.

In the recent paper [18], we showed that a simple geometry underlies most deterministic

monotone operator splitting algorithms and that, by exploiting this geometry, the convergence

analysis of existing methods could be simplified and improved. It was also argued that this

geometric framework provides a flexible template to create new algorithms. The basic idea is

to construct the update at iteration n of a deterministic algorithm for finding a point in the

solution set Z as a relaxed projection xn+1 = xn +λn (projHn
xn −xn) onto a half-space Hn =

{
z ∈ H |

〈z | t∗n〉H ¶ ηn

}
containing Z as follows (see Fig. 3.1(a)).

Algorithm 3.1 Let x0 ∈ H and iterate

for n = 0, 1, . . .


take t∗n ∈ H and ηn ∈ R such that (∀z ∈ Z) 〈z | t∗n〉H ¶ ηn

αn =




〈xn | t∗n〉H − ηn

‖t∗n‖2
H

if 〈xn | t∗n〉H > ηn;

0, otherwise

dn = αnt
∗
n

take λn ∈ ]0,2[
xn+1 = xn − λndn.

(3.1)

Our approach consists in extending the above geometric construction to a general stochastic

environment by making the following changes at iteration n:

• The deterministic quantities t∗n and ηn are replaced by random ones.

• A stochastic tolerance is added in the construction of the outer approximation.

• The relaxation parameter λn is now random and no longer restricted to the interval ]0, 2[.
This leads to the following algorithmic scheme (see Section 3.2.2.1 for notation).
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Algorithm 3.2 Let G0 ∈ !2(Ω,F,P; H) and iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
take C∗n ∈ !2(Ω,F,P; H) and [n ∈ !1(Ω,F,P;R) such that




1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]
∈ !2(Ω,F,P;R);

Un =
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C∗n〉H − [n

)

‖C∗n ‖2
H
+ 1[C∗n=0]

;

(∀z ∈ Z) 〈z | E(UnC
∗
n |Xn)〉H ¶ E(Un[n |Xn) + Yn (·, z) P-a.s.

where Yn (·, z) ∈ [0, +∞[ P-a.s.

3n = UnC
∗
n

take _n ∈ !∞ (Ω,F,P; ]0, +∞[)
Gn+1 = Gn − _n3n .

(3.2)

Implicitly, Algorithm 3.2 constructs a random outer approximation (n to Z, namely

Z ⊂ (n =
{
z ∈ H | 〈z | E(UnC

∗
n |Xn)〉H ¶ E(Un[n |Xn) + Yn (·, z)

}
P-a.s. (3.3)

and the update Gn+1 is obtained by performing a relaxed projection of the current iterate Gn onto

the simpler set

�n =
{
z ∈ H | 〈z | C∗n〉H ¶ [n

}
, (3.4)

which is a random affine half-space. It should be noted that, while Z ⊂ (n, the more restrictive

inclusion Z ⊂ �n does not hold in general (see Fig. 3.1(b)). In terms of modeling, choosing C∗n
and [n such that Z ⊂ �n would restrict the scope of the processes we intend to model, whereas

the more general inclusion Z ⊂ (n offers more flexibility. Let us observe that, if Yn = 0, (n is

also a random half-space. However, as the following example shows, projecting onto it is not

judicious.

Example 3.3 For every k ∈ {1, . . . , p}, let Ck be a closed convex subset of H. Suppose that

Z =
⋂p

k=1 Ck ≠ ∅ and implement Algorithm 3.2 with _n = 1, Yn = 0, C∗n = Gn − projC:
Gn, and

[n = 〈projC:
Gn | C∗n〉H, where the random variable : is uniformly distributed in {1, . . . , p}. Then

E(C∗n |Xn) = Gn − p−1 ∑p

k=1 projCk
Gn and therefore

Z ⊂
{
z ∈ H

����
p∑

k=1

〈
z − projCk

Gn
��Gn − projCk

Gn
〉
H
¶ 0

}

=
{
z ∈ H

�� 〈z
��E(C∗n |Xn)

〉
H
¶ E

(
[n

��Xn

)}

= (n P-a.s. (3.5)
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Thus, Algorithm 3.2 yields the random iteration process Gn+1 = projC:
Gn in which a single,

randomly selected set is projected onto at iteration n. By contrast, projecting onto (n would

yield the barycentric projection method Gn+1 = p−1 ∑p

k=1 projCk
Gn, which is deterministic and

imposes the computation of all p projections at each iteration.

Another new feature of Algorithm 3.2 is that the relaxation parameters (_n)n∈N are random.

In addition, they need not be confined to the range ]0, 2[ imposed in deterministic algorithms

[5,11,14,18,25]. We call such relaxations super relaxations.

Hn

•Z
xn

•
xn+1

(n�n

•Z
Gn

•Gn+1

Figure 3.1 Geometry of algorithms for finding a point in Z with λn = 1. (a) Left: Iteration n of the
deterministic Algorithm 3.1. (b) Right: Iteration n of the stochastic Algorithm 3.2 with Yn = 0.

The deterministic setting of Algorithm 3.1 is known to capture a vast array of iterative

methods in nonlinear analysis and optimization [18]. Our premise is that Algorithm 3.2 can

serve the same purpose for their stochastic counterparts. Weak, strong, and linear convergence

results will be established for Algorithm 3.2. In turn, these results will be applied to fixed point

and feasibility problems, where they will be shown to provide new stochastic algorithms that

go beyond the state of the art not only in terms of convergence guarantees but also of flexibility

of implementation and scope.

The remainder of the paper is organized as follows. Notation and preliminary results are

introduced in Section 3.2.2. The main theorems are presented in Section 3.2.3, where the

asymptotic properties of Algorithm 3.2 are established. Section 3.2.4 is devoted to an applica-

tion of the proposed theory to a randomly relaxed Krasnosel’skĭı–Mann iteration process and

includes new results on the convergence of the stochastic gradient method. Section 3.2.5 con-

cerns an application to randomly activated and relaxed extrapolated fixed point methods for

common fixed point problems in the presence of possibly uncountably many operators. These

results significantly improve existing ones. Section 3.2.6 concludes the paper with applications

to signal and image recovery. Applications of the results of Section 3.2.3 to the design and the

analysis of stochastic splitting algorithms for monotone inclusion problems are addressed in the

companion paper [19].

48



3.2.2 Notation and background

3.2.2.1 Notation

We use sans-serif letters to denote deterministic variables and italicized serif letters to denote

random variables.

The Hilbert space H has identity operator Id, scalar product 〈· | ·〉H, and associated norm ‖·‖H.

The symbols ⇀ and → denote weak and strong convergence in H, respectively. The sets of strong

and weak sequential cluster points of a sequence (xn)n∈N in H are denoted by S(xn)n∈N and

W (xn)n∈N, respectively. The distance function of a set C ⊂ H is denoted by dC : x ↦→ infy∈C ‖y−x‖H
and the projection onto a nonempty closed convex set C ⊂ H is denoted by projC. The fixed

point set of an operator T : H → H is Fix T =
{
x ∈ H | Tx = x

}
. The following notion will play an

important role in Sections 3.2.4 and 3.2.5; see [2, Proposition 2.4] for examples of demiregular

operators.

Definition 3.4 [2] T : H → H is demiregular at x ∈ H if, for every sequence (xn)n∈N in H such

that xn ⇀ x and Txn → Tx, we have xn → x.

Let (Ξ,G) be a measurable space. A Ξ-valued random variable is a measurable mapping

G : (Ω,F,P) → (Ξ,G). Given G : Ω → Ξ and S ∈ G, we set [G ∈ S] =
{
ω ∈ Ω | G (ω) ∈ S

}
. Let

G and ~ be random variables from (Ω,F,P) to (Ξ,G). Then ~ is a copy of G if, for every S ∈ G,

P([G ∈ S]) = P([~ ∈ S]). The Borel σ-algebra of H is denoted by BH. An H-valued random

variable is a measurable mapping G : (Ω,F) → (H,BH). Let p ∈ [1, +∞[ and let X be a sub

σ-algebra of F. Then !p (Ω,X,P; H) denotes the space of equivalence classes of P-a.s. equal

H-valued random variables G : (Ω,X,P) → (H,BH) such that E‖G ‖p

H
< +∞. Endowed with the

norm

‖ · ‖!p (Ω,X,P;H) : G ↦→ E1/p‖G ‖p

H
=

(
∫

Ω

‖G (ω)‖p

H
P(3ω)

)1/p
, (3.6)

!p (Ω,X,P; H) is a real Banach space and !2(Ω,X,P; H) is a real Hilbert space with scalar product

〈· | ·〉!2 (Ω,X,P;H) : (G,~) ↦→ E〈G |~〉H =

∫

Ω

〈
G (ω)

��~(ω)
〉
H
P(3ω). (3.7)

Further,

(∀S ∈ BH) !p (Ω,X,P; S) =
{
G ∈ !p (Ω,X,P; H)

�� G ∈ S P-a.s.
}
. (3.8)

The σ-algebra generated by a family Φ of random variables is denoted by σ(Φ). Let F = (Fn)n∈N
be a sequence of sub σ-algebras of F such that (∀n ∈ N) Fn ⊂ Fn+1. Then ℓ+ (F) is the set

of sequences of [0, +∞[-valued random variables (bn)n∈N such that, for every n ∈ N, bn is Fn-

measurable. We set

(∀p ∈ ]0, +∞[) ℓ
p
+ (F) =

{
(bn)n∈N ∈ ℓ+(F)

����
∑

n∈N
b
p
n < +∞ P-a.s.

}
. (3.9)
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We say that i : Ω × H → R is a Carathéodory integrand if




for P-almost every ω ∈ Ω, i (ω, ·) is continuous;

for every x ∈ H, i (·, x) is F-measurable.
(3.10)

We denote by ℭ(Ω,F,P; H) the class of Carathéodory integrands i : Ω × H → [0, +∞[.
The reader is referred to [5] for background on convex analysis and fixed point theory, and

to [31,36] for background on probability in Hilbert spaces.

3.2.2.2 Preliminary results

Definition 3.5 Let X be a sub σ-algebra of F, C ∈ BH, and G be an H-valued random variable.

Then G is a C-valued X-simple mapping if there exist a finite family of disjoint sets (Fi)1¶i¶N in

X and a family of vectors (zi)1¶i¶N in C such that

N⋃

i=1

Fi = Ω and G =

N∑

i=1

1Fi
zi P-a.s. (3.11)

Remark 3.6 Let p ∈ [1, +∞[. Then every C-valued X-simple mapping is in !p (Ω,X,P; C).

The following proposition is an adaptation of [31, Corollary 1.1.7].

Proposition 3.7 Let C be a nonempty closed subset of H, X be a sub σ-algebra of F, p ∈ [1, +∞[,
and G ∈ !p (Ω,X,P; C). Then there exists a sequence (Gn)n∈N of C-valued X-simple mappings that

converges strongly P-a.s. to G with supn∈N ‖Gn‖p

H
¶ ‖G ‖p

H
+ 1 P-a.s.

Proof. Let z ∈ C be such that ‖z‖p

H
¶ infy∈C ‖y‖p

H
+ 1 and let {zn}n∈N be a countable dense subset

of C with z0 = z. For every n ∈ N and every y ∈ C, define In,y =
{
i ∈ {0, . . . , n} | ‖zi‖p

H
¶ ‖y‖p

H
+ 1

}

and let in,y be the smallest integer i ∈ In,y such that ‖y− zi‖H = minj∈In,y ‖y− zj‖H. Define, for every

n ∈ N, Tn : C → C : y ↦→ zin,y . It follows from the density of {zn}n∈N in C that, for every y ∈ C,

Tny → y and

(∀n ∈ N) ‖Tny‖p

H
¶ ‖y‖p

H
+ 1. (3.12)

Set, for every n ∈ N, Gn = TnG . Then (Gn)n∈N converges strongly P-a.s. to G and

(∀n ∈ N) ‖Gn‖p

H
¶ ‖G ‖p

H
+ 1 P-a.s. (3.13)

It remains to show that (Gn)n∈N is a sequence of C-valued X-simple mappings. Fix n ∈ N. Then

[Gn = z0] =
{
ω ∈ Ω

��� ‖G (ω) − z0‖H = min
j∈In,G (ω)

‖G (ω) − zj‖H
}

(3.14)
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and, for every i ∈ {1, . . . , n},

[Gn = zi] =
{
ω ∈ Ω

��� i ∈ In,G (ω) and ‖G (ω) − zi‖H = min
j∈In,G (ω)

‖G (ω) − zj‖H < min
j∈Ii−1,G (ω)

‖G (ω) − zj‖H
}
.

(3.15)

By construction, (3.14) and (3.15) define sets in X. Further,

n⋃

i=0

[Gn = zi] = Ω and Gn =

n∑

i=0

1[Gn=zi]zi, (3.16)

which confirms that Gn is a C-valued X-simple mapping.

Lemma 3.8 Let F = (Fn)n∈N be a sequence of sub σ-algebras of F such that (∀n ∈ N) Fn ⊂ Fn+1.

Let (Un)n∈N ∈ ℓ+(F), (\n)n∈N ∈ ℓ+(F), and ([n)n∈N ∈ ℓ+ (F). Then the following hold:

(i) Suppose that ([n)n∈N ∈ ℓ1
+ (F) and there exists a sequence (jn)n∈N ∈ ℓ1

+ (F) satisfying

(∀n ∈ N) E(Un+1 | Fn) + \n ¶ (1 + jn)Un + [n P-a.s. (3.17)

Then (\n)n∈N ∈ ℓ1
+ (F) and (Un)n∈N converges P-a.s. to a [0, +∞[-valued random variable.

(ii) Suppose that EU0 < +∞,
∑

n∈N E[n < +∞, and there exists a sequence (χn)n∈N in [0, +∞[
satisfying lim χn < 1 and

(∀n ∈ N) E(Un+1 | Fn) + \n ¶ χnUn + [n P-a.s. (3.18)

Then
∑

n∈N E\n < +∞ and
∑

n∈N EUn < +∞.

Proof. (i): This follows from [51, Theorem 1].

(ii): This follows from [22, Lemma 2.1(ii)].

Corollary 3.9 Let (αn)n∈N, (θn)n∈N, (ηn)n∈N, and (χn)n∈N be sequences in [0, +∞[. Then the follow-

ing hold:

(i) Suppose that
∑

n∈N ηn < +∞,
∑

n∈N χn < +∞, and

(∀n ∈ N) αn+1 + θn ¶ (1 + χn)αn + ηn. (3.19)

Then
∑

n∈N θn < +∞ and (αn)n∈N converges to a positive real number.

(ii) Suppose that
∑

n∈N ηn < +∞, lim χn < 1, and

(∀n ∈ N) αn+1 + θn ¶ χnαn + ηn P-a.s. (3.20)

Then
∑

n∈N θn < +∞ and
∑

n∈N αn < +∞.

Proof. An application of Lemma 3.8 with (∀n ∈ N) Fn = {∅, Ω}.
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Lemma 3.10 Let b ∈ !1(Ω,F,P;R), let Φ be a family of random variables, set X = σ(Φ), and let

[ ∈ !1(Ω,F,P;R) be independent of σ({b} ∪ Φ). Then E([b |X) = E[E(b |X).

Proof. Note that X ⊂ σ({b} ∪ Φ) and that b is σ({b} ∪ Φ)-measurable. Hence, it follows from

[54, Properties H∗, K∗, and J∗ in Section 2.7.4] that

E([b |X) = E
(
E
(
[b

�� σ({b} ∪ Φ)
) ���X

)
= E

(
bE

(
[
��σ({b} ∪ Φ)

) ���X
)
= E

(
bE[

��X
)
= E[E(b |X), (3.21)

which proves the identity.

Lemma 3.11 Let x = (G1, . . . , GN) be an HN-valued random variable, let (K,K) be a measurable

space, and suppose that the random variable : : (Ω,F,P) → (K,K) is independent of σ(x). Let

f : (K×H,K⊗BH) → R be measurable and such that E|f (:, G1) | < +∞, and define g : H → R : x ↦→
Ef (:, x). Then, for P-almost every ω′ ∈ Ω,

E
(
f (:, G1)

��σ(x)
)
(ω′) =
∫

Ω

f
(
: (ω), G1 (ω′)

)
P(3ω) = g

(
G1 (ω′)

)
. (3.22)

Proof. Define f : K × HN → R : (k, x) ↦→ f (k, x1). Then f is an R-valued measurable function. Let

S ∈ σ(x). Then there exists A ∈
⊗

1¶i¶N BH such that S = [x ∈ A]. Thus, it follows from the

image measure theorem [54, Theorem 2.6.7], the independence of : and σ(x), and Fubini’s

theorem [54, Theorem 2.6.8] that

∫

S

f
(
: (ω), G1 (ω)

)
P(3ω) =
∫

Ω

f
(
: (ω), x (ω)

)
1A

(
x (ω)

)
P(3ω)

=

∫

K×HN

f (k, x)1A(x)
(
P ◦ (:, x)−1) (3k, 3x)

=

∫

K×HN

f (k, x)1A(x)
(
(P ◦ :−1) ⊗ (P ◦ x−1)

)
(3k, 3x)

=

∫

HN

1A (x)
(
∫

K

f (k, x) (P ◦ :−1) (3k)
)
(P ◦ x−1) (3x)

=

∫

HN

1A (x)
(
∫

K

f (k, x1) (P ◦ :−1) (3k)
)
(P ◦ x−1) (3x)

=

∫

HN

1A (x)g(x1) (P ◦ x−1) (3x)

=

∫

Ω

1A

(
x (ω)

)
g
(
G1(ω)

)
P(3ω)

=

∫

S

g
(
G1 (ω)

)
P(3ω). (3.23)

Therefore g(G1) = E(f (:, G1) | σ(x)) P-a.s.

Lemma 3.12 Let p ∈ ]1,+∞[, let (bn)n∈N be a sequence in !p (Ω,F,P;R) such that supn∈N E|bn |p <

+∞, and let b : Ω → R be measurable. Suppose that bn → b P-a.s. Then E|b | < +∞, bn → b in

!1(Ω,F,P;R), and Ebn → Eb.
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Proof. Set q = (p − 1)/p. It follows from the Hölder and Markov inequalities that

0 ¶ lim
β→+∞

sup
n∈N

∫

[|bn |¾β]
|bn |3P

¶ lim
β→+∞

sup
n∈N

(
E1/p |bn |pE1/q1q

[|bn |¾β]

)

¶ sup
n∈N

E1/p |bn |p lim
β→+∞

sup
n∈N

(
P
(
[|bn | ¾ β]

) )1/q

¶ sup
n∈N

E1/p |bn |p lim
β→+∞

sup
n∈N

E1/q |bn |p

βp/q

= 0, (3.24)

which shows that (bn)n∈N is uniformly integrable. We can therefore invoke [54, Theo-

rem 2.6.4(b)], which asserts that b ∈ !1(Ω,F,P;R), Ebn → Eb, and bn → b in !1(Ω,F,P;R).

Lemma 3.13 [31, Proposition 2.6.31] Let G ∈ !2(Ω,F,P; H), let X be a sub σ-algebra of F, and

let ~ ∈ !2(Ω,X,P; H). Then E
(
〈G |~〉H

��X
)
=

〈
E(G |X)

��~
〉
H

.

Lemma 3.14 Let C be a nonempty closed subset of H and let (Gn)n∈N be a sequence of H-valued

random variables. Define

X = (Xn)n∈N, where (∀n ∈ N) Xn = σ(G0, . . . , Gn). (3.25)

Let p ∈ [1, +∞[ and suppose that, for every z ∈ C, there exist (`n (z))n∈N ∈ ℓ1
+ (X), (\n (z))n∈N ∈ ℓ+(X),

and (an(z))n∈N ∈ ℓ1
+ (X) such that

(∀n ∈ N) E
(
‖Gn+1 − z‖p

H

��Xn

)
+ \n (z) ¶

(
1 + `n (z)

)
‖Gn − z‖p

H
+ an (z) P-a.s. (3.26)

Then the following hold:

(i) Let z ∈ C. Then
∑

n∈N \n (z) < +∞ P-a.s.

(ii) (‖Gn‖H)n∈N is bounded P-a.s.

(iii) W (Gn)n∈N ≠ ∅ P-a.s.

(iv) There exists Ω′ ∈ F such that P(Ω′) = 1 and, for every ω ∈ Ω′ and every z ∈ C, (‖Gn (ω) −
z‖H)n∈N converges.

(v) Suppose that W (Gn)n∈N ⊂ C P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a C-valued ran-

dom variable.

(vi) Suppose that S(Gn)n∈N ∩ C ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a C-valued

random variable.

(vii) Suppose that S(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ C P-a.s. Then (Gn)n∈N converges

strongly P-a.s. to an C-valued random variable.
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(viii) Suppose that z ∈ C and (χn)n∈N in [0, +∞[ satisfy

(∀n ∈ N) E
(
‖Gn+1 − z‖p

H

��Xn

)
¶ χn‖Gn − z‖p

H
P-a.s. and lim χn < 1. (3.27)

Then the following hold:

(a) Let n ∈ N. Then E(‖Gn+1 − z‖p

H
|X0) ¶ (∏n

j=0 χj)‖G0 − z‖p

H
P-a.s.

(b) Suppose that G0 ∈ !p (Ω,F,P; H). Then (Gn)n∈N converges strongly in !p(Ω,F,P; H) and

P-a.s. to z.

Proof. (i)-(vii): Apply [20, Proposition 2.3] with q = | · |p. The measurability of the weak limit

in (v) relies on [20, Proposition 2.3(iv)] which invokes [47, Corollary 1.13]. The applicability

of the latter follows from the separability of H and the completeness of (Ω,F,P); see [31,

Sections 1.1a–b] for details.

(viii): Apply [22, Lemma 2.2] with q = | · |p.

3.2.3 Main results

3.2.3.1 An abstract stochastic algorithm

The analysis of the asymptotic behavior of the following algorithm will serve as the backbone

of subsequent convergence results. We recall from Section 3.2.1 that Z is the solution set of the

problem under consideration and that it is assumed to be nonempty and closed.

Algorithm 3.15 Let G0 ∈ !2(Ω,F,P; H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
take _n ∈ !∞ (Ω,F,P; ]0, +∞[), 3n ∈ !2(Ω,F,P; H), and Xn ∈ ℭ(Ω,F,P; H) such that




E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
¾ 0 P-a.s.;

(∀z ∈ Z) E
(
_n〈z + 3n − Gn |3n〉H

��Xn

)
¶ Xn (·, z)/2 P-a.s.

Gn+1 = Gn − _n3n .
(3.28)

Let us outline the weak and strong convergence properties of Algorithm 3.15.

Theorem 3.16 Let (Gn)n∈N be the sequence generated by Algorithm 3.15. Then the following hold:

(i) (Gn)n∈N is a well-defined sequence in !2(Ω,F,P; H).

(ii) Let n ∈ N and z ∈ Z. Then

E
(
‖Gn+1 − z‖2

H

��Xn

)
¶ ‖Gn − z‖2

H − E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, z) P-a.s.
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(iii) Let n ∈ N and I ∈ !2(Ω,Xn,P; Z). Then

E
(
‖Gn+1 − I‖2

H

��Xn

)
¶ ‖Gn − I‖2

H − E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, I) P-a.s.

(iv) Let n ∈ N and I ∈ !2(Ω,Xn,P; Z). Then

‖Gn+1 − I‖2
!2 (Ω,F,P;H) ¶ ‖Gn − I‖2

!2 (Ω,F,P;H) − E
(
_n (2 − _n)‖3n‖2

H

)
+ EXn (·, I).

(v) Suppose that, for every z ∈ Z,
∑

n∈N Xn (·, z) < +∞ P-a.s. Then the following hold:

(a) (‖Gn‖H)n∈N is bounded P-a.s.

(b) Let I be a Z-valued random variable. Then (‖Gn − I‖H)n∈N converges P-a.s.

(c)
∑

n∈N E(_n (2 − _n)‖3n‖2
H
|Xn) < +∞ P-a.s.

(d) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a Z-valued

random variable.

(e) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a Z-

valued random variable.

(f) Suppose thatS(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges

strongly P-a.s. to a Z-valued random variable.

(vi) Suppose that, for every z ∈ Z,
∑

n∈N EXn (·, z) < +∞. Then the following hold:

(a) (‖Gn‖!2 (Ω,F,P;H))n∈N is bounded.

(b) Let I ∈ !2(Ω,F,P; Z). Then (‖Gn − I‖!1 (Ω,F,P;H))n∈N converges.

(c)
∑

n∈N E(_n (2 − _n) ‖3n‖2
H
) < +∞.

(d) Suppose that (Gn)n∈N converges weakly P-a.s. to an H-valued random variable G . Then

G ∈ !2(Ω,F,P; H) and (Gn)n∈N converges weakly in !2(Ω,F,P; H) to G .

(e) Let G be a Z-valued random variable. Then (Gn)n∈N converges strongly P-a.s. to G if and

only if (Gn)n∈N converges strongly in !1(Ω,F,P; H) to G . In this case, G ∈ !2(Ω,F,P; Z)
and (Gn)n∈N converges weakly in !2(Ω,F,P; H) to G .

Proof. (i): By assumption, G0 ∈ !2(Ω,F,P; H). Now suppose that Gn ∈ !2(Ω,F,P; H). Then, since

3n ∈ !2(Ω,F,P; H) and _n ∈ !∞ (Ω,F,P; ]0, +∞[), Gn+1 = Gn−_n3n ∈ !2(Ω,F,P; H). This establishes

the claim by induction.

(ii): We derive from (3.28) that

E
(
‖Gn+1 − z‖2

H

��Xn

)

= E
(
‖Gn − z‖2

H − 2_n〈Gn − z |3n〉H + _2
n ‖3n‖2

H

��Xn

)

= ‖Gn − z‖2
H − E

(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ 2E

(
_n〈z + 3n − Gn |3n〉H

��Xn

)

¶ ‖Gn − z‖2
H − E

(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, z) P-a.s. (3.29)
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(iii): First, let B be a Z-valued Xn-simple mapping. Then there exists a finite family of disjoint

sets (Fi)i∈I in Xn such that
⋃

i∈I Fi = Ω, and a family (zi)i∈I in Z such that B =
∑

i∈I 1Fi
zi. Then, by

(ii),

E
(
‖Gn+1 − B ‖2

H

��Xn

)
= E

(




∑

i∈I
1Fi

(Gn+1 − zi)






2

H

����Xn

)

= E

(∑

i∈I
‖Gn+1 − zi‖2

H1Fi

����Xn

)

=
∑

i∈I
E
(
‖Gn+1 − zi‖2

H

��Xn

)
1Fi

¶
∑

i∈I
‖Gn − zi‖2

H1Fi
+

∑

i∈I

(
−E

(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn (·, zi)

)
1Fi

=






∑

i∈I
1Fi

(Gn − zi)






2

H

− E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
+

∑

i∈I
Xn(·, zi)1Fi

= ‖Gn − B ‖2
H − E

(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, B) P-a.s. (3.30)

Next, Proposition 3.7 guarantees the existence of a sequence of Z-valued Xn-simple mappings

(Bj)j∈N such that Bj → I P-a.s. and supj∈N ‖Bj‖2
H
¶ ‖I‖2

H
+1 P-a.s. Thus, we derive from (3.30) that

(∀j ∈ N) E
(
‖Gn+1 − Bj‖2

H

��Xn

)
¶ ‖Gn − Bj‖2

H − E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, Bj) P-a.s. (3.31)

Additionally,

(∀j ∈ N) ‖Gn+1 − Bj‖2
H ¶ 2‖Gn+1‖2

H + 2‖Bj‖2
H ¶ 2‖Gn+1‖2

H + 2‖I‖2
H + 2 P-a.s. (3.32)

Note that the right-hand term in (3.32) is integrable and that ‖Gn+1 − Bj‖2
H
→ ‖Gn+1 − I‖2

H
P-a.s.

as j → +∞. Therefore, by the conditional dominated convergence theorem [54, Theo-

rem 2.7.2(a)],

E(‖Gn+1 − Bj‖2
H |Xn) → E(‖Gn+1 − I‖2

H |Xn) P-a.s. as j → +∞. (3.33)

On the other hand, the continuity of Xn with respect to the H-variable implies that Xn(·, Bj) →
Xn(·, I) P-a.s. as j → +∞. Altogether, taking the limit as j → +∞ in (3.31) yields

E
(
‖Gn+1 − I‖2

H

��Xn

)
¶ ‖Gn − I‖2

H − E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
+ Xn(·, I) P-a.s. (3.34)

(iv): Take the expected value in (iii).

(v)(a): This follows from (ii) and Lemma 3.14(ii).

(v)(b): Let Ω′′ ∈ F be such that P(Ω′′) = 1 and, for every ω ∈ Ω′′, I (ω) ∈ Z. Further, let
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Ω′ ∈ F be given as in Lemma 3.14(iv), which holds as a consequence of (ii). Then

(
∀ω ∈ Ω′ ∩ Ω′′) (

‖Gn (ω) − I (ω)‖H
)
n∈N converges, (3.35)

which confirms that (‖Gn − I‖H)n∈N converges P-a.s. since P(Ω′ ∩ Ω′′) = 1.

(v)(c): Let z ∈ Z. In view of (ii) and Lemma 3.14(i),

∑

n∈N
E
(
_n(2 − _n)‖3n‖2

H

��Xn

)
< +∞ P-a.s. (3.36)

(v)(d)–(v)(f): These follow from (ii) and Lemma 3.14(v)–(vii).

(vi)(a): Note that {∅, Ω} ⊂ ⋂
n∈N Xn. It follows from (iv) and the assumption that, for every

z ∈ Z,
∑

n∈N EXn(·, z) < +∞, that (Gn)n∈N is quasi-Fejér of Type III in !2(Ω,F,P; H) relative to

!2(Ω, {∅, Ω},P; Z) [16, Definition 1.1]. Hence, [16, Proposition 3.3(i)] implies that (Gn)n∈N is

bounded in !2(Ω,F,P; H).
(vi)(b): It follows from (vi)(a) that supn∈N E‖Gn − I‖2

H
< +∞ and from (v)(b) that

(‖Gn − I‖H)n∈N converges P-a.s. We then invoke Lemma 3.12 to deduce that E‖Gn − I‖H →
E
(
lim ‖Gn − I‖H

)
< +∞.

(vi)(c): Let z ∈ Z. Then, in view of (iv) and Corollary 3.9(i),

∑

n∈N
E
(
_n (2 − _n)‖3n‖2

H

)
< +∞. (3.37)

(vi)(d): In view of (vi)(a), (Gn)n∈N possesses a weak sequential cluster point F ∈
!2(Ω,F,P; H), i.e., there exists a strictly increasing sequence (kn)n∈N in N such that Gkn

⇀ F

in !2 (Ω,F,P; H). However, since H is separable, it contains a countable dense set {yj}j∈N. Let

us fix temporarily j ∈ N and identify yj with a constant random variable in !2(Ω,F,P; H). Then

E〈Gkn
−F | yj〉H → 0 and we can therefore extract a further subsequence (Glkn )n∈N such that

〈Glkn −F | yj〉H → 0 P-a.s. On the other hand, the assumption yields 〈Glkn − G | yj〉H → 0 P-a.s.

We deduce from the P-almost sure uniqueness of the limit that there exists Ωj ∈ F such that

P(Ωj) = 1 and

(∀ω ∈ Ωj) 〈G (ω) | yj〉H = 〈F (ω) | yj〉H. (3.38)

Let us set Ω′′ =
⋂

j∈N Ωj and note that P(Ω′′) = 1. Then (3.38) yields

(∀j ∈ N) (∀ω ∈ Ω′′) 〈G (ω) −F (ω) | yj〉H = 0. (3.39)

By density, for every ω ∈ Ω′′, there exists a strictly increasing sequence (ij)j∈N such that yij →
G (ω) −F (ω) and it results from (3.39) that

‖G (ω) −F (ω)‖2
H = 〈G (ω) −F (ω) | G (ω) −F (ω)〉H = 0, (3.40)
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which shows that G (ω) = F (ω). Thus, G = F P-a.s. and it follows from [5, Lemma 2.46] that

Gn ⇀ G in !2(Ω,F,P; H).
(vi)(e): Suppose that Gn → G P-a.s. Then it follows from (vi)(a) and Lemma 3.12 that

G ∈ !1(Ω,F,P; Z) and Gn → G in !1(Ω,F,P; H). Conversely, suppose that G ∈ !1(Ω,F,P; Z)
and Gn → G in !1 (Ω,F,P; H), i.e., E‖Gn − G ‖H → 0. Then there exists a strictly increasing

sequence (kn)n∈N in N such that ‖Gkn
−G ‖H → 0 P-a.s. On the other hand, (v)(b) guarantees that

(‖Gn −G ‖H)n∈N converges P-a.s. Since the P-almost sure limit of any subsequence coincides with

the P-almost sure limit of the sequence, we conclude that ‖Gn − G ‖H → 0 P-a.s. Additionally,

as P-almost sure strong convergence implies P-almost sure weak convergence, we deduce from

(vi)(d) that G ∈ !2 (Ω,F,P; H) and Gn ⇀ G in !2 (Ω,F,P; H).
We now assume that the tolerance variables (Xn)n∈N are constant with respect to the H-

variable and depend only on the Ω-variable.

Theorem 3.17 Let (Gn)n∈N be the sequence generated by Algorithm 3.15. For every n ∈ N, assume

that Xn is constant with respect to the H-variable and set, for every ω ∈ Ω, on (ω) = Xn(ω, 0). Then

the following hold:

(i) Let n ∈ N. Then E(d2
Z
(Gn+1) |Xn) ¶ d2

Z
(Gn) + on P-a.s.

(ii) Let n ∈ N. Then Ed2
Z
(Gn+1) ¶ Ed2

Z
(Gn) + Eon.

(iii) Suppose that
∑

n∈N on < +∞ P-a.s. Then (dZ(Gn))n∈N converges P-a.s.

(iv) Suppose that
∑

n∈N Eon < +∞. Then the following hold:

(a) (Ed2
Z
(Gn))n∈N converges.

(b) Suppose that Z is convex and that lim Ed2
Z
(Gn) = 0. Then (Gn)n∈N converges strongly in

!2(Ω,F,P; H) and P-a.s. to a Z-valued random variable.

(c) Suppose that Z is convex and that there exists χ ∈ ]0,1[ such that

(∀n ∈ N) E
(
d2
Z (Gn+1)

��Xn

)
¶ χd2

Z(Gn) + on P-a.s. (3.41)

Then the following are satisfied:

[A] Let n ∈ N. Then Ed2
Z
(Gn+1) ¶ χn+1Ed2

Z
(G0) +

∑n
j=0 χ

n−jEoj.

[B] There exists G ∈ !2 (Ω,F,P; Z) such that (Gn)n∈N converges strongly in !2 (Ω,F,P; H)
and P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2
H ¶ 4χnEd2

Z (G0) + 4
n−1∑

j=0

χn−j−1Eoj + 2
∑

j¾n

Eoj. (3.42)

Proof. (i): Let z ∈ Z. Then Theorem 3.16(ii) yields E(‖Gn+1 − z‖2
H
|Xn) ¶ ‖Gn − z‖2

H
+ on P-a.s. On

the other hand, dZ (Gn+1) ¶ ‖Gn+1 − z‖H P-a.s. Thus,

E
(
d2
Z (Gn+1)

��Xn

)
¶ E

(
‖Gn+1 − z‖2

H

��Xn

)
¶ ‖Gn − z‖2

H + on P-a.s. (3.43)
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Taking the infimum over z ∈ Z yields the claim.

(ii): Take the expected value in (i).

(iii): This follows from (i) and Lemma 3.8(i).

(iv)(a): This follows from (ii) and Corollary 3.9(i).

(iv)(b): Let n ∈ N, m ∈ N r {0}, and I ∈ !2(Ω,Xn,P; Z). Then I ∈ ⋂
1¶j¶m !

2(Ω,Xn+j,P; H)
and we derive inductively from (3.28) and Theorem 3.16(iii) that

E
(
‖Gn − Gn+m ‖2

H

��Xn

)
¶ 2E

(
‖Gn − I‖2

H + ‖Gn+m − I‖2
H

���Xn

)

¶ 2‖Gn − I‖2
H + 2E

(
E
(
‖Gn+m − I‖2

H

��Xn+m−1
) ���Xn

)

¶ 4‖Gn − I‖2
H + 2

n+m−1∑

j=n

oj P-a.s. (3.44)

Now assume that I = projZ Gn and recall that projZ is nonexpansive [5, Proposition 4.16] while

Gn is (Xn,BH)-measurable. Consequently, I is (Xn,BH)-measurable. Given ~ ∈ !2(Ω,Xn,P; Z),

1
2
E‖I‖2

H =
1
2
E‖I − ~ + ~‖2

H ¶ E‖projZ Gn − projZ~‖2
H + E‖~‖2

H

¶ ‖Gn − ~‖2
!2 (Ω,Xn,P;Z) + ‖~‖2

!2 (Ω,Xn,P;Z), (3.45)

which shows that I ∈ !2(Ω,Xn,P; Z). Further, (3.44) yields

E
(
‖Gn − Gn+m ‖2

H

��Xn

)
¶ 4d2

Z(Gn) + 2
n+m−1∑

j=n

oj P-a.s. (3.46)

Therefore, upon taking expectations, we get

E‖Gn − Gn+m‖2
H ¶ 4Ed2

Z(Gn) + 2
n+m−1∑

j=n

Eoj . (3.47)

The assumption lim Ed2
Z
(Gn) = 0 and (iv)(a) yield lim Ed2

Z
(Gn) = 0. In addition,

(∀m ∈ N r {0}) 0 ¶
n+m−1∑

j=n

Eoj ¶
∑

j¾n

Eoj → 0 as n → +∞. (3.48)

We thus infer from (3.47) that (Gn)n∈N is a Cauchy sequence in !2(Ω,F,P; H), which implies that

there exists G ∈ !2(Ω,F,P; H) such that Gn → G in !2(Ω,F,P; H). Further, since d2
Z

: H → [0, +∞[
is continuous, d2

Z
(Gn) → d2

Z
(G) P-a.s. In addition, it follows from Fatou’s lemma that

0 ¶ Ed2
Z (G) ¶ lim Ed2

Z (Gn) = 0. (3.49)

Hence Ed2
Z
(G) = 0, d2

Z
(G) = 0 P-a.s., and G ∈ Z P-a.s. Finally, Theorem 3.16(vi)(e) yields
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Gn → G P-a.s.

(iv)(c):

[A]: Taking expectations in (3.41) yields Ed2
Z
(Gn+1) ¶ χEd2

Z
(Gn) + Eon. The claim follows by

induction.

[B]: It follows from Corollary 3.9(ii) that lim Ed2
Z
(Gn) = 0. Therefore, (iv)(b) implies that

(Gn)n∈N converges strongly in !2(Ω,F,P; H) and P-a.s. to a Z-valued random variable. Finally,

arguing as in [16, Theorem 3.13(ii)], we obtain (3.42).

3.2.3.2 A stochastic algorithm with super relaxations

We study an implementation of Algorithm 3.2 in which the standard condition that the relax-

ations are deterministic and bounded above by 2 is not imposed. In Section 3.2.1 we called

such relaxations super relaxations.

Algorithm 3.18 In Algorithm 3.2 assume that, for every n ∈ N, Yn ∈ ℭ(Ω,F,P; H), _n is inde-

pendent of σ({G0, . . . , Gn, 3n}), and E(_n(2 − _n)) ¾ 0.

Proposition 3.19 Algorithm 3.18 is a special case of Algorithm 3.15 where, for every n ∈ N,

Xn = 2YnE_n.

Proof. Let (Gn)n∈N be the sequence generated by Algorithm 3.18. Let us first show by induction

that it is a well-defined sequence in !2(Ω,F,P; H). By assumption, G0 ∈ !2(Ω,F,P; H). Fix n ∈ N

and note that 3n is measurable as a combination of measurable functions. Additionally, (3.2)

yields

1
2

E‖3n‖2
H =

1
2

E‖UnC
∗
n ‖2

H

¶
1
2
E







1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C∗n〉H − [n

)

‖C∗n ‖2
H
+ 1[C∗n=0]

C∗n








2

H

=
1
2

E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C∗n〉H − [n

)

‖C∗n ‖H + 1[C∗n=0]

�����

2

¶ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n] 〈Gn | C∗n〉H

‖C∗n ‖H + 1[C∗n=0]

�����

2

+ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

¶ E

�����
‖Gn‖H ‖C∗n ‖H
‖C∗n ‖H + 1[C∗n=0]

�����

2

+ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

¶ E‖Gn‖2
H + E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

< +∞. (3.50)
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Thus, 3n ∈ !2(Ω,F,P; H) and, since _n ∈ !∞(Ω,F,P; ]0, +∞[), Gn+1 = Gn − _n3n ∈ !2(Ω,F,P; H),
which completes the induction argument. The fact that _n ∈ !∞ (Ω,F,P; ]0,+∞[) also guarantees

the integrability of _n and _n (2 − _n). Further, since _n is independent of σ({G0, . . . , Gn, 3n}) and

E(_n (2 − _n)) ¾ 0, it follows from Lemma 3.10 that

E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
= E

(
_n (2 − _n)

)
E
(
‖3n‖2

H

��Xn

)
¾ 0 P-a.s. (3.51)

Next, we infer from (3.2) that

(∀n ∈ N) Un[n = 〈Gn | UnC
∗
n〉H − U2

n ‖C∗n ‖2
H = 〈Gn | 3n〉H − ‖3n‖2

H, (3.52)

which shows that Un[n ∈ !1(Ω,F,P;R). Now set Xn = 2YnE_n ∈ ℭ(Ω,F,P; H) and let z ∈ Z. Then

we deduce from (3.2), Lemma 3.13, and (3.52) that

(∀n ∈ N) E
(
〈z | 3n〉H

��Xn

)
= 〈z | E(UnC

∗
n |Xn)〉H

¶ E(Un[n |Xn) + Yn (·, z)
= E

(
〈Gn | 3n〉H − ‖3n‖2

H

��Xn

)
+ Yn (·, z) P-a.s. (3.53)

Finally, we derive from (3.53) and Lemma 3.10 that

(∀n ∈ N) E
(
_n〈z + 3n − Gn | 3n〉H

��Xn

)
= E

(
〈z + 3n − Gn | 3n〉H

��Xn

)
E_n

= E
(
〈z | 3n〉H + ‖3n‖2

H − 〈Gn |3n〉H
��Xn

)
E_n

¶ Yn (·, z)E_n

=
Xn (·, z)

2
P-a.s., (3.54)

which yields the claim.

The asymptotic behavior of Algorithm 3.18 is our next topic. We leverage Proposition 3.19

and Theorems 3.16 and 3.17 to obtain the following properties.

Theorem 3.20 Let (Gn)n∈N be the sequence generated by Algorithm 3.18.

(i) Suppose that, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n < +∞ P-a.s. Then the following hold:

(a)
∑

n∈N E(_n (2 − _n))E(‖3n‖2
H
|Xn) < +∞ P-a.s.

(b) Suppose that infn∈N E(_n (2−_n)) > 0 and there exists ρ ∈ [1, +∞[ such that supn∈N _n <

ρ P-a.s. Then
∑

n∈N E(‖Gn+1 − Gn‖2
H
|Xn) < +∞ P-a.s. and

∑
n∈N ‖Gn+1−Gn‖2

H
< +∞ P-a.s.

(c) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a Z-valued

random variable.

(d) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a Z-

valued random variable.

(e) Suppose thatS(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges
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strongly P-a.s. to a Z-valued random variable.

(ii) Suppose that, for every z ∈ Z,
∑

n∈N EYn (·, z)E_n < +∞. Then the following hold:

(a)
∑

n∈N E(_n(2 − _n))E‖3n‖2
H
< +∞.

(b) Suppose that infn∈N E(_n (2−_n)) > 0 and there exists ρ ∈ [1, +∞[ such that supn∈N _n <

ρ P-a.s. Then
∑

n∈N E‖Gn+1 − Gn‖2
H
< +∞.

(c) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. and weakly in

!2(Ω,F,P; H) to a random variable G ∈ !2(Ω,F,P; Z).
(d) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. and

strongly in !1(Ω,F,P; H) to a random variable G ∈ !2(Ω,F,P; Z). Additionally, (Gn)n∈N
converges weakly in !2(Ω,F,P; H) to G .

(e) Suppose that Z is convex, that, for every n ∈ N, Yn is constant with respect to the H-

variable, and that lim Ed2
Z
(Gn) = 0. Then (Gn)n∈N converges strongly in !2 (Ω,F,P; H)

and P-a.s. to a Z-valued random variable.

(f) Suppose that Z is convex, that, for every n ∈ N, Yn is constant with respect to the H-

variable, and that there exists χ ∈ ]0, 1[ such that

(∀n ∈ N) E
(
d2
Z (Gn+1)

��Xn

)
¶ χd2

Z(Gn) + 2YnE_n P-a.s. (3.55)

Set, for every n ∈ N and for every ω ∈ Ω, on (ω) = Yn (ω, 0). Then the following are

satisfied:

[A] Let n ∈ N. Then Ed2
Z
(Gn+1) ¶ χn+1Ed2

Z
(G0) + 2

∑n
j=0 χ

n−jEojE_j.

[B] There exists G ∈ !2 (Ω,F,P; Z) such that (Gn)n∈N converges strongly in !2 (Ω,F,P; H)
and P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2
H ¶ 4χnEd2

Z (G0) + 8
n−1∑

j=0

χn−j−1EojE_j + 4
∑

j¾n

EojE_j . (3.56)

Proof. In view of Proposition 3.19, we appeal to Theorems 3.16 and 3.17 to establish the claims.

(i)(a): It follows from Theorem 3.16(v)(c) and Lemma 3.10 that

∑

n∈N
E
(
_n (2 − _n)

)
E
(
‖3n‖2

H

��Xn

)
=

∑

n∈N
E
(
_n (2 − _n) ‖3n‖2

H

��Xn

)
< +∞ P-a.s. (3.57)

(i)(a)⇒(i)(b): It follows from (3.2) that

∑

n∈N
E
(
_n(2 − _n)

)
E

(
1

_2
n

‖Gn+1 − Gn‖2
H

����Xn

)
=

∑

n∈N
E
(
_n(2 − _n)

)
E
(
‖3n‖2

H

��Xn

)
< +∞ P-a.s. (3.58)

Hence, the assumption infn∈N E
(
_n (2 − _n)

)
> 0 yields

∑
n∈N E

(
‖Gn+1 − Gn‖2

H
/_2

n

��Xn

)
< +∞ P-a.s.

Further,

(∀n ∈ N) 0 <

1
ρ2

¶
1

_2
n

P-a.s. (3.59)
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Thus, ∑

n∈N
E
(
‖Gn+1 − Gn‖2

H

��Xn

)
< +∞ P-a.s. (3.60)

In addition,

(∀n ∈ N) E

(
n+1∑

k=0

‖Gk+1 − Gk‖2
H

�����Xn+1

)
=

n∑

k=0

‖Gk+1 − Gk‖2
H + E

(
‖Gn+2 − Gn+1 ‖2

H

��Xn+1
)

P-a.s. (3.61)

It then follows from (3.60) and Lemma 3.8(i) that (∑n
k=0‖Gk+1 − Gk‖2

H)n∈N converges P-a.s. to a

[0, +∞[-valued random variable, hence
∑

n∈N‖Gn+1 − Gn‖2
H < +∞ P-a.s.

(i)(c)–(i)(e): These follow from Theorem 3.16(v)(d)–(v)(f).

(ii)(a): It follows from Theorem 3.16(vi)(c) and Lemma 3.10 that

∑

n∈N
E
(
_n (2 − _n)

)
E‖3n‖2

H =
∑

n∈N
E
(
_n (2 − _n)

)
E
(
E
(
‖3n‖2

H

��Xn

))

=
∑

n∈N
E
(
E
(
_n (2 − _n)

)
E
(
‖3n‖2

H

��Xn

))

=
∑

n∈N
E
(
E
(
_n(2 − _n)‖3n‖2

H

���Xn

))

=
∑

n∈N
E
(
_n (2 − _n)‖3n‖2

H

)

< +∞. (3.62)

Hence
∑

n∈N E(_n (2 − _n))E‖3n‖2
H < +∞.

(ii)(a)⇒(ii)(b): It follows from (3.28) that

∑

n∈N
E
(
_n (2 − _n)

)
E

(
1

_2
n

‖Gn+1 − Gn‖2
H

)
=

∑

n∈N
E
(
_n(2 − _n)

)
E‖3n‖2

H < +∞. (3.63)

Thus, as in (i)(b),
∑

n∈N E‖Gn+1 − Gn‖2
H
< +∞.

(ii)(c)–(ii)(d): These follow from (i)(c)–(i)(d) and Theorem 3.16(vi)(d)–(vi)(e).

(ii)(e)–(ii)(f): These follow from Theorem 3.17(iv)(b)–(iv)(c).

3.2.3.3 A stochastic algorithm with random relaxations bounded by 2

We present an implementation of Algorithm 3.2 with an alternative relaxation strategy.

Algorithm 3.21 In Algorithm 3.2, for every n ∈ N, Yn ∈ ℭ(Ω,F,P; H) and _n ∈
!∞ (Ω,Xn,P; ]0, 2[).

Proposition 3.22 Algorithm 3.21 is a special case of Algorithm 3.15 where, for every n ∈ N,

Xn = 2_nYn.
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Proof. Set (∀n ∈ N) Xn = 2_nYn. Following the proof of Proposition 3.19, it is enough to show that

(∀n ∈ N)




Xn ∈ ℭ(Ω,F,P; H);

E
(
_n (2 − _n)‖3n‖2

H

��Xn

)
¾ 0 P-a.s.;

(∀z ∈ Z) E
(
_n〈z + 3n − Gn |3n〉H

��Xn

)
¶ Xn (·, z)/2 P-a.s.

(3.64)

Let n ∈ N. It follows from the positivity and measurability of _n, as well the fact that Yn ∈
ℭ(Ω,F,P; H), that Xn ∈ ℭ(Ω,F,P; H). Next, since _n ∈ ]0, 2[ P-a.s., we have _n (2− _n) > 0 P-a.s.

and hence

E
(
_n(2 − _n)‖3n‖2

H

��Xn

)
¾ 0 P-a.s. (3.65)

Finally, let z ∈ Z. It then follows from (3.53) and the fact that _n is positive and Xn-measurable

that

E
(
_n〈z + 3n − Gn |3n〉H

��Xn

)

= _nE
(
〈z | 3n〉H + ‖3n‖2

H − 〈Gn |3n〉H
��Xn

)
¶ _nYn (·, z) =

Xn (·, z)
2

P-a.s., (3.66)

which completes the proof.

As in Section 3.2.3.2, we can derive weak, strong, and linear convergence results from

Theorems 3.16 and 3.17. For brevity, we provide below only the weak convergence results but,

as in Theorem 3.20, strong and linear convergence results can also be obtained.

Theorem 3.23 Let (Gn)n∈N be the sequence generated by Algorithm 3.21. Suppose that, for every

z ∈ Z,
∑

n∈N _nYn (·, z) < +∞ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly

P-a.s. to a Z-valued random variable G . If, in addition, for every z ∈ Z,
∑

n∈N E(_nYn (·, z)) < +∞,

then G ∈ !2(Ω,F,P; H) and (Gn)n∈N converges weakly in !2(Ω,F,P; H) to G .

Proof. In view of Proposition 3.22, the claim follows Theorem 3.16(v)(d) and 3.16(vi)(d).

3.2.4 Randomly relaxed Krasnosel’skĭı–Mann iterations

Let us first recall some definitions about an operator T : H → H [5, Chapter 4]. First, T : H → H

is nonexpansive if it is 1-Lipschitzian and α-averaged for some α ∈ ]0, 1[ if Id + α−1 (T − Id) is

nonexpansive [3]. On the other hand, T is β-cocoercive for some β ∈ ]0, +∞[ if

(∀x ∈ H) (∀y ∈ H) 〈x − y |Tx − Ty〉H ¾ β‖Tx − Ty‖2
H (3.67)

and it is firmly nonexpansive if it is 1-cocoercive.

The Krasnosel’skĭı–Mann iterative process is a basic algorithm to construct fixed points of

nonexpansive operators [5,25,29,35,38,49]. We propose a study of its asymptotic behavior in
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a novel environment featuring random relaxations and stochastic errors.

Theorem 3.24 Let T : H → H be a nonexpansive operator such that Fix T ≠ ∅ and let G0 ∈
!2(Ω,F,P; H). Iterate

for n = 0,1, . . .⌊
take 4n ∈ !2 (Ω,F,P; H) and `n ∈ !∞ (Ω,F,P; ]0, 1[)
Gn+1 = Gn + `n

(
TGn + 4n − Gn

)
.

(3.68)

Set (∀n ∈ N) Φn = {G0, . . . , Gn} and Xn = σ(Φn). Suppose that
∑

n∈N E(`n (1 − `n)) = +∞ and, for

every n ∈ N, `n is independent of σ({4n} ∪ Φn). Then the following hold for some Fix T-valued

random variable G:

(i) Suppose that E(‖4n‖2
H |Xn) → 0 P-a.s. and

∑
n∈N E`n

√
E(‖4n‖2

H |Xn) < +∞ P-a.s. Then the

following hold:

(a) (TGn − Gn)n∈N converges strongly P-a.s. to 0.

(b) (Gn)n∈N converges weakly P-a.s. to G .

(c) Suppose that T − Id is demiregular at every point in Fix T. Then (Gn)n∈N converges

strongly P-a.s. to G .

(ii) Suppose that E‖4n‖2
H → 0 and

∑
n∈N

√
E`2

nE‖4n‖2
H < +∞. Then the following hold:

(a) (TGn − Gn)n∈N converges strongly in !1(Ω,F,P; H) and strongly P-a.s. to 0.

(b) G ∈ !2(Ω,F,P; Fix T) and (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s.

to G .

(c) Suppose that T − Id is demiregular at every point in Fix T. Then (Gn)n∈N converges

strongly in !1(Ω,F,P; H) and strongly P-a.s. to G .

Proof. Let us show that the sequence (Gn)n∈N constructed by (3.68) corresponds to a sequence

generated by Algorithm 3.18. To see this, set Z = Fix T and observe that, since T is nonexpan-

sive,
(
∀n ∈ N

) (
∀I ∈ !2(Ω,F,P; Z)

)
E‖TGn − I‖2

H ¶ E‖Gn − I‖2
H. (3.69)

Thus if, for some n ∈ N, Gn ∈ !2(Ω,F,P; H), then TGn ∈ !2(Ω,F,P; H) and (3.68) yields Gn+1 ∈
!2(Ω,F,P; H). This shows by induction that (Gn)n∈N and (TGn)n∈N lie in !2(Ω,F,P; H). Let us
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define

(∀n ∈ N)




C∗n =
Gn − TGn − 4n

2
∈ !2(Ω,F,P; H);

[n =
‖Gn‖2

H − ‖TGn + 4n‖2
H

4
∈ !1(Ω,F,P;R);

Un = 1[C∗n≠0] ;

(∀z ∈ Z) Yn (·, z) =
1
4
E
(
‖4n‖2

H

��Xn

)
+ 1

2
‖Gn − z‖H

√
E
(
‖4n‖2

H

��Xn

)
;

3n = C∗n;

_n = 2`n ∈ ]0, 2[ P-a.s.

(3.70)

Now set F = (T + Id)/2. Since T is nonexpansive, F is firmly nonexpansive (see [5, Proposi-

tion 4.4] or [28, Proposition 1.11.2]. Hence, we deduce from Lemma 3.13 and (3.70) that, for

every z ∈ Z and every n ∈ N,

〈
z
��E(UnC

∗
n |Xn)

〉
H
= E

(〈
z
���Gn − FGn −

1
2
4n

〉
H

����Xn

)

=
〈
z
��Gn − FGn

〉
H
− 1

2
E
(
〈z | 4n〉H

��Xn

)

¶
〈
FGn

��Gn − FGn
〉
H
− 1

2
E
(
〈z | 4n〉H

��Xn

)

= E(Un[n |Xn) +
1
4

E
(
‖4n‖2

H

��Xn

)
+ 1

2
E
(
〈TGn − z | 4n〉H

��Xn

)

¶ E(Un[n |Xn) +
1
4
E
(
‖4n‖2

H

��Xn

)
+ 1

2
‖TGn − z‖HE

(
‖4n‖H

��Xn

)

¶ E(Un[n |Xn) +
1
4
E
(
‖4n‖2

H

��Xn

)
+ 1

2
‖Gn − z‖HE

(
‖4n‖H

��Xn

)

¶ E(Un[n |Xn) + Yn (·, z) P-a.s. (3.71)

Next, it is clear from (3.70) that Yn ∈ ℭ(Ω,F,P; H). Furthermore, in view of (3.70), (3.68) can

be written as

(∀n ∈ N) Gn+1 = Gn − _n3n . (3.72)

On the other hand, since (`n)n∈N lies almost surely in ]0, 1[, we have E(_n(2 − _n)) ¾ 0. Addi-

tionally, for every n ∈ N, `n is independent of σ({4n} ∪ Φn) and, by (3.70), 3n is σ({4n} ∪ Φn)-
measurable. Hence, σ({3n} ∪ Φn) ⊂ σ({4n} ∪ Φn) and _n is independent of σ({3n} ∪ Φn). Alto-

gether, (Gn)n∈N is a sequence generated by Algorithm 3.18. Finally, it follows from (3.68) and

Lemma 3.10 that

(∀n ∈ N) (∀z ∈ Z) E(‖Gn+1 − z‖H |Xn)
¶ E

(
(1 − `n)‖Gn − z‖H + `n‖TGn − z‖H + `n‖4n‖H

��Xn

)

= (1 − E`n)‖Gn − z‖H + E`n‖TGn − z‖H + E`nE(‖4n‖H |Xn)
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¶ ‖Gn − z‖H + E`nE(‖4n‖H |Xn)

¶ ‖Gn − z‖H + E`n

√
E(‖4n‖2

H |Xn) P-a.s. (3.73)

Further, by invoking the nonexpansiveness of T and the Cauchy–Schwarz inequality, we obtain

(∀n ∈ N) (∀z ∈ Z) ‖Gn+1 − z‖!2 (Ω,F,P;H)

=

√
E‖Gn+1 − z‖2

H

=

√
E‖(1 − μn) (Gn − z) + μn(TGn − Tz) + μn4n‖2

H

¶

√
E
��‖Gn − z‖H + `n‖4n‖H

��2

=

√
E‖Gn − z‖2

H + 2E`nE(‖Gn − z‖H‖4n‖H) + E`2
nE‖4n‖2

H

¶

√
E‖Gn − z‖2

H + 2
√

E`2
n

√
E‖Gn − z‖2

H

√
‖4n‖2

H + E`2
nE‖4n‖2

H

=

√����
√

E‖Gn − z‖2
H +

√
E`2

nE‖4n‖2
H

����
2

= ‖Gn − z‖!2 (Ω,F,P;H) +
√

E`2
nE‖4n‖2

H. (3.74)

(i)(a): We derive from (3.73) and Lemma 3.14(ii) that (‖Gn‖H)n∈N is bounded P-a.s. Hence,

for every z ∈ Z,
∑

n∈N‖Gn − z‖HE`n

√
E(‖4n‖2

H |Xn) < +∞ P-a.s. On the other hand, the assump-

tions lim E(‖4n‖2
H |Xn) = 0 and

∑
n∈N E`n

√
E(‖4n‖2

H |Xn) < +∞ P-a.s. yield

∑

n∈N
E`nE(‖4n‖2

H |Xn) < +∞ P-a.s. (3.75)

Therefore, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n = 2
∑

n∈N Yn (·, z)E`n < +∞ P-a.s. It then follows

from Theorem 3.20(i)(a) and the assumption
∑

n∈N E(`n (1 − `n)) = +∞ that lim E(‖3n‖2
H |Xn) =

0 P-a.s. Hence,

0 ¶
1
2

lim‖TGn − Gn‖2
H

¶ lim E
(
‖TGn + 4n − Gn‖2

H + ‖4n‖2
H

��Xn

)

= lim E
(
‖TGn + 4n − Gn‖2

H

��Xn

)
+ lim E(‖4n‖2

H |Xn)
= 4 lim E

(
‖3n‖2

H

��Xn

)
+ lim E(‖4n‖2

H |Xn)
= 0 P-a.s. (3.76)

Thus, Lemma 3.10 implies that, for every n ∈ N,

E
(
‖TGn+1 − Gn+1 ‖H

��Xn

)
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= E
(
‖TGn+1 − TGn + (1 − `n) (TGn − Gn) − `n4n‖H

��Xn

)

¶ E
(
‖TGn+1 − TGn‖H

��Xn

)
+ E

(
(1 − `n)‖TGn − Gn‖H

��Xn

)
+ E

(
`n‖4n‖H

��Xn

)

¶ E
(
‖Gn+1 − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + E

(
`n‖4n‖H

��Xn

)

= E
(
`n‖TGn + 4n − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + E

(
`n‖4n‖H

��Xn

)

= E
(
`n‖TGn − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + 2E

(
`n‖4n‖H

��Xn

)

=
(
E`n

)
‖TGn − Gn‖H + (1 − E`n)‖TGn − Gn‖H + 2E`nE(‖4n‖H |Xn)

¶ ‖TGn − Gn‖H + 2E`n

√
E(‖4n‖2

H |Xn) P-a.s. (3.77)

Consequently, Lemma 3.8(i) secures the convergence P-a.s. of the sequence (‖TGn − Gn‖H)n∈N,

which, in view of (3.76), forces

lim‖TGn − Gn‖H = 0 P-a.s. (3.78)

(i)(b): Let us show that W (Gn)n∈N ⊂ Z P-a.s. Let ω ∈ Ω be such that W (Gn (ω))n∈N ≠ ∅ and

lim‖TGn (ω) − Gn (ω)‖ = 0. Let x ∈ W (Gn(ω))n∈N, say Gkn
(ω) ⇀ x. The nonexpansiveness of T

implies that Id − T is demiclosed at 0 [5, Theorem 4.27]. In turn, Tx = x and W (Gn(ω)) ⊂ Z.

Since W (Gn)n∈N ≠ ∅ P-a.s. and lim‖TGn − Gn‖ = 0 P-a.s., we conclude that W (Gn)n∈N ⊂ Z P-a.s.

Thus, the claim follows from Theorem 3.20(i)(c).

(i)(c): By (i)(a) and (i)(b), there exists Ω′ ∈ F such that P(Ω′) = 1 and

(
∀ω ∈ Ω′) TGn (ω) − Gn (ω) → 0 and Gn (ω) ⇀ G (ω). (3.79)

It then follows from the demiregularity of T − Id that, for every ω ∈ Ω′, Gn (ω) → G (ω). Hence,

(Gn)n∈N converges strongly P-a.s. to G .

(ii)(a): We derive from (3.74) and Corollary 3.9(i) that (‖Gn‖!2 (Ω,F,P;H)n∈N is bounded.

Therefore,
(
∀I ∈ !2 (Ω,F,P; H)

)
sup
n∈N

E‖Gn − I‖2
H < +∞. (3.80)

In turn, for every I ∈ !2(Ω,F,P; H),

∑

n∈N
E`n

√
E‖Gn − I‖2

H

√
E‖4n‖2

H ¶
∑

n∈N

√
E‖Gn − I‖2

H

√
E`2

nE‖4n‖2
H < +∞. (3.81)

On the other hand, since lim E‖4n‖2
H = 0 and

∑
n∈N E`n

√
E‖4n‖2

H < +∞, we have

∑

n∈N
E`nE‖4n‖2

H < +∞. (3.82)
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Altogether, we deduce that

(
∀z ∈ Z

) ∑

n∈N
EYn (·, z)E_n = 2

∑

n∈N
EYn (·, z)E`n < +∞, (3.83)

which shows in particular that, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n < +∞ P-a.s. Thus

lim‖TGn − Gn‖H = 0 P-a.s. On the other hand, it follows from Theorem 3.20(ii)(a) and the as-

sumptions that lim E‖3n‖2
H = 0. Hence, proceeding as in (3.76), we obtain lim E‖TGn − Gn‖2

H = 0.

Moreover, taking expectations in (3.77) yields

(∀n ∈ N) E‖TGn+1 − Gn+1 ‖H ¶ E‖TGn − Gn‖H + 2E`n

√
E‖4n‖2

H

¶ E‖TGn − Gn‖H + 2
√

E`2
nE‖4n‖2

H. (3.84)

It then follows from Corollary 3.9(i) that (E‖TGn − Gn‖H)n∈N converges. Since lim E‖TGn − Gn‖2
H =

0, this implies that lim E‖TGn − Gn‖2
H = 0. Hence, appealing to (i)(a), (TGn − Gn)n∈N converges

strongly in !1(Ω,F,P; H) and strongly P-a.s. to 0.

(ii)(b): We deduce weak convergence P-a.s. by arguing as in the proof of (i)(b), while weak

convergence in !2(Ω,F,P; H) follows from Theorem 3.20(ii)(c).

(ii)(c): As in the proof of (i)(c), it follows from (ii)(b) that (Gn)n∈N converges strongly P-a.s.

to G . Further, strong convergence in !1 (Ω,F,P; H) follows from Theorem 3.20(ii)(d).

Remark 3.25 Theorem 3.24(ii) extends [20, Corollary 2.7], where the relaxations are only de-

terministic and the weak limit is not shown to be in !2(Ω,F,P; H). Another connected result is

[8, Theorem 2.8], which focuses on the finite-dimensional setting (which implies that demireg-

ularity holds [2, Proposition 2.4]) with deterministic relaxations and the weaker summability

condition
∑

n∈N μnE(‖4n‖H |Xn) < +∞ P-a.s. The case of deterministic relaxations and deter-

ministic errors was considered in [16, Theorem 5.5(i)], as an extension of the classical result

error-free result of [29, Corollary 3].

The following application of Theorem 3.24 concerns averaged operators.

Corollary 3.26 Let α ∈ ]0, 1[, let T : H → H be an α-averaged operator such that Fix T ≠ ∅, and

let G0 ∈ !2(Ω,F,P; H). Iterate

for n = 0,1, . . .⌊
take 4n ∈ !2 (Ω,F,P; H) and `n ∈ !∞ (Ω,F,P; ]0, 1/α[)
Gn+1 = Gn + `n

(
TGn + 4n − Gn

)
.

(3.85)

Set (∀n ∈ N) Φn = {G0, . . . , Gn} and Xn = σ(Φn). Suppose that
∑

n∈N E(`n (1 − α`n)) = +∞ and, for

every n ∈ N, that `n is independent of σ({4n} ∪ Φn). Then the following hold for some Fix T-valued

random variable G:
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(i) Suppose that E(‖4n‖2
H |Xn) → 0 P-a.s. and

∑
n∈N E`n

√
E(‖4n‖2

H |Xn) < +∞ P-a.s. Then the

following hold:

(a) (TGn − Gn)n∈N converges strongly P-a.s. to 0.

(b) (Gn)n∈N converges weakly P-a.s. to G .

(c) Suppose that T − Id is demiregular at every point in Fix T. Then (Gn)n∈N converges

strongly P-a.s. to G .

(ii) Suppose that E‖4n‖2
H → 0 and

∑
n∈N

√
E`2

nE‖4n‖2
H < +∞. Then the following hold:

(a) (TGn − Gn)n∈N converges strongly in !1(Ω,F,P; H) and strongly P-a.s. to 0.

(b) G ∈ !2(Ω,F,P; Fix T) and (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s.

to G .

(c) Suppose that T − Id is demiregular at every point in Fix T. Then (Gn)n∈N converges

strongly in !2(Ω,F,P; H) and strongly P-a.s. to G .

Proof. Apply Theorem 3.24 to the nonexpansive operator Id+α−1(T− Id) and observe that it has

the same fixed points as T.

Remark 3.27 As discussed in [17, 18], the Krasnosel’skĭı–Mann iterative process for averaged

operators is at the core of monotone operator splitting strategies such as the three operator

splitting scheme of [24], the Douglas–Rachford algorithm [37], and the constant proximal pa-

rameter version of the forward-backward algorithm [39]. Stochastically relaxed and perturbed

extensions of these algorithms can be derived from Corollary 3.26 with weaker assumptions

than those of [21, Theorem 4.1].

We now consider a stochastic version of the (forward) Euler method to find a zero of a

cocoercive operator. For simplicity, we adopt deterministic step-sizes (γn)n∈N. This result extends

those of [20, 21, 52] by establishing, under weaker assumptions, weak convergence P-almost

surely and, in addition, proving for the first time weak convergence in !2 (Ω,F,P; H).

Corollary 3.28 Let β ∈ ]0, +∞[ and let B : H → H be β-cocoercive, with zer B =
{
z ∈ H | Bz = 0

}
≠

∅. Let (K,K) be a measurable space, let : : (Ω,F,P) → (K,K) be a random variable, let ξ ∈
]0, +∞[, and let (Bk)k∈K be operators from H to H such that B : (K×H,K⊗BH) → (H,BH) : (k, x) ↦→
Bkx is measurable and

(∀x ∈ H) E(B:x) = Bx and E‖B:x − Bx‖2
H ¶ ξ. (3.86)
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Let ν ∈ ]2/3, 1] and G0 ∈ !2(Ω,F,P; H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
:n is a copy of : and is independent of Xn

γn =
2β

(n + 1)ν
Gn+1 = Gn − γnB:n

Gn .

(3.87)

Then the following hold for some G ∈ !2(Ω,F,P; zerB):
(i) (BGn)n∈N converges strongly in !1(Ω,F,P; H) and strongly P-a.s. to 0.

(ii) (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s. to G .

(iii) Suppose that B is demiregular at every point in zer B. Then (Gn)n∈N converges strongly in

!1(Ω,F,P; H) and strongly P-a.s. to G .

Proof. We apply Corollary 3.26 to the reduction technique of [8]. Fix θ ∈ ]0, 2β[ and set

(∀n ∈ N) 4n = BGn − B:n
Gn = BGn − B ◦ (:n, Gn) and `n =

γn

θ
∈

]
0,

2β
θ

[
. (3.88)

Then, for every n ∈ N, 4n is measurable with E(4n |Xn) = 0 and E`n = γn/θ. Let us also define

4′0 = γ040 and

(∀n ∈ N) 4′n+1 = (1 − γn+1)4′n + γn+14n+1 . (3.89)

Set T = Id − θB. Then Fix T = zer B and T is θ/(2β)-averaged [5, Proposition 4.39]. Finally,

define, for every n ∈ N, ~n = Gn − 4′n and Yn = σ(~0, . . . , ~n). Then, we infer from (3.87) that

(∀n ∈ N) ~n+1 = ~n + μn
(
T~n + 4′′n − ~n

)
, (3.90)

where

(∀n ∈ N)



4′′n = TGn − T~n ∈ !2(Ω,F,P; H);

‖4′′n ‖H ¶ ‖Gn − ~n‖H = ‖4′n‖H P-a.s.
(3.91)

It follows from the choice of (γn)n∈N, the uniformly bounded variance in (3.86), and [8, Exam-

ple 2.7 and Theorem 2.5] that

∑

n∈N

√
E`2

nE‖4′n‖2
H =

∑

n∈N

γn

θ

√
E‖4′n‖2

H < +∞, (3.92)

and ∑

n∈N
E

(
`n

(
1 − θ

2β
`n

))
=

∑

n∈N

γn

θ

(
1 − γn

2β

)
= +∞. (3.93)

We also deduce from the proofs of [8, Lemma 2.4 and Theorem 2.5] that E‖4′n‖2
H → 0 and
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‖4′n‖H → 0 P-a.s. Consequently, by taking (3.91) into account, we obtain

∑

n∈N

√
E`2

nE‖4′′n ‖2
H < +∞ and E‖4′′n ‖2

H → 0. (3.94)

(i): It follows from Theorem 3.24(ii)(a) that (B~n)n∈N converges strongly in !1 (Ω,F,P; H)
and strongly P-a.s. to 0. On the other hand, (3.91) implies that

(∀n ∈ N) θ‖BGn − B~n‖H = ‖θBGn − θB~n‖H
¶ ‖Gn − θBGn − (~n − θB~n)‖H + ‖Gn − ~n‖H
= ‖4′′n ‖H + ‖4′n‖H
¶ 2‖4′n‖H P-a.s. (3.95)

Since E‖4′n‖2
H → 0 and ‖4′n‖H → 0 P-a.s., we deduce that (BGn − B~n)n∈N converges strongly

in !1(Ω,F,P; H) and strongly P-a.s. to 0 and, therefore, we obtain the convergence results for

(BGn)n∈N.

(ii): We infer from Theorem 3.24(ii)(b) that (~n)n∈N converges weakly in !2(Ω,F,P; H) and

weakly P-a.s. to some G ∈ !2(Ω,F,P; zer B). However, for every n ∈ N, Gn = ~n + 4′n. Since (4′n)n∈N
converges strongly P-a.s. and strongly in !2(Ω,F,P; H) to 0, we conclude that (Gn)n∈N converges

weakly in !2(Ω,F,P; H) and weakly P-a.s. to G .

(iii): This follows from Theorem 3.24(ii)(c) using the same arguments as in the proofs of

(i) and (ii).

The following special case of Corollary 3.28 concerns stochastic optimization and establishes

new results on the convergence of the iterates generated by the standard stochastic gradient

method, a method that goes back to the classical work of [7,26,50].

Corollary 3.29 Let β ∈ ]0, +∞[ and let f : H → R be convex, differentiable, and such that ∇f is

1/β-Lipschitzian, with Argmin f ≠ ∅. Let (K,K) be a measurable space, let : : (Ω,F,P) → (K,K)
be a random variable, let ξ ∈ ]0, +∞[, and, for every k ∈ K, let gk : H → R be differentiable and

such that B : (K × H,K ⊗ BH) → (H,BH) : (k, x) ↦→ ∇gk (x) is measurable and

(∀x ∈ H) E∇g: (x) = ∇f (x) and E‖∇g: (x) − ∇f (x)‖2
H ¶ ξ. (3.96)

Let ν ∈ ]2/3, 1] and G0 ∈ !2(Ω,F,P; H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
:n is a copy of : and is independent of Xn

γn =
2β

(n + 1)ν
Gn+1 = Gn − γn∇g:n

(Gn).

(3.97)
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Then the following hold for some G ∈ !2(Ω,F,P; Argmin f):
(i) (∇f (Gn))n∈N converges strongly in !1 (Ω,F,P; H) and strongly P-a.s. to 0.

(ii) (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s. to G .

(iii) Suppose that ∇f is demiregular at every point in Argmin f. Then (Gn)n∈N converges strongly

in !1(Ω,F,P; H) and strongly P-a.s. to G .

Proof. Apply Corollary 3.28 to B = ∇f, which is β-cocoercive [5, Corollary 18.17], and, for every

k ∈ K, Bk = ∇gk.

Remark 3.30 In Corollary 3.29(ii), the weak convergence P-a.s. and in !2 results are new. In

a finite-dimensional setting, we recover the P-a.s. convergence of [8, Corollary 4.5] with the

novelty of the !1 convergence. In the infinite-dimensional setting, we extend the result of [53]

where the P-a.s. weak convergence is stated only for a subsequence of the iterates.

Remark 3.31 Variants of Corollary 3.28 can be explored by modifying the probabilistic as-

sumptions in (3.86). In the context of Corollary 3.29, see for instance [13, 32, 46] and their

bibliographies for possible candidates.

3.2.5 Application to common fixed point problems

The problem under consideration is a common fixed point problem involving an arbitrary family

of firmly quasinonexpansive operators. Recall that T : H → H is firmly quasinonexpansive [5,

Definition 4.1(iv)] if

(∀x ∈ H) (∀y ∈ Fix T) ‖Tx − y‖2
H + ‖Tx − x‖2

H ¶ ‖x − y‖2
H. (3.98)

Example 3.32 ([4, Proposition 2.3]) Let T : H → H. Then T is firmly quasinonexpansive if

one of the following holds:

(i) C is a nonempty closed convex subset of H and T = projC is the projector onto C. Here,

Fix T = C.

(ii) f : H → ]−∞, +∞] is a proper lower semicontinuous convex function and

T = proxf : H → H : x ↦→ argmin
y∈H

(
f (y) + 1

2
‖x − y‖2

H

)
. (3.99)

Here, Fix T = Argmin f.

(iii) A : H → 2H is maximally monotone and T = JA = (Id+A)−1. Here, Fix T =
{
z ∈ H | 0 ∈ Az

}
.

(iv) f : H → R is a continuous convex function, s : H → H : x ↦→ s(x) ∈ mf (x) is a selection of mf,

and

T = Gf : H → H : x ↦→



x − f (x)
‖s(x)‖2

H

s(x), if f (x) > 0;

x, if f (x) ¶ 0,
(3.100)
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is the subgradient projector onto Fix T =
{
x ∈ H | f (x) ¶ 0

}
.

The following formulation covers a wide range of problems in mathematics and its applica-

tions [11,14,16].

Problem 3.33 Let (K,K) be a measurable space and (Tk)k∈K a family of firmly quasinonexpan-

sive operators such that T : (K × H,K ⊗ BH) → (H,BH) : (k, x) ↦→ Tkx is measurable and, for

every k ∈ K, Id−Tk is demiclosed at 0. Let : : (Ω,F,P) → (K,K) be a random variable. The task

is to

find x ∈ Z =
{
z ∈ H | z ∈ Fix T: P-a.s.

}
, (3.101)

under the assumption that Z ≠ ∅.

Remark 3.34 Z is a closed convex subset of H. Indeed, let (zn)n∈N be a sequence in Z that

converges to z ∈ H. For every n ∈ N, let Ωn ∈ F be such that P(Ωn) = 1 and, for every ω ∈ Ωn,

let zn ∈ Fix T: (ω) . Set Ω′ =
⋂

n∈N Ωn. Then P(Ω′) = 1 and

(∀ω ∈ Ω′) (∀n ∈ N) zn ∈ Fix T: (ω) . (3.102)

Since each set of fixed points is closed [16, Proposition 2.3(v)], we deduce that, for every

ω ∈ Ω′, z ∈ Fix T: (ω) , i.e., z ∈ Z. So Z is closed. Likewise, let z1 ∈ Z, z2 ∈ Z, and α ∈ ]0, 1[. Define

almost sure events Ω1 ∈ F and Ω2 ∈ F as above. Then, it follows from the convexity of each set

of fixed points [16, Proposition 2.3(v)] that

(∀ω ∈ Ω1 ∩ Ω2) αz1 + (1 − α)z2 ∈ Fix T: (ω) . (3.103)

Since P(Ω1 ∩ Ω2) = 1, we get αz1 + (1 − α)z2 ∈ Z, which shows that Z is convex.

We propose the following stochastic variant of the extrapolated parallel block-iterative fixed

point algorithm of [16]. It introduces stochasticity at four levels:

• The operators are indexed on a general measurable space rather than a countable set.

• The block of activated operators is randomly selected at each iteration.

• The evaluations of the operators at iteration n are averaged and extrapolated with random

weights (Vi,n)1¶i¶M.

• The relaxation parameter _n at iteration n is random and not confined to the interval ]0, 2[
as in traditional fixed point methods [5,16,25].
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Theorem 3.35 In the setting of Problem 3.33, let G0 ∈ !2(Ω,F,P; H), 0 < M ∈ N, δ ∈ ]0,1/M[,
and ρ ∈ [2, +∞[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
for i = 1, . . . ,M⌊
:i,n is a copy of : and is independent of Xn

?i,n = T:i,n
Gn

(Vi,n)1¶i¶M are [0, 1] -valued random variables such that
∑M

i=1 Vi,n = 1 P-a.s. and (∀i ∈ {1, . . . ,M}) Vi,n ¾ δ1[‖?i,n−Gn‖H= max
1¶j¶M

‖?j,n−Gn‖H]
?n =

∑M
i=1 Vi,n?i,n

!n =

∑M
i=1 Vi,n‖?i,n − Gn‖2

H
+ 1[?n=Gn]

‖?n − Gn‖2
H
+ 1[?n=Gn]

0n = Gn + !n (?n − Gn)
take _n ∈ !∞ (Ω,F,P; ]0, ρ])
Gn+1 = Gn + _n (0n − Gn).

(3.104)

Suppose that there exists μ ∈ ]0, 1[ such that infn∈N E(_n (2 − _n)) ¾ μ and that, for every n ∈ N,

_n is independent of σ(?1,n, . . . , ?M,n, V1,n, . . . , VM,n, G0, . . . , Gn). Then the following hold for some G ∈
!2(Ω,F,P; Z):

(i) (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s. to G .

(ii) Suppose that there exists S ∈ F such that

S ⊂
{
ω ∈ Ω | T: (ω) − Id is demiregular at every point in Fix T: (ω)

}
and P(S) > 0.

(3.105)

Then (Gn)n∈N converges strongly in !1(Ω,F,P; H) and strongly P-a.s. to G .

(iii) Suppose that one of the following is satisfied:

[A] There exists χ ∈ ]0, 1[ such that

(∀n ∈ N) E
(
d2
Z (Gn+1)

��Xn

)
¶ χd2

Z (Gn) P-a.s. (3.106)

[B] T is linearly regular in the sense that there exists ν ∈ [1, +∞[ such that

(∀x ∈ H) d2
Z (x) ¶ νE‖T:x − x‖2

H = ν

∫

Ω



T: (ω)x − x


2
H
P(3ω), (3.107)

in which case we set ζ = infj∈N E_2
j

and χ = 1 − μδζ/(ρ2ν).
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Then (Gn)n∈N converges strongly in !2(Ω,F,P; H) and strongly P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2
H ¶ 4χnEd2

Z (G0). (3.108)

Proof. We define

(∀n ∈ N)




C∗n = Gn − ?n;

[n =

M∑

i=1

Vi,n〈?i,n | Gn − ?i,n〉H;

Un =
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C∗n〉H − [n

)

‖C∗n ‖2
H
+ 1[C∗n=0]

;

Yn = 0 P-a.s.;

3n = Gn − 0n

(3.109)

and shall show that, in this setting, the sequence (Gn)n∈N constructed by (3.104) corresponds to

one generated by Algorithm 3.18. Let n ∈ N. We first infer from (3.109) and (3.104) that

3n = Gn − 0n
= !n

(
Gn − ?n

)

=

∑M
i=1 Vi,n‖?i,n − Gn‖2

H
+ 1[?n=Gn]

‖?n − Gn‖2
H
+ 1[?n=Gn]

(
Gn − ?n

)

=

∑M
i=1 Vi,n‖Gn − ?i,n‖2

H
+ 1[C∗n=0]

‖C∗n ‖2
H
+ 1[C∗n=0]

C∗n

=

∑M
i=1 Vi,n

(
〈Gn | Gn − ?i,n〉H − 〈?i,n | Gn − ?i,n〉H

)

‖C∗n ‖2
H
+ 1[C∗n=0]

C∗n

=
〈Gn | C∗n〉H − ∑M

i=1 Vi,n〈?i,n | Gn − ?i,n〉H
‖C∗n ‖2

H
+ 1[C∗n=0]

C∗n

= UnC
∗
n P-a.s. (3.110)

Next, let us show that

!n ¾ 1 P-a.s. (3.111)

Fix z ∈ Z and, for every i ∈ {1, . . . ,M}, let Ωi,n ∈ F be such that

P(Ωi,n) = 1 and (∀ω ∈ Ωi,n) z ∈ Fix T:i,n (ω) . (3.112)

Thanks to (3.104), we then choose Ωn ∈ F such that

P(Ωn) = 1 and (∀ω ∈ Ωn)
⋂

1¶i¶M

Fix T:i,n (ω) ≠ ∅ and
M∑

i=1

Vi,n(ω) = 1. (3.113)
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Given ω ∈ Ωn, we consider the following two cases:

• Suppose that ?n (ω) = Gn (ω). Then [16, Proposition 2.4] yields

Gn (ω) ∈ Fix
( M∑

i=1

Vi,n(ω)T:i,n (ω)

)
=

⋂

1¶i¶M

Fix T:i,n (ω), (3.114)

hence, (∀i ∈ {1, . . . ,M}) Gn (ω) = ?i,n (ω). Thus,

!n (ω) =

M∑

i=1

Vi,n(ω)‖?i,n(ω) − Gn (ω)‖2
H + 1[?n=Gn] (ω)

‖?n (ω) − Gn (ω)‖2
H
+ 1[?n=Gn] (ω)

=
1[?n=Gn] (ω)
1[?n=Gn] (ω)

= 1. (3.115)

• Suppose that ?n (ω) ≠ Gn (ω). Then it follows from the convexity of ‖ · ‖2
H

that

0 < ‖?n (ω) − Gn (ω)‖2
H =






M∑

i=1

Vi,n(ω)
(
?i,n (ω) − Gn (ω)

)




2

H

¶
M∑

i=1

Vi,n (ω)


?i,n (ω) − Gn (ω)



2
H
,

(3.116)

which implies that !n (ω) ¾ 1.

In view of (3.2), our next task is to show by induction that (Gn)n∈N and (C∗n)n∈N are in

!2(Ω,F,P; H), and that ([n)n∈N is in !1(Ω,F,P;R). To this end, let n ∈ N and i ∈ {1, . . . ,M},
and suppose that Gn ∈ !2(Ω,F,P; H). Then T:i,n

Gn = T ◦ (:i,n, Gn) is measurable. On the other

hand, for every ω ∈ Ωi,n, 2T:i,n (ω) − Id is quasinonexpansive with Fix(2T:i,n (ω) − Id) = Fix T:i,n (ω)

[16, Proposition 2.2(v)] and hence

2


?i,n (ω)



2
H
=

1
2



2T:i,n (ω)Gn (ω)


2
H

¶


(2T:i,n (ω) − Id

)
Gn (ω) − z



2
H
+



Gn (ω) + z


2
H

¶


Gn (ω) − z



2
H
+



Gn (ω) + z


2
H
. (3.117)

Consequently, since Gn ∈ !2(Ω,F,P; H) and z ∈ H, we have ?i,n ∈ !2(Ω,F,P; H) and (3.104)

therefore yields ?n ∈ !2(Ω,F,P; H). Thus, C∗n = Gn − ?n ∈ !2(Ω,F,P; H). On the other hand, it

follows from the Cauchy–Schwarz inequalities in H as well in !2(Ω,F,P;R) that

E
���〈?i,n | Gn − ?i,n〉H

��� ¶ E
(

?i,n




H



Gn − ?i,n




H

)
¶

√
E


?i,n



2
H
E


Gn − ?i,n



2
H
< +∞, (3.118)

which shows that
〈
?i,n

��Gn − ?i,n

〉
H
∈ !1 (Ω,F,P;R). Since this is true for every i ∈ {1, . . . ,M}, we

obtain [n ∈ !1(Ω,F,P;R). Further, it follows from [5, Proposition 4.2(iv)] that

(∀i ∈ {1, . . . ,M})
〈
?i,n − z

��Gn − ?i,n

〉
H
=

〈
T:i,n

Gn − z
��Gn − T:i,n

Gn
〉
H
¾ 0 P-a.s. (3.119)
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In turn, the concavity of y ↦→ 〈y − z | Gn (ω) − y〉H yields

0 ¶
M∑

i=1

Vi,n
〈
?i,n − z

��Gn − ?i,n

〉
H
¶

〈
?n − z

��Gn − ?n

〉
H
=

〈
Gn − C∗n − z

�� C∗n
〉
H

P-a.s. (3.120)

and therefore

1
2

E

����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����
[n −

∑M
i=1 Vi,n〈z | Gn − ?i,n〉H
‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����
∑M

i=1 Vi,n〈z | Gn − ?i,n〉H
‖C∗n ‖H + 1[C∗n=0]

����
2

= E

����
∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H
‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����
〈z | C∗n〉H

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����

〈
Gn − C∗n − z

�� C∗n
〉
H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����
‖z‖H‖C∗n ‖H

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����
‖Gn − C∗n − z‖H‖C∗n ‖H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E‖z‖2
H

¶ E‖Gn − C∗n − z‖2
H + ‖z‖2

H. (3.121)

Since {Gn, C∗n} ⊂ !2(Ω,F,P; H) and z ∈ H, we thus obtain 1[C∗n≠0][n/(‖C∗n ‖H + 1[C∗n=0]) ∈
!2(Ω,F,P;R). Hence, arguing as in (3.50), we deduce from (3.110) that

Gn − 0n = UnC
∗
n ∈ !2(Ω,F,P; H). (3.122)

It therefore results from (3.104) that Gn+1 ∈ !2(Ω,F,P; H), which completes the induction argu-

ment. On the other hand, since Un ∈ [0, +∞[ P-a.s., (3.120) yields

〈
z
��UnC

∗
n

〉
H
= Un

M∑

i=1

Vi,n
〈
z
��Gn − ?i,n

〉
H
¶ Un

M∑

i=1

Vi,n
〈
?i,n

��Gn − ?i,n

〉
H
= Un[n P-a.s. (3.123)

Thus, appealing to Lemma 3.13 and (3.109), we obtain

〈
z
���E

(
UnC

∗
n

��Xn

)〉
H
= E

(〈
z
��UnC

∗
n

〉
H

���Xn

)
¶ E

(
Un[n

��Xn

)
+ Yn P-a.s. (3.124)

Altogether, the sequence (Gn)n∈N constructed by (3.104) corresponds to one generated by Algo-

rithm 3.18. Now set ζ = infj∈N E_2
n and note that ζ ¾ infj∈N E2_j ¾ μ2/4 > 0. Hence, we infer

from (3.104) and Lemma 3.10 that

E
(
‖Gn+1 − Gn‖2

H

��Xn

)
= E

(

_n
(
0n − Gn

)

2
H

���Xn

)

= E
(

_n!n

(
?n − Gn

)

2
H

���Xn

)

= E
(��_n!n

��2

?n − Gn


2
H

���Xn

)
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= E

(
_2
n!n

M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ E

(
_2
n

M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

=
(
E_2

n

)
E

( M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ ζE

( M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ ζE
(
δ max

1¶j¶M



?j,n − Gn


2
H

���Xn

)

¾ δζE
(

?1,n − Gn



2
H

���Xn

)

= δζE
(

T:1,nGn − Gn



2
H

���Xn

)
. (3.125)

However, since :1,n is independent of Xn, Lemma 3.11 implies that, for P-almost every ω′ ∈ Ω,

E
(

T:1,nGn − Gn



2
H

���Xn

)
(ω′) =
∫

Ω



T:1,n (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω)

=

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω). (3.126)

Therefore, for P-almost every ω′ ∈ Ω, (3.125) implies that

E
(
‖Gn+1 − Gn‖2

H

��Xn

)
(ω′) ¾ δζ

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) P-a.s. (3.127)

Upon taking the expected value in (3.125), summing over n ∈ N, and invoking Theo-

rem 3.20(ii)(b), we obtain

E

(∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
=

∑

n∈N
E

(
∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
< +∞. (3.128)

Hence, ∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω) < +∞ P-a.s. (3.129)

Let Ω′ ∈ F such that P(Ω′) = 1 and

(
∀ω′ ∈ Ω′) ∑

n∈N

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) < +∞ and W

(
Gn (ω′)

)
n∈N ≠ ∅. (3.130)

The existence of such a set Ω′ follows from (3.129) as well as Theorem 3.16(v)(a). Fix ω′ ∈ Ω′

and let G (ω′) ∈ W (Gn(ω′))n∈N, say Gjn (ω′) ⇀ G (ω′). On the other hand, it follows from the
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monotone convergence theorem that

∫

Ω

∑

n∈N



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) =

∑

n∈N

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) < +∞. (3.131)

Hence, for P-almost every ω ∈ Ω,
∑

n∈N‖T: (ω)Gn (ω′) − Gn (ω′)‖2
H < +∞. Therefore, there exists

Ω′′ ∈ F such that P(Ω′′) = 1 and

(
∀ω ∈ Ω′′) T: (ω)Gn (ω′) − Gn (ω′) → 0. (3.132)

It then follows from the demiclosedness of the operators (Id − Tk)k∈K at 0 that

(
∀ω ∈ Ω′′) T: (ω)G (ω′) = G (ω′). (3.133)

Therefore G (ω′) ∈
{
z ∈ H | z ∈ Fix T: P-a.s.

}
= Z. Since ω′ is arbitrarily taken in Ω′, we conclude

that

W (Gn)n∈N ⊂ Z P-a.s. (3.134)

(i): This follows from (3.134) and Theorems 3.20(i)(c) and 3.20(ii)(c).

(ii): Let ω′ ∈ Ω′. In view of (3.105), (3.133), and (3.132), there exists F ∋ Ω′′′ ⊂ Ω′′ such

that P(Ω′′′) > 0 and

(
∀ω ∈ Ω′′′)




T: (ω) − Id is demiregular at G (ω′);

T: (ω)Gn (ω′) − Gn (ω′) → 0.
(3.135)

However, (i) implies that, for P-almost every ω′ ∈ Ω, Gn (ω′) ⇀ G (ω′). Therefore, by demiregu-

larity, for P-almost every ω′ ∈ Ω, we deduce from (3.135) that Gn (ω′) → G (ω′). Thus, (Gn)n∈N
converges strongly P-a.s. to G . Finally, the strong convergence in !1(Ω,F,P; H) follows from

Theorem 3.20(ii)(d).

(iii): This follows from Theorem 3.20(ii)(f) when [A] holds. It remains to show that [B]

implies [A]. Let us first show that

χ ∈ ]0, 1[. (3.136)

First, the concavity of ξ ↦→ ξ(2 − ξ) and Jensen’s inequality yield

0 < μ ¶ inf
n∈N

E
(
_n (2 − _n)

)
¶ inf

n∈N
E_n(2 − E_n). (3.137)

This quadratic inequality forces

0 < 1 −
√

1 − μ ¶ inf
n∈N

E_n, (3.138)

and Jensen’s inequality guarantees that 0 < infn∈N E_2
n = ζ. Next, since μ ∈ ]0, 1[, δ ∈ ]0, 1[,
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ν ∈ [1, +∞[, ρ ∈ [2, +∞[, and _n ∈ ]0, ρ] P-a.s., we have _2
n/ρ2 ∈ ]0, 1] P-a.s. and

ζ

ρ2
=

infn∈N E_2
n

ρ2
∈ ]0, 1] . (3.139)

It follows then that μδζ/(ρ2ν) ∈ ]0, 1[ and therefore that χ = 1 − μδζ/(ρ2ν) ∈ ]0, 1[. Next, let

n ∈ N and I ∈ !2(Ω,Xn,P; Z). Theorem 3.16(iii), the independence assumption for _n, and (3.2)

imply that

E
(
‖Gn+1 − I‖2

H

��Xn

)
¶ ‖Gn − I‖2

H − E
(
_n (2 − _n)

)
E
(
‖3n‖2

H

��Xn

)

= ‖Gn − I‖2
H − E

(
_n (2 − _n)

)
E

(
1

_2
n

‖Gn+1 − Gn‖2
H

����Xn

)
P-a.s. (3.140)

Upon taking I = projZ Gn in (3.140),

E
(
d2
Z (Gn+1)

��Xn

)
¶ d2

Z (Gn) − E
(
_n (2 − _n)

)
E

(
1

_2
n

‖Gn+1 − Gn‖2
H

����Xn

)

¶ d2
Z (Gn) − μE

(
1

_2
n

‖Gn+1 − Gn‖2
H

����Xn

)

¶ d2
Z (Gn) −

μ

ρ2
E
(
‖Gn+1 − Gn‖2

H

��Xn

)
. (3.141)

Thus, for P-almost every ω′ ∈ Ω, we derive from (3.125) that

E
(
d2
Z (Gn+1)

��Xn

)
(ω′) ¶ d2

Z (Gn) (ω
′) − μδζ

ρ2

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω)

¶ χd2
Z (Gn) (ω

′). (3.142)

Hence, E(d2
Z
(Gn+1) |Xn) ¶ χd2

Z
(Gn) P-a.s. and, in view of (3.136), [A] holds. The conclusion

follows from Theorem 3.20(ii)(f).

Remark 3.36

(i) In Algorithm (3.104), M is the batch size, i.e., the number of activated sets, ?n is the

standard average of the selected operators, !n ¾ 1 is the extrapolation parameter, 0n
is the extrapolated average, and _n is the relaxation parameter, which can exceed the

standard bound 2 imposed by deterministic methods [16].

(ii) Problem 3.33 is studied in [27] for firmly nonexpansive operators with errors. A determin-

istic algorithm which activates all the operators at each iteration via a Bochner integral

average is proposed. The weak convergence to a solution is established; see also [10] for

a version in the context of projectors of Example 3.32(i). This result contrasts with Theo-

rem 3.35 in which the convergence is guaranteed even when a finite number of operators

are activated at each iteration.

(iii) In (3.104), we need not impose a lower bound on the weights (Vi,n)1¶i¶M if we assume
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that, for every i ∈ {1, . . . ,M}, Vi,n is independent of σ(?i,n, G0, . . . , Gn). Indeed, in such a case,

Lemma 3.10 asserts that

E

( M∑

i=1

Vi,n‖?i,n − Gn‖2
H

����Xn

)
=

M∑

i=1

E
(
Vi,n‖?i,n − Gn‖2

H

��Xn

)

=

M∑

i=1

(
EVi,n

)
E
(
‖?1,n − Gn‖2

H

��Xn

)

= E
(
‖?1,n − Gn‖2

H

��Xn

)
. (3.143)

(iv) Suppose that, for every k ∈ K, Tk : H → H is continuous. Then, to obtain the joint measur-

ability of T, it is enough to suppose that, for every x ∈ H, T(·, x) : k ↦→ Tkx is measurable

[1, Lemma 4.51].

Remark 3.37 In the literature, convergence to solutions has been established in specific in-

stances of Problem 3.33 and algorithm (3.104).

(i) Several works have focused on the sequential unrelaxed case, that is, the scenario in

which

M = 1, _n = 1, and therefore Gn+1 = 0n = ?n = ?1,n = T:1,nGn . (3.144)

In the context of the projectors of Example 3.32(i), [43] guarantees almost sure con-

vergence to a solution when H = RN and K is finite. This result is also found in [9]

and in [34]. The setting of [34] involves a Euclidean space H and a general measur-

able space (K,K), and it also shows convergence in !2 (Ω,F,P; H). When the subsets are

half-spaces or when the interior of Z is nonempty, [43] provides a rate for convergence in

!2(Ω,F,P; H). For general separable Hilbert spaces and under the assumption that the op-

erators are averaged mappings, [30] shows weak almost sure convergence. In addition,

a convergence rate is established in !1(Ω,F,P; H) when (3.107) is satisfied. The paper

[44] involves deterministic relaxations λn ∈ ]0, 2[ in the context of subgradient projectors

of Example 3.32(iv) in H = RN. Assuming that (3.107) holds and, additionally, that the

subgradients are uniform bounded, almost sure convergence to a solution is established.

(ii) We now discuss works that have studied algorithms for M > 1. In [33], K is countable,

extrapolations are not allowed (hence 0n = ?n), _n is a deterministic parameter in ]0,2],
and the condition int Z ≠ ∅ is imposed. Finite convergence is established. In the context

of projectors in H = RN, a similar approach to Algorithm 3.1 is studied in [40] and [42]

with the following restrictions: deterministic relaxations (λn)n∈N in ]0, 2[ and iteration-

independent fixed deterministic weights βi,n ≡ 1/M. Mean-square rates of convergence

are established by assuming that (3.107) holds, as well as ergodic convergence results.

However, almost sure convergence is not proved. Similarly, [41] and [45] use a determin-

istic relaxation sequence (λn)n∈N in ]0, 2[ and iteration-independent fixed deterministic
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weights βi,n ≡ 1/M to solve Problem 3.33 in the context of subgradient projectors in

H = RN. Under linear regularity assumptions and, additionally, uniform boundedness of

the subgradients, rates of convergence in mean-square are provided. Nevertheless, almost

sure convergence of the sequence of iterates is not guaranteed.

Remark 3.38 By combining the proofs to Theorem 3.24 and Theorem 3.35, it is possible to es-

tablish convergence results for the following error-tolerant algorithm for solving Problem 3.33:

Let G0 ∈ !2(Ω,F,P; H), 0 < M ∈ N, and δ ∈ ]0, 1/M[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
for i = 1, . . . ,M


:i,n is a copy of : and is independent of Xn

take 4i,n ∈ !2(Ω,F,P; H)
?i,n = T:i,n

Gn + 4i,n
(Vi,n)1¶i¶M are [0, 1] -valued random variables such that

∑M
i=1 Vi,n = 1 P-a.s. and (∀i ∈ {1, . . . ,M}) Vi,n ¾ δ1[‖?i,n−Gn‖H= max

1¶j¶M
‖?j,n−Gn‖H]

?n =
∑M

i=1 Vi,n?i,n

take _n ∈ !∞ (Ω,F,P; ]0, 2[)
Gn+1 = Gn + _n (?n − Gn).

(3.145)

Suppose that infn∈N E(_n (2 − _n)) > 0, max1¶i¶M

∑
n∈N

√
E‖4i,n‖2

H < +∞, and that, for every n ∈ N,

_n is independent of σ(:1,n, . . . , :M,n, 41,n, . . . , 4M,n, V1,n, . . . , VM,n, G0, . . . , Gn). Then there exists G ∈
!2(Ω,F,P; Z) such that (Gn)n∈N converges weakly in !2(Ω,F,P; H) and weakly P-a.s. to G .

3.2.6 Numerical experiments

We illustrate numerically our results in the context of Problem 3.33 with applications of the

stochastic algorithm (3.104) with the deterministic relaxation strategies

(∀n ∈ N) _n = 1.0 (3.146)

and

(∀n ∈ N) _n = 1.9. (3.147)

We also consider the random relaxation strategies

(∀n ∈ N) P([_n = 2.3]) = 1
2

and P([_n = 1.5]) = 1
2

(3.148)

and

(∀n ∈ N) _n ∼ uniform([1.5,2.3]). (3.149)
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Note that (3.148) and (3.149) are super relaxation strategies that satisfy, for every n ∈ N,

E(_n(2 − _n)) > 0, P([_n > 2]) > 0, and E_n = 1.9. Problem 3.33 is specialized to the standard

Euclidean space H = RN with ‖·‖H = ‖·‖, K = {1, . . . , p}, and : ∼ uniform(K).

Problem 3.39 For every k ∈ {1, . . . , p}, fk : RN → R is a convex function and Ck =
{
x ∈ RN |

fk (x) ¶ 0
}
. It is assumed that Z =

⋂
1¶k¶p Ck ≠ ∅. The task is to

find x ∈ RN such that x ∈ Z. (3.150)

Consider the setting of Problem 3.39. For every k ∈ {1, . . . , p}, let Tk : RN → RN be the

subgradient projector onto Ck of Example 3.32(iv), so that, by [5, Propositions 16.20 and 29.41]

Tk is firmly quasinonexpansive, Fix Tk = Ck, and Id − Tk is demiclosed at 0. (3.151)

Subgradient projectors extend the classical projection operators in the following sense. Let C

be a nonempty closed and convex subset of RN and suppose that fk = dC. Then Ck = C and

Gk = projC [5, Example 29.44]. Their importance in solving Problem 3.39 stems from the fact

that they are generally much easier to implement than exact ones.

3.2.6.1 Signal restoration

The goal is to recover the original signal x ∈ RN (N = 1024) shown in Fig. 3.2(a) from 20 noisy

observations (Ak)1¶k¶20 given by

(∀k ∈ {1, . . . , 20}) Ak = Lkx +Fk (3.152)

where Lk : RN → RN is a known linear operator, ηk ∈ ]0, +∞[, and Fk ∈ [−ηk, ηk]N is a

bounded random noise vector. The parameters (ηk)1¶k¶20 ∈ ]0, +∞[20 are known. The op-

erators (Lk)1¶k¶20 are Gaussian convolution filters with zero mean and standard deviation

taken uniformly in [10, 30], ηk = 0.15, and Fk is taken uniformly in [−ηk, ηk]N. Set, for ev-

ery k ∈ {1, . . . , 20} and every j ∈ {1, . . . ,N},

Ck,j =
{
x ∈ RN | −ηk ¶ 〈Lkx − Ak | ej〉 ¶ ηk

}
. (3.153)

Since the intersection of these sets is nonempty and their projectors are computable explicitly

[5, Example 29.21], we solve the feasibility problem

find x ∈ RN such that (∀k ∈ {1, . . . , 20}) (∀j ∈ {1, . . . ,N}) x ∈ Ck,j (3.154)

by algorithm (3.104) implemented with exact projectors. We run two instances with G0 = 0.

In the first one, M = 1. Note that the relaxation scheme of (3.146) leads to the almost sure

convergence result of [43] (see also [34]), while the relaxation schemes (3.147)–(3.149) are
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new even in this specialized context of randomly activated projection method. In the second

instance M = 16. Fig. 3.3 displays the normalized error versus execution time.

Fig. 3.3 (top) shows the benefits of large relaxations when M = 1. Fig. 3.3 (bottom) shows

the advantage of using M > 1 random blocks, in which case the extrapolation parameter !n is

not equal to 1 and can attain large values. This behavior was previously observed for deter-

ministic algorithms [6, 12, 15, 48]. Fig. 3.3 also suggests that, on a single run, the use of the

proposed random super relaxation scheme can further improve the speed of convergence. It is

worth noting that the execution time can naturally be reduced if Algorithm 3.1 is implemented

on a multi-core architecture where, at each iteration, each (subgradient) projector is assigned

to a dedicated core and all the cores work in parallel.

3.2.6.2 Image restoration

The goal is to recover the original image x̄ ∈ RN×N (N = 256) shown in Fig. 3.4(a) from

four observations {A1, . . . , A4} which are given by the degradation of x̄ via a Gaussian kernel
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Figure 3.2 Experiment of Section 3.2.6.1. (a): Original signal x. (b): Noisy observation A1. (c): Solution
produced by algorithm (3.104).
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Figure 3.3 Experiment of Section 3.2.6.1. Normalized error 20 log(‖Gn−G∞‖/‖G0−G∞‖) (dB) versus exe-
cution time (s) on single processor machine for various relaxation strategies. Green: (3.146). Magenta:
(3.147). Blue: (3.148). Brown: (3.149). Left: Average over ten runs. Right: A single run. Top: M = 1.
Bottom: M = 16.

(a) (b) (c)

Figure 3.4 Experiment of Section 3.2.6.2. (a) Original image x̄. (b) Noisy observation A1. (c) Solution
produced by algorithm (3.104).

with a standard deviation of 8 and the addition of random noise. The noise distribution is

uniform([0, 5]N×N). Let L be the block-Toeplitz matrix associated with the convolutional blur.

Then

(∀k ∈ {1, 2, 3, 4}) Ak = Lx̄ +Fk, where Fk ∼ uniform
(
[0, 5]N×N

)
. (3.155)

The entries of the random vectors (Fk)1¶k¶4 are i.i.d. Therefore, as shown in [23], for every
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k ∈ {1, 2,3, 4}, with a 95% confidence coefficient

x̄ ∈ Ck =
{
x ∈ RN×N | ‖Ak − Lx‖2 ¶ ξ

}
, (3.156)

where ξ = N2E|D |2 +1.96N

√
E|D |4 − E2 |D |2 with D ∼ uniform([0,5]). For every k ∈ {1, 2, 3, 4}, we

compute the subgradient projector onto Ck in (3.100) via the function fk : x ↦→ ‖Ak − Lx‖2 − ξ. In

addition, the boundedness on pixel values is incorporated as the property set C5 = [0, 255]N×N.

Finally, it is assumed that the discrete Fourier transform F(x̄) of x̄ is known on a portion of

its support for low frequencies in both directions. That is, let S be the set of frequency pairs

{0, . . . ,N/8 − 1}2 as well as those resulting from the symmetry properties of the 2D discrete

Fourier transform of real images. The associated set is C6 =
{
x ∈ RN×N | F(x)1S = F(x̄)1S

}
and

its projection is given by projC6
: x ↦→ F−1(F(x̄)1S + F(x)1∁S). We run algorithm (3.104) with

G0 = 0 and M = 2. Fig. 3.5 displays the normalized error versus execution time. These results

confirm the conclusions of Section 3.2.6.1.
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Figure 3.5 Experiment of Section 3.2.6.2 using M = 2. Normalized error 20 log(‖Gn − G∞‖/‖G0 − G∞‖)
(dB) versus execution time (s) on a single processor machine for various relaxation strategies. Green:
(3.146). Magenta: (3.147). Blue: (3.148). Brown: (3.149). Left: Average over ten runs. Right: A single
run.
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[44] A. Nedić, Random algorithms for convex minimization problems, Math. Program., vol. B129, pp.

225–253, 2011.
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Chapter 4

ASYMPTOTIC ANALYSIS OF AN

ABSTRACT STOCHASTIC SCHEME FOR

SOLVING MONOTONE INCLUSIONS

4.1 Introduction and context

In this chapter, we address question (Q3) from Chapter 1. We specialize the framework of

Chapter 3 to develop a stochastic scheme for solving the reduced inclusion problem with two

operators.

This chapter presents the following journal article:

P. L. Combettes and J. I. Madariaga, Asymptotic analysis of an abstract stochastic

scheme for solving monotone inclusions, submitted.

4.2 Article: Asymptotic analysis of an abstract stochastic scheme

for solving monotone inclusions

Abstract. We propose an abstract stochastic scheme for solving a broad range of monotone

operator inclusion problems in Hilbert spaces. This framework allows for the introduction of

stochasticity at several levels in monotone operator splitting methods: approximation of opera-

tors, selection of coordinates and operators in block-iterative implementations, and relaxation

parameters. The analysis involves an abstract reduced inclusion model with two operators. At

each iteration of the proposed scheme, stochastic approximations to points in the graphs of

these two operators are used to form the update. The results are applied to derive the almost

sure and !2 convergence of stochastic versions of the proximal point algorithm, as well as of
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randomized block-iterative projective splitting methods for solving systems of coupled inclu-

sions involving a mix of set-valued, cocoercive, and Lipschitzian monotone operators combined

via various monotonicity-preserving operations.

4.2.1 Introduction

The object of the present paper is to study the asymptotic behavior of an abstract stochastic

scheme for solving a broad class of monotone inclusion problems in Hilbert spaces. As in the

deterministic methods unified in [18], our analysis is articulated around the following two-

operator abstract model.

Problem 4.1 Let H be a separable real Hilbert space, let W : H → 2H be maximally monotone,

let α ∈ ]0, +∞[, and let C : H → H be α-cocoercive and such that Z = zer(W + C) ≠ ∅. The task

is to

find x ∈ H such that 0 ∈ Wx + Cx. (4.1)

If the resolvent of W were numerically tractable, Problem 4.1 could be solved via the clas-

sical forward-backward algorithm [25, 37, 46]. However, in the general inclusion models to be

considered, W is typically a composite operator defined on a product space, which makes such

an assumption unrealistic. Instead, we merely assume the ability to pick points in the graph

of W. This leads us to the following deterministic algorithmic template from [18, Section 4.4],

which was first considered in [13, Proposition 3] in the context of saddle projective splitting

methods.

Algorithm 4.2 In the setting of Problem 4.1, let x0 ∈ H and iterate

for n = 0, 1, . . .


take (wn,w
∗
n) ∈ gra W and qn ∈ H

t∗n = w∗
n + Cqn

Δn = 〈xn − wn | t∗n〉 − (4α)−1‖wn − qn‖2

θn =




Δn

‖t∗n‖2
, if Δn > 0;

0, otherwise

dn = θnt
∗
n

take λn ∈ ]0, 2[
xn+1 = xn − λndn .

(4.2)

As shown in [18], Algorithm 4.2 is at the core of a broad range of classical and block-

iterative deterministic splitting methods, in particular those of [7, 11, 13, 15, 17, 19, 24, 26, 27,
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31,40,45–48]. Stochasticity can be introduced in various components of these deterministic al-

gorithms: stochastic approximation of operators, random selection of coordinates and operators

in block-iterative implementations, and random relaxation parameters. To design and analyze

such stochastic variants of existing models, we propose to transform Algorithm 4.2 into the

following abstract stochastic scheme.

Algorithm 4.3 In the setting of Problem 4.1, let ρ ∈ [2, +∞[, let G0 ∈ !2(Ω,F,P; H), and iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
take {Fn,F

∗
n, 4n, 4

∗
n} ⊂ !2(Ω,F,P; H) such that

(
Fn + 4n,F ∗

n + 4∗n
)
∈ gra W P-a.s.

take {@n, 2
∗
n, 5

∗
n } ⊂ !2(Ω,F,P; H) such that 2∗n + 5 ∗n = C@n P-a.s.

C∗n = F ∗
n + 2∗n

Jn = 〈Gn −Fn | C∗n〉 − (4α)−1‖Fn − @n‖2

\n =
1[C∗n≠0]1[Jn>0]Jn

‖C∗n ‖2 + 1[C∗n=0]
3n = \nC

∗
n

take _n ∈ !∞ (Ω,F,P; ]0, ρ])
Gn+1 = Gn − _n3n .

(4.3)

At iteration n of Algorithm 4.3, the variables 4n, 4∗n, and 5 ∗n model stochastic errors allowed

in the activation of the operators W and C. Thus, the algorithm does not require an exact point

in the graph of W but merely a stochastic approximation (Fn,F
∗
n) of such a point. Likewise, it

does not require the exact evaluation of C@n but merely a stochastic approximation 2∗n of it. The

broad reach of this algorithmic template stems from the flexibility it offers in choosing the triple

(Fn,F
∗
n, @n). Another notable new feature of (4.3) is the use of a random relaxation parameter

_n which, furthermore, is not restricted to the usual interval ]0, 2[.
Notation and preliminary results are presented in Section 4.2.2. The asymptotic behavior

of Algorithm 4.3 is analyzed in Section 4.2.3, where we prove in particular weak almost sure

convergence to a solution to Problem 4.1 under suitable assumptions. Just as the convergence

analysis of Algorithm 4.2 provided a unifying framework to establish that of a wide array of clas-

sical and block-iterative methods in [18], those of Section 4.2.3 can be used to derive stochastic

versions of these methods. Thus, in Section 4.2.4, we establish the almost-sure and !2 weak

convergence of the proximal point algorithm with stochastic approximations of the resolvents

and random relaxations. To further illustrate the versatility of Algorithm 4.3, we consider in

Section 4.2.5 a drastically different model, namely, a highly structured multivariate monotone

inclusion problem involving a mix of set-valued, cocoercive, and Lipschitzian monotone opera-

tors, as well as linear operators, and various monotonicity-preserving operations among them.

We design a stochastic version of the deterministic saddle projective splitting algorithm of [13]

in which the blocks of variables and operators are now selected randomly over the course of
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the iterations, and the relaxations are random. Theorem 4.23 establishes for the first time the

almost sure convergence of such a block-iterative algorithm. Likewise, Section 4.2.6 proposes

a randomized version of the Kuhn–Tucker projective splitting method of [19] and analyzes its

convergence as an instance of Algorithm 4.3.

4.2.2 Notation and preliminary results

4.2.2.1 General notation

We use sans-serif letters to denote deterministic variables and italicized serif letters to denote

random variables. H is a separable real Hilbert space, with identity operator Id, power set 2H,

scalar product 〈· | ·〉, and associated norm ‖ · ‖. The strong and weak convergence in H are

denoted by the symbols → and ⇀, respectively. The sets of strong and weak sequential cluster

points of a sequence (xn)n∈N in H are denoted by S(xn)n∈N and W (xn)n∈N, respectively. The

reader is referred to [4] for background on convex analysis and fixed point theory, and to [34]

for background on probability theory.

4.2.2.2 Operators

Let M : H → 2H. The graph of M is gra M =
{
(x, x∗) ∈ H × H | x∗ ∈ Mx

}
and the set of zeros

of M is zer M =
{
x ∈ H | 0 ∈ Mx

}
. The inverse of M is the operator M−1 : H → 2H with graph

gra M−1 =
{
(x∗, x) ∈ H × H | x∗ ∈ Mx

}
and the resolvent of M is JM = (Id +M)−1. We say that M is

monotone if
(
∀(x, x∗) ∈ gra M

) (
∀(y, y∗) ∈ gra M

)
〈x − y | x∗ − y∗〉 ¾ 0, (4.4)

and that it is maximally monotone if

(
∀(x, x∗) ∈ H × H

) [
(x, x∗) ∈ gra M ⇔

(
∀(y, y∗) ∈ gra M

)
〈x − y | x∗ − y∗〉 ¾ 0

]
. (4.5)

If M is maximally monotone, then JM is a single-valued operator defined on H and which satis-

fies

Fix JM = zer M and (∀x ∈ H) (∀y ∈ H) ‖JMx − JMy‖2 + ‖(Id − JM)x − (Id − JM)y‖2 ¶ ‖x − y‖2.

(4.6)

Let β ∈ ]0, +∞[. Then M is β-strongly monotone if M − βId is monotone, i.e.,

(
∀(x, x∗) ∈ gra M

) (
∀(y, y∗) ∈ gra M

)
〈x − y | x∗ − y∗〉 ¾ β‖x − y‖2. (4.7)

The parallel sum of B : H → 2H and D : H → 2H is B�D = (B−1 +D−1)−1. An operator C : H → H

is cocoercive with constant α ∈ ]0, +∞[ if

(∀x ∈ H) (∀y ∈ H) 〈x − y | Cx − Cy〉 ¾ α‖Cx − Cy‖2. (4.8)
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We denote by Γ0(H) the class of lower semicontinuous convex functions f : H → ]−∞, +∞] such

that dom f =
{
x ∈ H | f (x) < +∞

}
≠ ∅. The subdifferential of f ∈ Γ0(H) is the maximally mono-

tone operator mf : H → 2H : x ↦→
{
x∗ ∈ H | (∀y ∈ H) 〈y − x | x∗〉 + f (x) ¶ f (y)

}
and the proximity

operator of f is

proxf = Jmf : H → H : x ↦→ argminz∈H

(
f (z) + 1

2
‖x − z‖2

)
. (4.9)

The infimal convolution of f and h ∈ Γ0(H) is f � h : H → [−∞, +∞] : x ↦→ infy∈H (f (y) + h(x − y)).

4.2.2.3 Probabilistic setting

The underlying probability space (Ω,F,P) is complete. Let (Ξ,G) be a measurable space. A Ξ-

valued random variable (random variable for short) is a measurable mapping G : (Ω,F,P) →
(Ξ,G). In particular, an H-valued random variable is a measurable mapping G : (Ω,F,P) →
(H,BH), where BH denotes the Borel σ-algebra of H. Given G : Ω → Ξ and S ∈ G, we set

[G ∈ S] =
{
ω ∈ Ω | G (ω) ∈ S

}
. Let p ∈ [1,+∞[ and let X be a sub σ-algebra of F. Then

!p (Ω,X,P; H) denotes the space of equivalence classes of P-a.s. equal H-valued random vari-

ables G : (Ω,X,P) → (H,BH) such that E‖G ‖p
< +∞. Endowed with the norm

‖ · ‖!p (Ω,X,P;H) : G ↦→ E1/p‖G ‖p =

(
∫

Ω

‖G (ω)‖pP(3ω)
)1/p

, (4.10)

!p (Ω,X,P; H) is a real Banach space. Further,

(∀S ∈ BH) !p (Ω,X,P; S) =
{
G ∈ !p(Ω,X,P; H)

�� G ∈ S P-a.s.
}
. (4.11)

The σ-algebra generated by a family Φ of random variables is denoted by σ(Φ). Let (Gn)n∈N and

G be H-valued random variables. We say that (Gn)n∈N converges in probability to G , denoted by

Gn
P→ G , if ‖Gn − G ‖ converges in probability to 0, i.e.,

(∀ε ∈ ]0, +∞[) P
( [
‖Gn − G ‖ > ε

] )
→ 0. (4.12)

We say i : Ω × H → R is a Carathéodory integrand if




for P-almost every ω ∈ Ω, i (ω, ·) is continuous;

for every x ∈ H, i (·, x) is F-measurable.
(4.13)

We denote by ℭ(Ω,F,P; H) the class of Carathéodory integrands i : Ω × H → [0, +∞[.

4.2.2.4 Preliminary results

Our main results rest on several technical facts, which are presented below. The first two lem-

mas are direct consequences of the corresponding statements for R-valued random variables;
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see [44, Section 2.10].

Lemma 4.4 Let (Gn)n∈N and G be H-valued random variables and let p ∈ [1, +∞[ be such that

(Gn)n∈N converges strongly in !p (Ω,F,P; H) to G . Then Gn
P→ G .

Lemma 4.5 Let (Gn)n∈N and G be H-valued random variables such that Gn
P→ G . Then there exists

a strictly increasing sequence (jn)n∈N in N such that (Gjn)n∈N converges strongly P-a.s. to G .

Lemma 4.6 Let (bn)n∈N, (Jn)n∈N, and (jn)n∈N be sequences of R-valued random variables such

that 


limJn ¶ 0 P-a.s.;

jn
P→ 0;

(∀n ∈ N) bn ¾ 0 P-a.s. and bn + jn ¶ Jn P-a.s.

(4.14)

Then bn
P→ 0.

Proof. Let ε ∈ ]0, +∞[ and n ∈ N. Let ω ∈ Ω and suppose that bn (ω) > ε. Then there are two

cases:

• jn (ω) < −ε/2.

• jn (ω) ¾ −ε/2, in which case ε/2 = ε − ε/2 < bn (ω) + jn (ω) ¶ Jn(ω). Therefore,

[bn > ε] ⊂ [jn < −ε/2] ∪ [Jn > ε/2]. (4.15)

Note that P([jn < −ε/2]) → 0 since jn
P→ 0. On the other hand, since limJn ¶ 0 P-a.s., we

have

lim P([Jn > ε/2]) ¶ P
(
lim [Jn > ε/2]

)

= P
({
ω ∈ Ω | (∀n ∈ N) (∃ k ∈ {n, n + 1, . . .}) Jk(ω) > ε/2

})

= 0. (4.16)

Altogether, P([|bn | > ε]) = P([bn > ε]) ¶ P([jn < −ε/2]) + P([Jn > ε/2]) → 0 and we conclude

that bn
P→ 0.

Lemma 4.7 Let G ∈ !2(Ω,F,P; H) and let T : H → H be Lipschitzian. Then TG ∈ !2(Ω,F,P; H).

Proof. Let β ∈ ]0, +∞[ be the Lipschitz constant of T. Since T is continuous, the mapping ω ↦→
(T ◦ G) (ω) = TG (ω) is measurable. Furthermore,

1
2
E‖TG ‖2 ¶ E‖TG − T0‖2 + E‖T0‖2 ¶ βE‖G − 0‖2 + E‖T0‖2 = βE‖G ‖2 + ‖T0‖2

< +∞, (4.17)

which confirms that TG ∈ !2(Ω,F,P; H).
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Lemma 4.8 Let (Gn)n∈N be a sequence in !2 (Ω,F,P; H), let m ∈ N, and let o (m) be a {0, . . . ,m}-
valued random variable. Then the function G

o (m) : ω ↦→ G
o (m)(ω) (ω) is in !2(Ω,F,P; H).

Proof. We note that

Go (m) =
m∑

j=0

1[o (m)=j]Gj P-a.s., (4.18)

which shows that G
o (m) is measurable, as (Ω,F,P) is complete, and that

E‖Go (m) ‖
2 ¶ m max

1¶j¶m
E‖Gj‖2

< +∞. (4.19)

Thus, G
o (m) ∈ !

2(Ω,F,P; H).
The following theorem is a straightforward consequence of [21, Theorems 3.2 and 3.6].

Theorem 4.9 Let Z be a nonempty closed convex subset of H, let G0 ∈ !2(Ω,F,P; H), and let

ρ ∈ [2, +∞[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
C∗n ∈ !2 (Ω,F,P; H) and [n ∈ !1 (Ω,F,P;R) satisfy




1[C∗n≠0]1[〈Gn |C∗n 〉>[n][n

‖C∗n ‖ + 1[C∗n=0]
∈ !2(Ω,F,P;R);

\n =
1[C∗n≠0]1[〈Gn |C∗n 〉>[n]

(
〈Gn | C∗n〉 − [n

)

‖C∗n ‖2 + 1[C∗n=0]
;

(∀z ∈ Z) 〈z | E(\nC∗n |Xn)〉 ¶ E(\n[n |Xn) + Yn (·, z) P-a.s.,

where Yn ∈ ℭ(Ω,F,P; H)
3n = \nC

∗
n

_n ∈ !∞ (Ω,F,P; ]0, ρ])
Gn+1 = Gn − _n3n .

(4.20)

Suppose that, for every n ∈ N, _n is independent of σ({G0, . . . , Gn, 3n}), and E(_n(2 − _n)) ¾ 0. Then

the following hold:

(i) (Gn)n∈N is a well-defined sequence in !2(Ω,F,P; H).

(ii) Suppose that, for every z ∈ Z,
∑

n∈N EYn (·, z)E_n < +∞. Then the following are satisfied:

(a) (‖Gn‖)n∈N is bounded P-a.s. and (E‖Gn‖2)n∈N is bounded.

(b)
∑

n∈N E(_n(2 − _n))E‖3n‖2
< +∞.

(c) Suppose that infn∈N E(_n (2 − _n)) > 0. Then
∑

n∈N E‖Gn+1 − Gn‖2
< +∞.

(d) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. and weakly in

!2(Ω,F,P; H) to a random variable G ∈ !2(Ω,F,P; Z).
(e) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. and
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strongly in !1(Ω,F,P; H) to a random variable G ∈ !2(Ω,F,P; Z). Additionally, (Gn)n∈N
converges weakly in !2(Ω,F,P; H) to G .

Lemma 4.10 ([13, Lemma A.2]) Let α ∈ [0, +∞[, let A : H → H be α-Lipschitzian, let σ ∈
]0, +∞[, and let γ ∈ ]0, 1/(α + σ)]. Then γ−1Id − A is σ-strongly monotone.

4.2.3 Convergence analysis

This section is dedicated to establishing the weak convergence to solutions to Problem 4.1, in

the almost sure and !2(Ω,F,P; H) modes, of the sequence (Gn)n∈N generated by the stochastic

Algorithm 4.3.

Theorem 4.11 In the context of Problem 4.1, let (Gn)n∈N be the sequence generated by Algo-

rithm 4.3. For every n ∈ N and every z ∈ Z, set

Yn (·, z) = max
{
0,E

(
\n

(〈
Fn − z

�� 4∗n + 5 ∗n
〉)

+
〈
4n

��F ∗
n + Cz

〉
+

〈
4n

�� 4∗n
〉 ���Xn

)}
, (4.21)

and suppose that _n is independent of σ({G0, . . . , Gn, 3n}) and that E(_n(2 − _n)) ¾ 0. Then the

following hold:

(i) Let n ∈ N and z ∈ Z. Then

〈
z
��E(\nC∗n |Xn)

〉
¶ E

(
\n〈Fn | C∗n〉

���Xn

)
+ 1

4α
E
(
\n‖Fn − @n‖2

��Xn

)
+ Yn (·, z) P-a.s. (4.22)

(ii) (Gn)n∈N lies in !2(Ω,F,P; H).

(iii) Suppose that, for every z ∈ Z,
∑

n∈N EYn (·, z)E_n < +∞. Then the following are satisfied:

(a) (‖Gn‖)n∈N is bounded P-a.s. and (E‖Gn‖2)n∈N is bounded.

(b)
∑

n∈N E(_n(2 − _n))E‖3n‖2
< +∞.

(c) Suppose that infn∈N E(_n (2 − _n)) > 0. Then
∑

n∈N E‖Gn+1 − Gn‖2
< +∞.

(d) Suppose that infn∈N _n > 0 P-a.s. and that (C∗n)n∈N is bounded P-a.s. Then limJn ¶

0 P-a.s.

(e) Suppose that Gn−Fn−4n ⇀ 0 P-a.s.,Fn+4n−@n → 0 P-a.s., andF ∗
n+4∗n+C@n → 0 P-a.s.

Then (Gn)n∈N converges weakly P-a.s. and weakly in !2(Ω,F,P; H) to a Z-valued random

variable.

(f) Suppose that dim H < +∞, Gn −Fn − 4n
P→ 0, Fn + 4n − @n

P→ 0, and F ∗
n + 4∗n + C@n

P→ 0.

Then (Gn)n∈N converges P-a.s. and in !1 (Ω,F,P; H) to a Z-valued random variable.

Proof. (i): Note that (z,−Cz) ∈ gra W. Hence, (4.3) and the monotonicity of W yield

〈
z −Fn − 4n

��F ∗
n + 4∗n + 2∗n

〉

= 〈z −Fn − 4n |F ∗
n + 4∗n + C@n〉 − 〈z −Fn − 4n | 5 ∗n 〉
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= 〈z −Fn − 4n |F ∗
n + 4∗n + Cz〉 + 〈z −Fn − 4n | C@n − Cz〉 − 〈z −Fn − 4n | 5 ∗n 〉

¶ 〈z −Fn − 4n | C@n − Cz〉 − 〈z −Fn − 4n | 5 ∗n 〉
= −〈z − @n | Cz − C@n〉 + 〈Fn − @n | Cz − C@n〉 + 〈4n | Cz − C@n〉 − 〈z −Fn − 4n | 5 ∗n 〉
¶ −α‖Cz − C@n‖2 + ‖Fn − @n‖‖Cz − C@n‖ + 〈4n | Cz − C@n〉 − 〈z −Fn − 4n | 5 ∗n 〉

=
‖Fn − @n‖2

4α
−

���
(
2
√
α
)−1‖Fn − @n‖ −

√
α‖Cz − C@n‖

���
2

+ 〈4n | Cz − C@n〉 − 〈z −Fn − 4n | 5 ∗n 〉

¶
‖Fn − @n‖2

4α
+ 〈Fn − z | 5 ∗n 〉 + 〈4n | Cz − C@n〉 + 〈4n | 5 ∗n 〉 P-a.s. (4.23)

Therefore, since C∗n = F ∗
n + 2∗n,

〈
z
�� C∗n

〉
¶

〈
Fn

�� C∗n
〉
+ ‖Fn − @n‖2

4α
+

〈
Fn − z

�� 4∗n + 5 ∗n
〉
+

〈
4n

��F ∗
n + Cz

〉
+

〈
4n

�� 4∗n
〉

P-a.s. (4.24)

On the other hand, because \n ¾ 0 P-a.s., it follows from scaling by \n and taking the conditional

expectation with respect to Xn in (4.24) that (4.22) holds.

(ii): Let n ∈ N and set [n = 〈Fn | C∗n〉 + (4α)−1‖Fn − @n‖2. Then [n ∈ !1(Ω,F,P;R) and Yn ∈
ℭ(Ω,F,P; H). Furthermore, by the Cauchy–Schwarz inequality,

1
2

E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n][n

‖C∗n ‖ + 1[C∗n=0]

�����

2

¶ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n]

(
〈Gn | C∗n〉 − [n

)

‖C∗n ‖ + 1[C∗n=0]

�����

2

+ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n] 〈Gn | C∗n〉

‖C∗n ‖ + 1[C∗n=0]

�����

2

¶ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n]

(
〈Gn | C∗n〉 − [n

)

‖C∗n ‖ + 1[C∗n=0]

�����

2

+ E‖Gn‖2

= E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n]

(
〈Gn −Fn | C∗n〉 − (4α)−1‖Fn − @n‖2)

‖C∗n ‖ + 1[C∗n=0]

�����

2

+ E‖Gn‖2

¶ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉>[n] 〈Gn −Fn | C∗n〉

‖C∗n ‖ + 1[C∗n=0]

�����

2

+ E‖Gn‖2

¶ E‖Gn −Fn‖2 + E‖Gn‖2

< +∞. (4.25)

Altogether, in view of (i), we deduce that (4.3) is a realization of (4.20). Hence, the claim

follows from Theorem 4.9(i).

(iii)(a)–(iii)(c): These follow from Theorem 4.9(ii)(a)–(ii)(c).

(iii)(d): Since infn∈N _n > 0 P-a.s., we proceed, for P-almost every ω ∈ Ω, as in the proof of

[13, Proposition 3(iii)] to get the result using (iii)(c).
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(iii)(e): In view of (iii)(a), we fix Ω′ ∈ F such that

P(Ω′) = 1 and (∀ω ∈ Ω′)




Gn (ω) −Fn(ω) − 4n (ω) ⇀ 0;

Fn(ω) + 4n (ω) − @n (ω) → 0;

F ∗
n (ω) + 4∗n (ω) + C@n(ω) → 0;

(‖Gn (ω)‖)n∈N is bounded.

(4.26)

Now let ω ∈ Ω′ and x ∈ W (Gn(ω))n∈N. Then there exists a strictly increasing sequence in N, say

(kn)n∈N, such that Gkn
(ω) ⇀ x. Furthermore,

Fkn
(ω) + 4kn

(ω) = Gkn
(ω) −

(
Gkn

(ω) −Fkn
(ω) − 4kn

(ω)
)
⇀ x (4.27)

and, since C is U−1-Lipschitzian,



F ∗
kn
(ω) + 4∗kn

(ω) + C
(
Fkn

(ω) + 4kn
(ω)

)



¶


F ∗

kn
(ω) + 4∗

kn
(ω) + C@kn

(ω)


 +



C
(
Fkn

(ω) + 4kn
(ω)

)
− C@kn

(ω)




¶


F ∗

kn
(ω) + 4∗kn

(ω) + C@kn
(ω)



 +


Fkn

(ω) + 4kn
(ω) − @kn

(ω)




α

→ 0. (4.28)

On the other hand, (4.3) yields

(∀n ∈ N)
(
Fkn

(ω) + 4kn
(ω),F ∗

kn
(ω) + 4∗kn

(ω) + C
(
Fkn

(ω) + 4kn
(ω)

) )
∈ gra(W + C). (4.29)

Since, by [4, Corollary 25.5(i)], W + C is maximally monotone, (4.27), (4.28), (4.29), and [4,

Proposition 20.38(ii)] imply that x ∈ Z. Since x is arbitrarily chosen in W (Gn(ω))n∈N, we deduce

that W (Gn(ω))n∈N ⊂ Z and, since P(Ω′) = 1, that W (Gn)n∈N ⊂ Z P-a.s. Therefore, it follows

from Theorems 4.9(ii)(d) that (Gn)n∈N converges weakly P-a.s. and weakly in !2(Ω,F,P; H) to a

Z-valued random variable.

(iii)(f): Lemma 4.5 guarantees the existence of a strictly increasing sequence in N, say

(ln)n∈N, such that Gln −Fln − 4ln → 0 P-a.s., Fln + 4ln − @ln → 0 P-a.s., and F ∗
ln
+ 4∗

ln
+ C@ln → 0 P-a.s.

Additionally, it follows from (iii)(a) that (‖Gln ‖)n∈N is bounded P-a.s. Let Ω′ ∈ F be such that

P(Ω′) = 1 and (∀ω ∈ Ω′)




Gln (ω) −Fln (ω) − 4ln (ω) → 0;

Fln (ω) + 4ln (ω) − @ln (ω) → 0;

F ∗
ln
(ω) + 4∗

ln
(ω) + C@ln (ω) → 0;

(‖Gln (ω)‖)n∈N is bounded.

(4.30)

Let ω ∈ Ω′. We derive from (4.30) and the fact that H is finite-dimensional that there exists
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x ∈ H and a further subsequence (kln)n∈N such that Gkln
(ω) → x,

Fkln
(ω) + 4kln

(ω) = Gkln
(ω) −

(
Gkln

(ω) −Fkln
(ω) − 4kln

(ω)
)
→ x, (4.31)

and, as in (4.28),

F ∗
kln
(ω) + 4∗kln

(ω) + C
(
Fkln

(ω) + 4kln
(ω)

)
→ 0. (4.32)

However, as in (4.29),

(∀n ∈ N)
(
Fkln

(ω) + 4kln
(ω),F ∗

kln
(ω) + 4∗kln

(ω) + C
(
Fkln

(ω) + 4kln
(ω)

) )
∈ gra(W + C), (4.33)

and the maximal monotonicity of W + C yields x ∈ Z. Thus, (Gn (ω))n∈N has a cluster point in

Z and we conclude that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Therefore, it follows from Theorem 4.9(ii)(e)

that (Gn)n∈N converges P-a.s. and in !1(Ω,F,P; H) to a Z-valued random variable.

Remark 4.12 The random relaxations parameters (_n)n∈N satisfy infn∈N E(_n(2−_n)) ¾ 0. When

the relaxation parameters are deterministic, this condition imposes that, for every n ∈ N, λn ∈
]0, 2[, which is the standard range found in deterministic methods in the literature [13,18,29,

32]. However, Theorem 4.11 allows for the use of so-called super relaxation parameters [21]

which may exceed 2 by satisfying

inf
n∈N

E
(
_n (2 − _n)

)
> 0 and inf

n∈N
P([_n > 2]) > 0. (4.34)

Note that the use of super relaxation parameters leads to novel results and faster convergence;

see [21, Section 6] for examples of super relaxation strategies.

4.2.4 Stochastic proximal point algorithm

The proximal point algorithm is a classical method for finding a zero of a maximal monotone

operator A : H → 2H [5, 35, 36, 41]. In this section, we propose a stochastic version of it which

involves stochastic approximations of the resolvents together with random relaxations.

Theorem 4.13 Let A : H → 2H be a maximally monotone operator such that zer A ≠ ∅, let (γn)n∈N
be a sequence in ]0, +∞[, and let G0 ∈ !2(Ω,F,P; H). Iterate

for n = 0, 1, . . .⌊
take 4n ∈ !2(Ω,F,P; H) and _n ∈ !∞ (Ω,F,P; ]0, 2[)
Gn+1 = Gn + _n

(
J
γnA
Gn − 4n − Gn

)
.

(4.35)

Suppose that, for every n ∈ N, _n is independent of σ(G0, . . . , Gn, 4n), and that one of the following

holds:

(i)
∑

n∈N E(_n(2 − _n)) = +∞,
∑

n∈N

√
E|_n |2E‖4n‖2

< +∞, (E‖4n‖2)n∈N is bounded, and (∀n ∈ N)
γn = 1.
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(ii) infn∈N E(_n(2 − _n)) > 0, infn∈N γn > 0, and
∑

n∈N

√
E‖4n‖2

< +∞.

(iii)
∑

n∈N γ
2
n = +∞,

∑
n∈N

√
E‖4n‖2

< +∞, and (∀n ∈ N) _n = 1 P-a.s.

Then (Gn)n∈N converges weakly P-a.s. and weakly in !2(Ω,F,P; H) to a (zerA)-valued random

variable.

Proof. We apply Theorem 4.11 with W = A, C = 0 (hence Z = zer A) and

(∀n ∈ N)




Fn = JγnAGn − 4n;

F ∗
n = γ−1

n (Gn −Fn);

@n = Fn;

2∗n = 5 ∗n = 0;

4∗n = −γ−1
n 4n.

(4.36)

In this setting, it follows from [4, Proposition 23.22] that

(∀n ∈ N)
(
Fn + 4n,F ∗

n + 4∗n
)
=

(
JγnAGn, γ

−1
n (Gn − JγnAGn)

)
∈ gra A P-a.s. (4.37)

and that algorithm (4.35) is an instantiation of Algorithm 4.3 with

(∀n ∈ N) C∗n = γ−1
n (Gn −Fn) and \n = γn. (4.38)

We therefore deduce from Theorem 4.11(ii) that the sequence (Gn)n∈N lies in !2(Ω,F,P; H).
Next, let us define a family of auxiliary sequences as follows. For every k ∈ N, set

~0,k = Gk and (∀n ∈ N) ~n+1,k = ~n,k + _n+k
(
Jγn+kA

~n,k − ~n,k

)
. (4.39)

Let k ∈ N. Then, as above, (~n,k)n∈N is a sequence generated by an instantiation of Algorithm 4.3

now initialized at Gk with, for every n ∈ N, 4n = 0 and @n = J
γn+kA

~n,k. Consequently, Theo-

rem 4.11(iii)(a) asserts that (‖~n,k‖)n∈N is bounded P-a.s. and that (E‖~n,k‖2)n∈N is bounded.

Additionally, we deduce from Theorem 4.11(iii)(b) that

∑

n∈N
E
(
_n(2 − _n)

)
E


~n,k − Jγn+kA

~n,k



2
< +∞. (4.40)

Next, let us show that, under any of scenarios (i)–(iii),

‖~n,k − Jγn+kA~n,k‖ → 0 P-a.s. as n → +∞. (4.41)

• Suppose that (i) holds. Then we deduce from (4.40) that lim E‖~n,k − J
A
~n,k‖2 = 0. In turn,

Fatou’s lemma yields lim‖~n,k − J
A
~n,k‖ = 0 P-a.s. Now set T = 2JA − Id and recall that it is
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nonexpansive [4, Corollary 23.11(ii)]. Therefore,

(∀n ∈ N) 2


~n+1,k − JA~n+1,k



 =


T~n+1,k − ~n+1,k





=


T~n+1,k − T~n,k + (1 − _n/2) (T~n,k − ~n,k)





¶ ‖~n+1,k − ~n,k‖ + (1 − _n/2)


T~n,k − ~n,k





= (_n/2)


T~n,k − ~n,k



 + (1 − _n/2)


T~n,k − ~n,k





= 2


~n,k − JA~n,k



 P-a.s., (4.42)

which shows that (‖~n,k − J
A
~n,k‖)n∈N decreases P-a.s. Hence, ‖~n,k − J

A
~n,k‖ → 0 P-a.s. as

n → +∞.

• Suppose that (ii) or (iii) holds. Then it follows from (4.40) that

E
∑

n∈N



~n,k − Jγn+kA
~n,k



2
=

∑

n∈N
E


~n,k − Jγn+kA

~n,k



2
< +∞. (4.43)

Thus
∑

n∈N‖~n,k − Jγn+kA~n,k‖2
< +∞ P-a.s. and hence ‖~n,k − Jγn+kA~n,k‖ → 0 P-a.s. as n →

+∞.

This establishes (4.41). On the other hand, let us note that, under any of scenarios (i)–(iii),

E
∑

n∈N
|_n | ‖4n‖ =

∑

n∈N
E
(
|_n | ‖4n‖

)
=

∑

n∈N
E|_n | E‖4n‖ ¶

∑

n∈N

√
E|_n |2E‖4n‖2

< +∞. (4.44)

Hence
∑

n∈N |_n | ‖4n‖ < +∞ P-a.s. Consequently, taking into account (4.35), (4.39), and (4.6),

we infer that, for every n ∈ N r {0},



Gn+k − ~n,k



 ¶
n+k−1∑

j=k



_j4j


 ¶

+∞∑

j=k

|_j | ‖4j‖ < +∞ P-a.s. (4.45)

and



Gn+k − ~n,k




!2 (Ω,F,P;H) ¶

n+k−1∑

j=k



_j4j



!2 (Ω,F,P;H)

=

n+k−1∑

j=k

√
E
��_j‖4j‖

��2

=

n+k−1∑

j=k

√
E|_j |2E‖4j‖2

¶
+∞∑

j=k

√
E|_j |2E‖4j‖2

< +∞ (4.46)
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In turn, since (E‖~n,k‖2)n∈N is bounded, so is (E‖Gn‖2)n∈N. Next, fix z ∈ zer A. We derive from

(4.21), (4.36), (4.38), the Cauchy–Schwarz inequality, and (4.6) that

∑

n∈N
EYn (·, z)E_n =

∑

n∈N
E max

{
0,E

(
〈z − JγnAGn | 4n〉 + 〈4n | Gn − JγnAGn〉 + ‖4n‖2

���Xn

)}
E_n

¶
∑

n∈N

(√
E‖z − JγnAGn‖2 +

√
E‖Gn − JγnAGn‖2 +

√
E‖4n‖2

)√
E‖4n‖2 E_n

¶
∑

n∈N

(√
E‖z − Gn‖2 +

√
E‖(Id − JγnA)Gn − (Id − JγnA)z‖2 +

√
E‖4n‖2

)√
E|_n |2E‖4n‖2

¶
∑

n∈N

(
2
√

E‖Gn − z‖2 +
√

E‖4n‖2
)√

E|_n |2E‖4n‖2

< +∞. (4.47)

We conclude the proof using Theorem 4.11(iii)(e).

• Convergence under assumption (i) or (ii): In view of (4.36), let us show that




Gn −Fn − 4n = Gn − J
γnA
Gn ⇀ 0 P-a.s.;

Fn + 4n − @n = J
γnA
Gn − Gn → 0 P-a.s.;

F ∗
n + 4∗n + C@n = γ−1

n

(
Gn − J

γnA
Gn

)
→ 0 P-a.s.

(4.48)

By invoking (4.6), (4.45), and (4.41), we obtain

lim
m→+∞



Gm − JγmAGm


 = lim

n→+∞



Gn+k − Jγn+kAGn+k




¶ lim
n→+∞

(
‖Gn+k − ~n,k‖ +



Jγn+kAGn+k − Jγn+kA~n,k



 +


~n,k − Jγn+kA~n,k




)

¶ lim
n→+∞

(
2‖Gn+k − ~n,k‖ +



~n,k − Jγn+kA~n,k




)

¶ lim
n→+∞

(
2

+∞∑

j=k



_j4j


 +



~n,k − Jγn+kA~n,k




)

= 2
+∞∑

j=k

|_j | ‖4j‖ + lim
n→+∞



~n,k − Jγn+kA~n,k





= 2
+∞∑

j=k

|_j | ‖4j‖ P-a.s. (4.49)

Thus, upon taking the limit as k → +∞ in (4.49), we obtain limm→+∞‖Gm − JγmAGm‖ =

0 P-a.s. Hence, since (γn)n∈N is bounded away from 0, (4.48) holds.

• Convergence under assumption (iii): Note that (4.40) yields

∑

n∈N
γ2
n+kE‖γ

−1
n+k (~n,k − Jγn+kA

~n,k)‖2
< +∞, (4.50)
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which forces lim‖γ−1
n+k (~n,k − J

γn+kA
~n,k)‖ = 0 P-a.s. Upon invoking [4, Proposition 23.22]

and the Cauchy–Schwarz inequality, we obtain, for every n ∈ N,

0 ¶
1

γn+1+k

〈
Jγn+kA~n,k − Jγn+1+kA~n+1,k

����
~n,k − J

γn+kA
~n,k

γn+k
−
~n+1,k − J

γn+k+1A
~n+1,k

γn+1+k

〉

=

〈
Jγn+kA~n,k − Jγn+1+kA~n+1,k

γn+1+k

����
~n,k − J

γn+kA
~n,k

γn+k

〉
−






~n+1,k − J

γn+k+1A
~n+1,k

γn+1+k






2

¶






~n+1,k − J

γn+kA
~n+1,k

γn+1+k







(




~n,k − J

γn+kA
~n,k

γn+k





 −





~n+1,k − J

γn+k+1A
~n+1,k

γn+1+k







)
P-a.s. (4.51)

Hence, (‖γ−1
n+k (~n,k − J

γn+kA
~n,k)‖)n∈N decreases P-a.s., which implies that

γ−1
n+k (~n,k − Jγn+kA

~n,k) → 0 P-a.s. as n → +∞. (4.52)

Consequently, we deduce then from Theorem (iii)(e) that, for every k ∈ N, (~n,k)n∈N con-

verges weakly P-a.s. and weakly in !2(Ω,F,P; H) to some (zer A)-valued random variable

which we denote by ~k. In addition, we deduce from (4.35), (4.39), and (4.6) that

(∀k ∈ N) (∀n ∈ N)



‖~n,k+1 − ~n+1,k‖ ¶ ‖4k‖ P-a.s.;

‖~n,k+1 − ~n+1,k‖!2 (Ω,F,P;H) ¶ ‖4k‖!2 (Ω,F,P;H) .
(4.53)

In turn, the weak lower semicontinuity of the norm and Fatou’s lemma imply that

(∀k ∈ N)



‖~k+1 − ~k‖ ¶ lim


~n,k+1 − ~n+1,k



 ¶ ‖4k‖ P-a.s.;

E‖~k+1 − ~k‖2 ¶ lim E


~n,k+1 − ~n+1,k



2
¶ E‖4k‖2.

(4.54)

Since
∑

n∈N‖4n‖ < +∞ P-a.s. and
∑

n∈N

√
E‖4n‖2

< +∞, (4.54) shows that (~k)k∈N is a

Cauchy sequence both P-a.s. and in !2(Ω,F,P; H). Hence, we deduce from (4.45), (4.46),

and (4.54) that there exists a (zer A)-valued random variable ~ such that




Gn+k − ~n,k → 0 P-a.s. and in !2 (Ω,F,P; H) as n → +∞ and k → +∞;

for every k ∈ N, ~n,k − ~k ⇀ 0 P-a.s. and in !2(Ω,F,P; H) as n → +∞;

~k − ~ → 0 P-a.s. and in !2(Ω,F,P; H) as k → +∞.

(4.55)

Thus, Gn+k − ~ = Gn+k − ~n,k + ~n,k − ~k + ~k − ~ ⇀ 0 P-a.s. and in !2 (Ω,F,P; H) as n →
+∞ and k → +∞. This confirms that (Gn)n∈N converges weakly P-a.s. and weakly in

!2(Ω,F,P; H) to ~.
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Remark 4.14 Here are a few commentaries on Theorem 4.13.

(i) In the deterministic setting with (λn)n∈N in ]0, 2[, Theorem 4.13(i) follows from [16,

Theorem 2.1(i)(a)], Theorem 4.13(ii) was established in [29, Theorem 3], and Theo-

rem 4.13(iii) was established in [5, Remarque 14(a)].

(ii) In the case of deterministic relaxations (λn)n∈N in ]0, 2[ and constant proximal parameters

(γn)n∈N, the almost sure weak convergence result in Theorem 4.13(ii) follows from [22,

Proposition 5.1].

(iii) As discussed in [18, Section 5], the deterministic proximal point algorithm can be em-

ployed to solve equilibrium problems beyond the simple inclusion 0 ∈ Ax. It captures in

particular the method of partial inverses to split multi-operator inclusions, problems in-

volving resolvent compositions, and the Chambolle–Pock algorithm. Stochasticity can be

introduced in these methods via Theorem 4.13.

4.2.5 Randomized block-iterative saddle projective splitting

4.2.5.1 Problem setting

We consider a highly structured composite multivariate primal-dual inclusion problem intro-

duced in [13] and further studied in [18, Section 10]. This model includes a mix of set-

valued, cocoercive, and Lipschitzian monotone operators, as well as linear operators and vari-

ous monotonicity-preserving operations among them. Its multivariate structure captures prob-

lems in areas such as domain decomposition methods [1, 2], game theory [12, 38], mean field

games [8], machine learning [3,6], network flow problems [9,42], neural networks [23], and

stochastic programming [10,30].

Problem 4.15 Let (Hi)i∈I and (Gk)k∈K be finite families of Euclidean spaces with respective direct

sums H =
⊕

i∈I Hi and G =
⊕

k∈K Gk. Denote by x = (xi)i∈I a generic element in H. For every i ∈ I

and every k ∈ K, let s∗
i
∈ Hi, let rk ∈ Gk, and suppose that the following are satisfied:

[a] Ai : Hi → 2Hi is maximally monotone, Ci : Hi → Hi is cocoercive with constant αc
i
∈ ]0,+∞[,

Qi : Hi → Hi is monotone and Lipschitzian with constant αl
i
∈ [0, +∞[, and Ri : H → Hi.

[b] Bm

k
: Gk → 2Gk is maximally monotone, Bc

k
: Gk → Gk is cocoercive with constant βc

k
∈

]0, +∞[, and Bl

k
: Gk → Gk is monotone and Lipschitzian with constant βl

k
∈ [0, +∞[.

[c] Dm

k
: Gk → 2Gk is maximally monotone, Dc

k
: Gk → Gk is cocoercive with constant δc

k
∈

]0, +∞[, and Dl

k
: Gk → Gk is monotone and Lipschitzian with constant δl

k
∈ [0, +∞[.

[d] Lki : Hi → Gk is linear.

In addition, it is assumed that

[e] R : H → H : x ↦→ (Rix)i∈I is monotone and Lipschitzian with constant χ ∈ [0, +∞[.
The objective is to solve the primal problem
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find x ∈ H such that (∀i ∈ I) s∗i ∈ Aixi + Cixi + Qixi + Rix

+
∑

k∈K
L∗
ki

(( (
Bm

k
+ Bc

k
+ Bl

k

)
�

(
Dm

k
+ Dc

k
+ Dl

k

) )
(∑

j∈I
Lkjxj − rk

))
(4.56)

and the associated dual problem

find v∗ ∈ G such that (∃ x ∈ H) (∀i ∈ I) (∀k ∈ K)



s∗
i
−

∑

j∈K
L∗jiv

∗
j ∈ Aixi + Cixi + Qixi + Rix;

v∗k ∈
( (

Bm

k
+ Bc

k
+ Bl

k

)
�

(
Dm

k
+ Dc

k
+ Dl

k

))
(∑

j∈I
Lkjxj − rk

)
.

(4.57)

Finally, P denotes the set of solutions to (4.56), D denotes the set of solutions to (4.57), and

we set X = H ⊕ G ⊕ G ⊕ G.

To deal with large size problems in which I and/or K is sizable, the deterministic block-

iterative algorithm proposed in [13] has the ability to activate only subgroups of coordinates

and operators at each iteration instead of all of them as in classical methods. We propose a

stochastic version of this block-iterative algorithm with almost sure convergence to a solution

of Problem 4.15. The convergence analysis will rely on an application of Theorem 4.11 in X

using the following saddle formalism.

Definition 4.16 ([13, Definition 1]) The saddle operator associated with Problem 4.15 is

S : X → 2X : (x, y, z, v∗) ↦→
(?

i∈I

(
−s∗i + Aixi + Cixi + Qixi + Rix +

∑

k∈K
L∗kiv

∗
k

)
,
?

k∈K

(
Bm

k yk + Bc

k yk + Bl

k yk − v∗k
)
,

?

k∈K

(
Dm

k
zk + Dc

k
zk + Dl

k
zk − v∗k

)
,
?

k∈K

{
rk + yk + zk −

∑

i∈I
Lkixi

} )
, (4.58)

and the saddle form of Problem 4.15 is to

find x ∈ X such that 0 ∈ Sx. (4.59)

Item (ii) below asserts that finding a saddle point, i.e., solving (4.59), provides a solution

to Problem 4.15.

Proposition 4.17 ([13, Proposition 1]) Consider the setting of Problem 4.15 and Defini-

tion 4.16. Then the following hold:

(i) S is maximally monotone.

(ii) Suppose that x = (x, y, z, v∗) ∈ zerS. Then (x, v∗) ∈ P ×D.
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(iii) D ≠ ∅ ⇔ zerS ≠ ∅ ⇒ P ≠ ∅.

To use Theorem 4.11, we decompose the saddle operator S of (4.58) as the sum of

W : X → 2X : (x, y, z, v∗) ↦→
(?

i∈I

(
−s∗i + Aixi + Qixi + Rix +

∑

k∈K
L∗kiv

∗
k

)
,
?

k∈K

(
Bm

k yk + Bl

k yk − v∗k
)
,

?

k∈K

(
Dm

k
zk + Dl

k
zk − v∗k

)
,
?

k∈K

{
rk + yk + zk −

∑

i∈I
Lkixi

} )
(4.60)

and

C : X → X : (x, y, z, v∗) ↦→
( (

Cixi

)
i∈I,

(
Bc

k
yk

)
k∈K,

(
Dc

k
zk

)
k∈K, 0

)
. (4.61)

As seen in [13, Proposition 2(ii)–(iii)], W is maximally monotone and C is α-cocoercive with

α = min{αc
i
, βc

k
, δc

k
}i∈I,k∈K. This confirms that (4.59) fits the framework described in Problem 4.1.

4.2.5.2 Algorithm and convergence

The following assumptions regulate the way in which the coordinates and the sets are randomly

activated over the course of the iterations.

Assumption 4.18 I and K are nonempty finite sets, (πi)i∈I and (ζk)k∈K are in ]0, 1], and N ∈
N r {0}. (�n)n∈N are nonempty sets composed of elements randomly taken in I and ( n)n∈N are

nonempty sets composed of elements randomly taken in K. Further, for every finite collection of

positive integers n1, . . . , nm,




(∀i ∈ I) P

( m⋂

j=1

[i ∈ �nj
]
)
=

m∏

j=1

P
(
[i ∈ �nj

]
)
;

(∀k ∈ K) P

( m⋂

j=1

[k ∈  nj
]
)
=

m∏

j=1

P
(
[k ∈  nj

]
)
.

(4.62)

Moreover, �0 = I,  0 = K, and

(∀n ∈ N)




(∀i ∈ I) P

([
i ∈

n+N−1⋃

j=n

�j

] )
¾ πi;

(∀k ∈ K) P

([
k ∈

n+N−1⋃

j=n

 j

] )
¾ ζk.

(4.63)

Example 4.19

(i) The (deterministic) rule of [13, Assumption 2] satisfies Assumption 4.18 by setting, for

every i ∈ I and every k ∈ K, πi = 1 and ζk = 1.

(ii) Set, for every n ∈ N, �n = {8n} and  n = {:n}, where (8n)n∈N are i.i.d. random variables

uniformly distributed on I and (:n)n∈N are i.i.d. random variables uniformly distributed
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on K. This rule satisfies Assumption 4.18 for N = 1, πi ≡ 1/cardI, and ζk ≡ 1/card K.

Proposition 4.20 Let I be a nonempty finite set and let (�n)n∈N be nonempty sets composed of

elements randomly taken in I. Suppose that �0 = I, and that i ∈ I is such that ([i ∈ �n])n∈N is an

independent sequence in F that satisfies

(∃N ∈ N r {0}) (∃ πi ∈ ]0, 1]) (∀n ∈ N) P

([
i ∈

n+N−1⋃

j=n

�j

] )
¾ πi. (4.64)

Set, for every n ∈ N, oi (n) = max
{
j ∈ N | j ¶ n and i ∈ �j

}
. Further, let (Gn)n∈N be a sequence in

!2(Ω,F,P; H) such that
∑

n∈N E‖Gn+1 − Gn‖2
< +∞ P-a.s. Then G

oi (n) − Gn → 0 in !1(Ω,F,P; H).

Proof. Note that (∀n ∈ N) oi (n) ∈ {0, . . . , n} P-a.s. Hence, Lemma 4.8 ensures that, for every

n ∈ N, G
oi (n) ∈ !2(Ω,F,P; H). On the other hand, it follows from the independence condition

and (4.64) that

(∀n ∈ N) P

([
i ∉

+∞⋃

j=n

�j

] )
= P

( +∞⋂

j=n

[
i ∈ ∁�j

] )

= P

(
lim

0<m→+∞

n+mN−1⋂

j=n

[
i ∈ ∁�j

] )

= lim
0<m→+∞

P

(n+mN−1⋂

j=n

[
i ∈ ∁�j

] )

= lim
0<m→+∞

m−1∏

k=0

P

(n+(k+1)N−1⋂

j=n+kN

[
i ∈ ∁�j

] )

= lim
0<m→+∞

m−1∏

k=0

P

(
∁

[
i ∈

(n+kN)+N−1⋃

j=n+kN
�j

] )

¶ lim
0<m→+∞

(1 − πi)m

= 0. (4.65)

Therefore oi (n) → +∞ P-a.s. as n → +∞ and, since
∑

n∈N‖Gn+1 − Gn‖2
< +∞ P-a.s., we have

∑
j¾oi (n) ‖Gj+1 − Gj‖2 ↓ 0 P-a.s. as n → +∞. Thus,

(∀n ∈ N) 0 ¶
∑

j¾oi (n)
‖Gj+1 − Gj‖2 ¶

∑

j∈N
‖Gj+1 − Gj‖2 ∈ !1(Ω,F,P;R), (4.66)

from which we deduce via [44, Theorem 2.6.1(b)] that E
∑

j¾oi (n) ‖Gj+1 − Gj‖2 → 0 as n → +∞.

On the other hand, let n ∈ N and m ∈ N be such that mN ¶ n < (m + 1)N. Then

E
(
n − oi (n)

)
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=

n−1∑

l=0

(n − l)P
( [

i ∈ �l
] )

P

([
i ∉

n⋃

j=l+1

�j

] )

¶
n−1∑

l=0

(n − l)P
([

i ∉

n⋃

j=l+1

�j

] )

¶ N(n − mN) +
m−1∑

k=0

(k+1)N−1∑

l=kN

(n − l)P
( [

i ∉

n⋃

j=l+1

�j

] )

¶ N2 +
m−1∑

k=0

(k+1)N−1∑

l=kN

(n − l)P
([

i ∉

mN−1⋃

j=(k+1)N
�j

] )

¶ N2 +
m−1∑

k=0

(n − kN)
(k+1)N−1∑

l=kN

(1 − πi)m−k−1

= N2 +
m−1∑

k=0

(n − kN)N(1 − πi)m−k−1

¶ N2 +
m−1∑

k=0

(
(m + 1)N − kN

)
N(1 − πi)m−k−1

= N2
(
1 +

m−1∑

k=0

(
m + 1 − k

)
(1 − πi)m−k−1

)

= N2
(
1 +

m−1∑

l=0

(
l + 2

)
(1 − πi)l

)

= N2
(
1 +

m−1∑

l=0

l(1 − πi)l +
m−1∑

l=0

2(1 − πi)l
)

= N2
(
1 + (1 − πi)

1 − m(1 − πi)m−1 + (m − 1) (1 − πi)m

π2
i

+ 2
1 − (1 − πi)m

πi

)

= N2
(
1 + 1 − πi − m(1 − πi)m + (m − 1) (1 − πi)m+1

π2
i

+ 2πi + 2(1 − πi)m+1 − 2(1 − πi)m

π2
i

)

= N2
(
1 + (m + 1) (1 − πi)m+1 − (m + 2) (1 − πi)m + 1 + πi

π2
i

)
, (4.67)

which shows that lim E(n − oi (n)) ¶ N2(1 + (1 + πi)/π2
i
) < +∞. Thus,

E‖Gn − Goi (n) ‖ ¶ E

n∑

j=oi (n)
‖Gj+1 − Gj‖

¶E

(
√

n+1−oi (n)

√√√ n∑

j=oi (n)
‖Gj+1 − Gj‖2

)
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¶
√

1+ E
(
n −oi (n)

)
√√√

E

+∞∑

j=oi (n)
‖Gj+1 − Gj‖2

→ 0. (4.68)

This confirms that G
oi (n) − Gn → 0 in !1 (Ω,F,P; H).

Assumption 4.21 In the setting of Problem 4.15, set α = min{αc
i
, βc

k
, δc

k
}i∈I,k∈K, and let σ ∈

]0, +∞[ and ε ∈ ]0,1[ be such that σ > 1/(4α) and 1/ε > max{αl
i
+ χ + σ, βl

k
+ σ, δl

k
+ σ}i∈I,k∈K, and

suppose that the following are satisfied:

[a] For every i ∈ I and every n ∈ N, γi,n ∈
[
ε, 1/(αl

i
+ χ + σ)

]
.

[b] For every k ∈ K and every n ∈ N, μk,n ∈
[
ε, 1/(βl

k
+ σ)

]
, νk,n ∈

[
ε, 1/(δl

k
+ σ)

]
, and σk,n ∈

[ε, 1/ε].

[c] For every i ∈ I, Gi,0 ∈ !2(Ω,F,P; Hi) and, for every k ∈ K, {~k,0, Ik,0, E
∗
k,0} ⊂ !2(Ω,F,P; Gk).

We now introduce our stochastic block-iterative algorithm. It differs from that of [13] in

that the selection of the blocks of variables and operators to be activated at each iteration is

random, and so is the relaxation strategy. In addition, the relaxation parameters need not be

bounded by 2.

Algorithm 4.22 Consider the setting of Problem 4.15 and suppose that Assumptions 4.18 and

4.21 are in force. Let ρ ∈ [2, +∞[ and iterate

for n = 0, 1, . . .������������������

for every i ∈ �n


;∗
i,n

= QiGi,n + Rixn +
∑

k∈K L∗
ki
E∗
k,n

;

0i,n = Jγi,nAi

(
Gi,n + γi,n (s∗i − ;

∗
i,n

− CiGi,n)
)
;

0∗
i,n

= γ−1
i,n

(Gi,n − 0i,n) − ;∗i,n + Qi0i,n;

bi,n = ‖0i,n − Gi,n‖2;

for every i ∈ I r �n⌊
0i,n = 0i,n−1; 0∗

i,n
= 0∗

i,n−1; bi,n = bi,n−1;

111





for every k ∈  n



D∗
k,n

= E∗
k,n

− Bl

k
~k,n;

F ∗
k,n

= E∗
k,n

− Dl

k
Ik,n;

1k,n = Jμk,nBm

k

(
~k,n + μk,n(D∗k,n − Bc

k
~k,n)

)
;

3k,n = Jνk,nDm

k

(
Ik,n + νk,n (F ∗

k,n
− Dc

k
Ik,n)

)
;

4∗
k,n

= σk,n

( ∑
i∈I LkiGi,n − ~k,n − Ik,n − rk

)
+ E∗

k,n
;

@∗
k,n

= μ−1
k,n

(~k,n − 1k,n) + D∗k,n + Bl

k
1k,n − 4∗k,n;

C∗
k,n

= ν−1
k,n

(Ik,n − 3k,n) +F ∗
k,n

+ Dl

k
3k,n − 4∗k,n;

[k,n = ‖1k,n − ~k,n‖2 + ‖3k,n − Ik,n‖2;

4k,n = rk + 1k,n + 3k,n −
∑

i∈I Lki0i,n;

for every k ∈ K r  n⌊
1k,n = 1k,n−1; 3k,n = 3k,n−1; 4∗

k,n
= 4∗

k,n−1; @∗
k,n

= @∗
k,n−1; C∗

k,n
= C∗

k,n−1;

[k,n = [k,n−1; 4k,n = rk + 1k,n + 3k,n −
∑

i∈I Lki0i,n;

for every i ∈ I⌊
?∗
i,n

= 0∗
i,n

+ Rian +
∑

k∈K L∗
ki
4∗
k,n

;

Jn = −(4α)−1 ( ∑
i∈I bi,n +

∑
k∈K [k,n

)
+ ∑

i∈I〈Gi,n − 0i,n | ?∗i,n〉
+ ∑

k∈K
(
〈~k,n − 1k,n | @∗k,n〉 + 〈Ik,n − 3k,n | C∗k,n〉 + 〈4k,n | E∗k,n − 4

∗
k,n

〉
)
;

\n =
1[Jn>0]Jn∑

i∈I ‖?∗i,n‖2 +∑
k∈K

(
‖@∗

k,n
‖2 + ‖C∗

k,n
‖2 + ‖4k,n‖2

)
+ 1[Jn¶0]

;

take _n ∈ !∞ (Ω,F,P; [ε, ρ])
for every i ∈ I⌊
Gi,n+1 = Gi,n − _n\n?∗i,n;

for every k ∈ K⌊
~k,n+1 = ~k,n − _n\n@∗k,n; Ik,n+1 = Ik,n − _n\nC∗k,n; E∗

k,n+1 = E∗
k,n

− _n\n4k,n;

(4.69)

The convergence properties of Algorithm 4.22 are established in the following theorem.

Theorem 4.23 Consider the setting of Algorithm 4.22. Suppose that infn∈N E(_n(2 − _n)) > 0 and

that D ≠ ∅. Then the following hold:

(i) Let i ∈ I. Then (Gi,n)n∈N lies in !2(Ω,F,P; Hi) and
∑

n∈N E‖Gi,n+1 − Gi,n‖2
< +∞.

(ii) Let k ∈ K. Then (~k,n)n∈N, (Ik,n)n∈N, and (E∗
k,n
)n∈N are sequences in !2(Ω,F,P; Gk). Further,

∑
n∈N E‖~k,n+1 − ~k,n‖2

< +∞,
∑

n∈N E‖Ik,n+1 − Ik,n‖2
< +∞, and

∑
n∈N E‖E∗

k,n+1 − E
∗
k,n

‖2
< +∞.

(iii) Let i ∈ I and k ∈ K. Then Gi,n − 0i,n
P→ 0, ~k,n − 1k,n

P→ 0, Ik,n − 3k,n
P→ 0, and E∗

k,n
− 4∗

k,n

P→ 0.

(iv) There exist a P-valued random variable x and a D-valued random variable v∗ such that, for

every i ∈ I and every k ∈ K, Gi,n → Gi P-a.s., 0i,n → Gi P-a.s., and E∗
k,n

→ E∗k P-a.s.

Proof. The results will be derived from Theorem 4.11 applied to Z = zerS in X, following
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the general pattern of the deterministic proof of [13, Theorem 1]. We use the notation of

Definition 4.16, as well as (4.60) and (4.61). Note that, since D ≠ ∅, Proposition 4.17(iii)

asserts that zerS ≠ ∅. Let us show that (4.69) is a special case of (4.3). We define the random

indices

(∀i ∈ I) (∀n ∈ N) oi (n) = max
{
j ∈ N | j ¶ n and i ∈ �j

}
(4.70)

and

(∀k ∈ K) (∀n ∈ N) rk (n) = max
{
j ∈ N | j ¶ n and k ∈  j

}
. (4.71)

It then follows from (4.69) that

(∀i ∈ I) (∀n ∈ N) 0i,n = 0i,oi (n) P-a.s., 0∗i,n = 0∗i,oi (n) P-a.s., bi,n = bi,oi (n) P-a.s., (4.72)

and

(∀k ∈ K) (∀n ∈ N)



1k,n = 1k,rk (n) P-a.s.; 3k,n = 3k,rk (n) P-a.s.; [k,n = [k,rk (n) P-a.s.;

4∗
k,n

= 4∗
k,rk (n) P-a.s.; @∗

k,n
= @∗

k,rk (n) P-a.s.; C∗
k,n

= C∗
k,rk (n) P-a.s.

(4.73)

To match the notation of Theorem 4.11, set

(∀n ∈ N)




xn = (xn,~n, zn, v
∗
n);

q̃
n
= (xn,~n, zn, e

∗
n);

wn = (an, bn, dn, e
∗
n);

w∗
n =

(
p∗

n − (CiGi,oi (n))i∈I, q∗n − (Bc

k
~k,rk (n))k∈K, t∗n − (Dc

k
Ik,rk (n))k∈K, en

)
;

qn =
(
(Gi,oi (n))i∈I, (~k,rk (n))k∈K, (Ik,rk (n))k∈K, (4∗k,n)k∈K

)
;

t∗n = (p∗
n, q

∗
n, t

∗
n, en);

(
en, e

∗
n,f

∗
n

)
=

(
0, 0, 0

)
.

(4.74)

Then it follows from (4.21) that, for every n ∈ N and every z ∈ zerS, Yn (·, z) = 0 P-a.s. Next, we

observe that, for every i ∈ I and every n ∈ N, (4.72), (4.70), (4.69), and [4, Proposition 23.2(ii)]

imply that

0∗i,n − CiGi,oi (n) = 0
∗
i,oi (n) − CiGi,oi (n)

= γ−1
i,oi (n)

(
Gi,oi (n) − 0i,oi (n)

)
− ;∗i,oi (n) − CiGi,oi (n) + Qi0i,oi (n)

∈ −s∗i + Ai0i,oi (n) + Qi0i,oi (n)

= −s∗i + Ai0i,n + Qi0i,n P-a.s. (4.75)
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and, therefore, that

?∗i,n − CiGi,oi (n) = 0
∗
i,n − CiGi,oi (n) + Rian +

∑

k∈K
L∗ki4

∗
k,n

∈ −s∗i + Ai0i,n + Qi0i,n + Rian +
∑

k∈K
L∗ki4

∗
k,n P-a.s. (4.76)

Likewise, we derive from (4.73), (4.71), (4.69), and [4, Proposition 23.2(ii)] that

(∀k ∈ K) (∀n ∈ N)




@∗
k,n

− Bc

k
~k,rk (n) ∈ Bm

k
1k,n + Bl

k
1k,n − 4∗k,n P-a.s.;

C∗
k,n

− Dc

k
Ik,rk (n) ∈ Dm

k
3k,n + Dl

k
3k,n − 4∗k,n P-a.s.;

4k,n = rk + 1k,n + 3k,n −
∑

i∈I Lki0i,n P-a.s.

(4.77)

In turn, we derive from (4.74) and (4.60) that the sequence (wn,w
∗
n)n∈N lies in gra W P-a.s. Next,

using (4.74) and (4.61), we obtain, for every n ∈ N, t∗n = w∗
n + Cqn P-a.s. Additionally, (4.69)

and (4.72)–(4.74) yield

(∀n ∈ N)
∑

i∈I
bi,n +

∑

k∈K
[k,n = ‖wn − qn‖2 P-a.s. (4.78)

Hence, in view of (4.69),

(∀n ∈ N) Jn = 〈xn −wn | t∗n〉 − (4α)−1‖wn − qn‖2 P-a.s. (4.79)

On the other hand,

(∀i ∈ I) (∀k ∈ K) (∀n ∈ N)




Ri,Qi,B
l

k
,Dl

k
and Lki are Lipschitzian;

Ci,B
c

k
, and Dc

k
are cocoercive, hence Lipschitzian;

Jγi,nAi
, Jμk,nBm

k
, and Jνk,nDm

k
are 1-Lipschitzian.

(4.80)

It therefore follows from Assumption 4.21[c], Lemmas 4.7 and 4.8, and an inductive argument

that the variables defined in (4.74) belong to !2(Ω,F,P; X). Altogether, taking into account the

assumptions, we have shown that (4.69) is a realization of (4.3). In turn, Theorem 4.11(iii)(c)

asserts that ∑

n∈N
E‖xn+1 − xn‖2

< +∞. (4.81)

(i)–(ii): These follow from Theorem 4.11(ii), (4.81), and (4.74).

(iii)–(iv): Theorem 4.11(iii)(a) implies that (xn)n∈N is bounded P-a.s. Therefore, arguing as

in the proof of [13, Theorem 1],

(
q̃
n

)
n∈N

, (wn)n∈N, and (t∗n)n∈N are bounded P-a.s. (4.82)
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As a result, (4.79) and Theorem 4.11(iii)(d) yield

lim
(
〈xn −wn | t∗n〉 − (4α)−1‖wn − qn‖2) = limJn ¶ 0 P-a.s. (4.83)

Now define

L : H → G : x ↦→
(∑

i∈I
Lkixi

)

k∈K
, with adjoint L∗ : G → H : v∗ ↦→

(∑

k∈K
L∗kiv

∗
k

)

i∈I
, (4.84)

and

U : X → X :
(
x, y, z, v∗

)
↦→

(
L∗v∗,−v∗,−v∗,−Lx + y + z

)
. (4.85)

Further, for every n ∈ N, set




(∀i ∈ I) Fi,n = γ−1
i,oi (n) Id − Qi;

(∀k ∈ K) Sk,n = μ−1
k,rk (n) Id − Bl

k
; Tk,n = ν−1

k,rk (n) Id − Dl

k
;

Fn : X → X : (x, y, z, v∗) ↦→
(
(Fi,nxi)i∈I, (Sk,nyk)k∈K, (Tk,nzk)k∈K, (σ−1

k,rk (n)v
∗
k
)k∈K

)
(4.86)

and




x̃n =
(
(Gi,oi (n))i∈I, (~k,rk (n))k∈K, (Ik,rk(n))k∈K, (E∗k,rk(n))k∈K

)
;

v∗n = Fnxn − Fnwn; u∗n = Uwn − Uxn;

r∗n =
(
(Rian − Rixn)i∈I, 0, 0, 0

)
; r̃∗n =

(
(Rian − Rixoi (n))i∈I, 0, 0, 0

)
;

l∗n =

( (
−∑

k∈K L∗
ki
E∗
k,oi (n)

)
i∈I,

(
E∗
k,rk (n)

)
k∈K,

(
E∗
k,rk (n)

)
k∈K,

(∑
i∈I LkiGi,rk (n) − ~k,rk (n) − Ik,rk (n)

)
k∈K

)
.

(4.87)

Assumptions [a]–[c] in Problem 4.15 and 4.21[a]&[b], together with Lemma 4.10, imply that

(∀n ∈ N) the operators




(Fi,n)i∈I are (χ + σ)-strongly monotone;

(Sk,n)k∈K and (Tk,n)k∈K are σ-strongly monotone.
(4.88)

Consequently, in view of (4.86), there exists κ ∈ ]0, +∞[ such that

the operators (Fn)n∈N are κ-Lipschitzian. (4.89)

Next, using the same arguments as in the proof of [13, Theorem 1], we obtain

(∀n ∈ N) t∗n = Fnx̃n − Fnwn + r̃∗n + l∗n + Uwn P-a.s. (4.90)

We also observe that, in view of (4.81), (4.70), (4.71), and Assumption 4.18, Proposition 4.20
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and Lemma 4.4 imply that

(∀i ∈ I) (∀k ∈ K)




xoi (n) − xn
P→ 0; xrk (n) − xn

P→ 0;

v∗
oi (n) − v∗n

P→ 0; ~rk (n) −~n

P→ 0;

zrk (n) − zn
P→ 0; v∗

rk (n) − v∗n
P→ 0.

(4.91)

Thus, (4.87), (4.84), and (4.85) yield

l∗n + Uxn
P→ 0, (4.92)

while assumption [e] in Problem 4.15 gives

(∀i ∈ I) ‖Rixoi (n) − Rixn‖ ¶ χ‖xoi (n) − xn‖
P→ 0. (4.93)

On the other hand, (4.89), (4.87), and (4.91) yield

‖Fnx̃n − Fnxn‖ ¶ κ‖x̃n − xn‖
P→ 0 (4.94)

which, combined with (4.90), (4.87), (4.92), and (4.93) leads to

t∗n −
(
v∗n + r∗n + u∗n

)
= l∗n + Uxn + Fnx̃n − Fnxn + r̃∗n − r∗n

P→ 0. (4.95)

Additionally, (4.74) and (4.91) yield

q̃
n
− qn

P→ 0. (4.96)

Therefore, by Cauchy–Schwarz and (4.82),

��〈wn − q̃
n

�� q̃
n
− qn

〉�� ¶
(

sup
m∈N

‖wm‖ + sup
m∈N

‖q̃
m
‖
)
‖q̃

n
− qn‖

P→ 0 (4.97)

while, by (4.95),

��〈xn −wn | t∗n − (v∗n + r∗n + u∗n)〉
�� ¶

(
sup
m∈N

‖xm‖ + sup
m∈N

‖wm‖
)
‖t∗n − (v∗n + r∗n + u∗n)‖

P→ 0. (4.98)

However, it follows from (4.85) and assumption [d] in Problem 4.15 that U is linear and

bounded, with U∗ = −U. It then results from (4.87) that, for every n ∈ N, 〈xn −wn | u∗n〉 = 0 P-a.s.

On the other hand, note that, for every n ∈ N,

〈xn −wn | t∗n〉 − (4α)−1‖wn − qn‖2

= 〈xn −wn | v∗n + r∗n + u∗n〉 + 〈xn −wn | t∗n − (v∗n + r∗n + u∗n)〉 − (4α)−1‖wn − qn‖2

= 〈xn −wn | v∗n + r∗n〉 + 〈xn −wn | t∗n − (v∗n + r∗n + u∗n)〉
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− (4α)−1
(

wn − q̃

n



2 + 2
〈
wn − q̃

n

�� q̃
n
− qn

〉
+



q̃
n
− qn



2
)

P-a.s. (4.99)

Moreover, as in [13, Equation (95)], it follows from (4.87), (4.74), (4.86), (4.88), Assump-

tion 4.21[b], and assumption [e] in Problem 4.15 that, for every n ∈ N,

〈xn −wn | v∗n + r∗n〉 − (4α)−1‖wn − q̃
n
‖2

¾
(
σ − (4α)−1) (‖xn − an‖2 + ‖~n − bn‖2 + ‖zn − dn‖2) + ε‖v∗n − e∗n‖2 P-a.s. (4.100)

For every n ∈ N, let us define




bn =
(
σ − (4α)−1) (‖xn − an‖2 + ‖~n − bn‖2 + ‖zn − dn‖2) + ε‖v∗n − e∗n‖2;

jn = 〈xn −wn | t∗n − (v∗n + r∗n + u∗n)〉 − (4α)−1 (2〈wn − q̃
n
| q̃

n
− qn〉 + ‖q̃

n
− qn‖2) .

(4.101)

Then infn∈N bn ¾ 0 P-a.s. Moreover, (4.99) and (4.100) imply that, for every n ∈ N, bn + jn ¶

Jn P-a.s. In addition, limJn ¶ 0 P-a.s. by (4.83) and jn
P→ 0 by (4.96)–(4.98). Therefore, in

view of Lemma 4.6, bn
P→ 0 and therefore

xn − an
P→ 0, ~n − bn

P→ 0, zn − dn
P→ 0, v∗n − e∗n

P→ 0, (4.102)

which establishes (iii). In turn, (4.74) and (4.89) force

xn −wn
P→ 0 and (∀n ∈ N) ‖Fnxn − Fnwn‖ ¶ κ‖xn −wn‖. (4.103)

Hence,

Fnxn − Fnwn
P→ 0. (4.104)

Likewise, (4.91) yieldswn−qn

P→ 0. Further, we infer from (4.87), (4.102), and Problem 4.15[e]

that

‖r∗n‖2 = ‖Ran − Rxn‖2 ¶ χ2‖an − xn‖2 P→ 0. (4.105)

As a result, it follows from (4.87), (4.95), (4.104), and (4.105) that

t∗n =

(
t∗n −

(
v∗n + r∗n + u∗n

))
+

(
Fnxn − Fnwn

)
+ U(wn − xn) + r∗n

P→ 0. (4.106)

Altogether,

xn −wn − en
P→ 0, wn + en − qn

P→ 0, and w∗
n + e∗n + Cqn

P→ 0 (4.107)

and Theorem 4.11(iii)(f) therefore guarantees that there exists a zerS-valued random variable

x = (x,~, z, v∗) such that xn → x P-a.s. This and (4.102) imply that, for every i ∈ I and every

k ∈ K, Gi,n → Gi P-a.s., 0i,n → Gi P-a.s., and E∗
k,n

→ E∗k P-a.s. Finally, Proposition 4.17(ii) asserts

that x solves (4.56) P-a.s. and that v∗ solves (4.57) P-a.s.
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Remark 4.24 Here are some observations pertaining to Theorem 4.23.

(i) There does not exist any result on stochastic algorithms for solving Problem 4.15 with

random block selection or random relaxations. In the case of deterministic relaxations

(λn)n∈N in ]0, 2[ and deterministic blocks selection (see Example 4.19(i)), Theorem 4.23

appears in [13, Theorem 1(iv)].

(ii) For notational simplicity, we have not considered stochastic errors in the evaluations of

the single-valued operators and the resolvents, as is done in the simpler settings of The-

orem 4.13 and [20, 22, 33, 39, 43]. For this reason, we have implemented Theorem 4.11

with (∀n ∈ N) (∀z ∈ zerS) Yn (·, z) = 0 P-a.s. Such stochastic errors can be introduced

in Algorithm 4.22 under suitable summability conditions to guarantee that (∀z ∈ zerS)
∑

n∈N EYn (·, z)E_n < +∞.

(iii) The convergence results invoke Theorem 4.11(iii)(f), which requires Euclidean spaces.

Note that we cannot use Theorem 4.11(iii)(e), which would provide weak convergence

in general Hilbert spaces, because the convergences in (4.107) are only in probability and

not almost sure.

4.2.5.3 Application to multivariate minimization

We consider a multivariate composite minimization problem.

Problem 4.25 Let (Hi)i∈I and (Gk)k∈K be finite families of Euclidean spaces with respective direct

sums H =
⊕

i∈I Hi and G =
⊕

k∈K Gk. Denote by x = (xi)i∈I a generic element in H. For every i ∈ I

and every k ∈ K, let fi ∈ Γ0(Hi), let αi ∈ ]0, +∞[, let φi : Hi → R be convex and differentiable with

a (1/αi)-Lipschitzian gradient, let gk ∈ Γ0(Gk), let hk ∈ Γ0(Gk), let βk ∈ ]0, +∞[, let ψk : Gk → R

be convex and differentiable with a (1/βk)-Lipschitzian gradient, and suppose that Lki : Hi → Gk

is linear. In addition, let χ ∈ [0, +∞[ and let Θ : H → R be convex and differentiable with a

χ-Lipschitzian gradient. The objective is to

minimize
x∈H

Θ(x) +
∑

i∈I

(
fi (xi) + φi (xi)

)
+

∑

k∈K

(
(gk + ψk) � hk

) (∑

i∈I
Lkixi

)
. (4.108)

We denote by P the set of solutions to (4.108).

Algorithm 4.26 Consider the setting of Problem 4.25 and suppose that Assumptions 4.18 and

4.21 are in force with, for every i ∈ I and every k ∈ K, αc
i
= αi, βck = βk, αl

i
= βl

k
= δc

k
= δl

k
=

0, and ∇i Θ denotes the partial derivative of Θ relative to Hi. Iterate as in (4.69), where the

following adjustments are made




Jγi,nAi
= proxγi,nfi; Ci = ∇φi; Qi = 0; Ri = ∇i Θ; s∗

i
= 0;

Jμk,nBm

k
= proxμk,ngk

; Bc

k
= ∇ψk; Jνk,nDm

k
= proxνk,nhk

; Bl

k
= Dc

k
= Dl

k
= 0; rk = 0.

(4.109)
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Corollary 4.27 Consider the setting of Algorithm 4.26. Suppose that infn∈N E(_n(2− _n)) > 0 and

that a Kuhn–Tucker point (̃x, ṽ∗) ∈ H × G exists, that is,

(∀i ∈ I) (∀k ∈ K)




−
∑

j∈K
L∗jĩv

∗
j ∈ mfi (̃xi) + ∇φi (̃xi) + ∇i Θ (̃x);

∑

j∈I
Lkj̃xj ∈ m

(
g∗k � ψ∗

k

)
(̃v∗k) + mh

∗
k (̃v

∗
k).

(4.110)

Then there exists a P-valued random variable x such that, for every i ∈ I, Gi,n → Gi P-a.s.

4.2.6 Randomized block-iterative Kuhn–Tucker projective splitting

We revisit a multivariate primal-dual inclusion problem studied in [19] and randomize the

algorithm proposed there to solve it. See also [18, Section 9] and [28] for further discussions

on the deterministic setting.

Problem 4.28 Let (Hi)i∈I and (Gk)k∈K be finite families of Euclidean spaces with respective direct

sums H =
⊕

i∈I Hi and G =
⊕

k∈K Gk. Denote by x = (xi)i∈I a generic element in H. For every i ∈ I

and every k ∈ K, Ai : Hi → 2Hi is maximally monotone, Bk : Gk → 2Gk is maximally monotone,

and Lki : Hi → Gk is linear. The objective is to solve the primal problem

find x ∈ H such that (∀i ∈ I) 0 ∈ Aixi +
∑

k∈K
L∗ki

(
Bk

(∑

j∈I
Lkjxj

))
(4.111)

and the associated dual problem

find v∗ ∈ G such that (∃ x ∈ H)




(∀i ∈ I) xi ∈ A−1
i

(
−

∑

k∈K
L∗kiv

∗
k

)
;

(∀k ∈ K)
∑

i∈I
Lkixi ∈ B−1

k v∗k.
(4.112)

Finally, P denotes the set of solutions to (4.111) and D the set of solutions to (4.112).

The Kuhn–Tucker operator associated with Problem 4.28 is [18, Equation (9.18)]

W : H ⊕ G → 2H⊕G : (x, v∗) ↦→
(?

i∈I

(
Aixi +

∑

k∈K
L∗kiv

∗
k

)
,
?

k∈K

(
B−1

k v∗k −
∑

i∈I
Lkixi

) )
(4.113)

As shown in [18, Lemma 9.7(ii)], zer W ⊂ P ×D. We can therefore approach Problem 4.28 as

an instance of Problem 4.1 with C = 0 and then α can be selected arbitrarily large. By applying

Theorem 4.11 in this context, we obtain a randomized version of the deterministic algorithm

of [19], which relied on Algorithm 4.2. To this end, let us make the following assumption.
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Assumption 4.29 In the setting of Problem 4.28, set ε ∈ ]0, 1[ and suppose that for every i ∈ I,

every k ∈ K, and every n ∈ N, γi,n ∈ [ε, 1/ε], μk,n ∈ [ε, 1/ε], Gi,0 ∈ !2(Ω,F,P; Hi), and E∗
k,0 ∈

!2(Ω,F,P; Gk).

Algorithm 4.30 Consider the setting of Problem 4.28 and suppose that Assumptions 4.18 and

4.29 are in force. Let ρ ∈ [2, +∞[ and iterate

for n = 0, 1, . . .


for every i ∈ �n⌊
;∗
i,n

=
∑

k∈K L∗
ki
E∗
k,n

;

0i,n = Jγi,nAi

(
Gi,n − γi,n;∗i,n

)
; 0∗

i,n
= γ−1

i,n
(Gi,n − 0i,n) − ;∗i,n;

for every i ∈ I r �n⌊
0i,n = 0i,n−1; 0∗

i,n
= 0∗

i,n−1;

for every k ∈  n⌊
;k,n =

∑
i∈I LkiGi,n;

1k,n = Jμk,nBk

(
;k,n + μk,nE∗k,n

)
; 1∗

k,n
= E∗

k,n
+ μ−1

k,n

(
;k,n − 1k,n

)
;

for every k ∈ K r  n⌊
1k,n = 1k,n−1; 1∗

k,n
= 1∗

k,n−1;

for every i ∈ I⌊
C∗
i,n

= 0∗
i,n

+ ∑
k∈K L∗

ki
1∗
k,n

;

for every k ∈ K⌊
Ck,n = 1∗

k,n
+ ∑

i∈I Lki0
∗
i,n

;

Jn =
∑

i∈I
(
〈Gi,n | C∗i,n〉 − 〈0i,n | 0∗i,n〉

)
+∑

k∈K
(
〈Ck,n | E∗k,n〉 + 〈1k,n | 1∗k,n〉

)
;

\n =
1[Jn>0]Jn∑

i∈I ‖C∗i,n‖2 +∑
k∈K ‖Ck,n‖2 + 1[Jn¶0]

;

take _n ∈ !∞ (Ω,F,P; [ε, ρ])
for every i ∈ I⌊
Gi,n+1 = Gi,n − _n\nC∗i,n;

for every k ∈ K⌊
E∗
k,n+1 = E∗

k,n
− _n\nCk,n.

(4.114)

The convergence properties of Algorithm 4.30 are established in the following theorem.

Theorem 4.31 Consider the setting of Algorithm 4.30. Suppose that D ≠ ∅ and infn∈N E(_n(2 −
_n)) > 0. Then there exist a P-valued random variable x and a D-valued random variable v∗ such

that, for every i ∈ I and every k ∈ K, Gi,n → Gi P-a.s. and E∗
k,n

→ E∗k P-a.s.

Proof. (Sketch) We apply Theorem 4.11 to find a zero (x, v∗) of W following the deterministic

pattern of the proof of [19, Theorem 13] and using probabilistic arguments made in the proof
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of Theorem 4.23, which shares the same Assumption 4.18 and involves a more sophisticated

version of Assumption 4.29.

Remark 4.32 We complement Theorem 4.31 with the following observations.

(i) In the case of deterministic relaxations (λn)n∈N in ]0, 2[ and deterministic blocks selection,

Theorem 4.31 appears in [19, Theorem 13].

(ii) A stochastic block-iterative algorithm for solving Problem 4.28 was proposed in [22,

Corollary 5.3], with almost sure convergence of its iterates. This algorithm involves deter-

ministic relaxations in ]0, 2[ and necessitates inversions to handle the linear operators. In

the case when I is a singleton, further algorithms with the same features were proposed

in [20]. The algorithm of [39, Proposition 4.6] also guarantees almost sure convergence

of the iterates but it requires knowledge of the norms of linear operators. The same com-

ments apply to the algorithm of [14, Theorem 2.1 and Algorithm 3.1], which considers

the minimization case with I as a singleton. Additionally, none of these prior works show

convergence in !2, nor can they benefit from adaptive strategies as in Assumption 4.18

since their block-selection distributions remain constant throughout the iterations.

(iii) As in Remark 4.24, stochastic errors can be introduced in the evaluations of the resolvents

in Algorithm 4.30.
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Chapter 5

CONVERGENCE OF THE ITERATES OF

THE STOCHASTIC PROXIMAL

GRADIENT METHOD

5.1 Introduction and context

This chapter is dedicated to answering question (Q4) of Chapter 1. We derive almost sure

convergence of the sequence generated by the stochastic proximal gradient method, under

suitable assumptions.

This chapter presents the following journal article:

J. I. Madariaga, Convergence of the iterates of the stochastic proximal gradient

method, submitted.

5.2 Article: Convergence of the iterates of the stochastic proximal

gradient method

Abstract. We propose a novel study of the stochastic proximal gradient method for minimizing

the sum of two convex functions, one of which is smooth. Under suitable assumptions and with-

out requiring any boundedness or control of the variance of the random variables, we derive

the almost sure convergence and the convergence in the mean of the iterates to a solution of the

minimization problem. The results are applied to classification and convex feasibility problems.
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5.2.1 Introduction

Let H be a Euclidean space and let (Ω,F,P) be a complete probability space. We consider the

minimization of the sum of two functions in Γ0(H), one of which is smooth. As shown in [10],

this framework models many problems in applied mathematics and engineering.

Problem 5.1 Let β ∈ ]0, +∞[, let f ∈ Γ0(H), and let g : H → R be convex, differentiable, and

such that ∇g is β-Lipschitzian, with Argmin(f + g) ≠ ∅. The task is to

minimize
x∈H

f (x) + g(x). (5.1)

A standard approach to solve this problem is to use the forward-backward algorithm, also

called the proximal-gradient algorithm in this context: Given x0 ∈ H and a sequence (γn)n∈N in

]0, +∞[ such that 0 < inf γn ¶ sup γn < 2/β, iterate

(∀n ∈ N) xn+1 = proxγnf
(
xn − γn∇g(xn)

)
. (5.2)

Then (xn)n∈N is guaranteed to converge to a solution to Problem 5.1 [16, 27]. The implemen-

tation of this method requires both the proximity operator of f and the gradient of g to be

numerically tractable. However, evaluating these operators could be computationally expen-

sive or even impossible. This paper investigates the following version of Problem 5.1.

Problem 5.2 In the context of Problem 5.1, let (K,K) be a measurable space. For every k ∈ K,

let fk ∈ Γ0(H) and let gk : H → R be convex and differentiable. Further, let : : (Ω,F,P) → (K,K)
be a random variable such that




(∀x ∈ dom f) f (x) =
∫

Ω

f: (ω) (x)P(3ω);

(∀x ∈ H) g(x) =
∫

Ω

g: (ω) (x)P(3ω).
(5.3)

The contribution of this paper is to provide new results on the asymptotic behavior of the

following stochastic version of the proximal-gradient method for solving Problem 5.2.

Algorithm 5.3 In the setting of Problem 5.2, let (γn)n∈N be a sequence in ]0, +∞[ and let G0 ∈
!2(Ω,F,P; H). Iterate

for n = 0, 1, . . .⌊
:n is a copy of : and is independent of σ(G0, . . . , Gn)
Gn+1 = proxγnf:n

(
Gn − γn∇g:n

(Gn)
)
.

(5.4)

Algorithm 5.3 can be interpreted as the inexact version

(∀n ∈ N) Gn+1 = proxγnf
(
Gn − γn (∇g(Gn) + 1n)

)
+ 0n, (5.5)

126



of (5.2), in which

(∀n ∈ N)



0n = proxγnf:n

(
Gn − γn∇g:n

(Gn)
)
− proxγnf

(
Gn − γn∇g:n

(Gn)
)
;

1n = ∇g:n
(Gn) − ∇g(Gn).

(5.6)

Thus, we can establish the asymptotic behavior of Algorithm 5.3 through some stochastic inex-

act version of the forward-backward algorithm; see, e.g., [12,14]. However, the general frame-

works established in these works do not make use of the structure of the functions in (5.3) and,

instead, they rely on strong conditions on the sequences (0n)n∈N and (1n)n∈N such as convergence

to zero and boundedness of their variance.

Algorithm 5.3 has been studied in the case of a deterministic function f, i.e., when only

∇g is randomly approximated [2, 6, 17, 19, 24, 28], and in the case when g = 0 [1, 18, 21, 26].

However, Algorithm 5.3 in its full generality has been less explored. Existing analyses either

do not prove almost sure convergence [20, 22] or rely on restrictive assumptions, such as the

uniform boundedness of all gradients and subgradients [4] or the existence of solutions with

subgradients in !2p [5]. In the present paper, we establish almost-sure and !1 convergence of

the sequence generated by Algorithm 5.3 under much weaker assumptions.

The rest of the paper is organized as follows. Section 5.2.2 introduces the general notation

and the preliminary results used throughout the manuscript. Section 5.2.3 establishes the con-

vergence of Algorithm 5.3 to a solution of Problem 5.2 under mild conditions. Section 5.2.4

proposes an application to mixed-loss classification problems and Section 5.2.5 to inconsistent

convex feasibility problems.

5.2.2 Notation

Throughout, H is a Euclidean space with identity operator Id, scalar product 〈· | ·〉, and associ-

ated norm ‖ · ‖. Let C be a nonempty closed convex subset of H. Then ]C denotes the indicator

function of C, projC the projection operator onto C, NC the normal cone to C, and dC : x ↦→
infy∈C‖x − y‖ the distance function of C. The class of lower semicontinuous convex functions

h : H → ]−∞, +∞] such that dom h =
{
x ∈ H | h(x) < +∞

}
≠ ∅ is denoted by Γ0(H). Let h ∈ Γ0(H).

The subdifferential of h at x ∈ H is the set mh(x) =
{
u ∈ H | (∀z ∈ H) 〈z − x | u〉 + h(x)¶ h(z)

}
, the

element of minimal norm in mh(x) is 0mh(x), and the proximity operator of h is

proxh : H → H : x ↦→ argmin
z∈H

(
h(z) + 1

2
‖x − z‖2

)
. (5.7)

Let (Ξ,G) be a measurable space. A Ξ-valued random variable is a measurable mapping

G : (Ω,F,P) → (Ξ,G). Given G : Ω → Ξ and S ∈ G, we set [G ∈ S] =
{
ω ∈ Ω | G (ω) ∈ S

}
. Let

G and ~ be random variables from (Ω,F,P) to (Ξ,G). Then ~ is a copy of G if, for every S ∈ G,

P([G ∈ S]) = P([~ ∈ S]). The Borel σ-algebra of H is denoted by B. An H-valued random variable

is a measurable mapping G : (Ω,F) → (H,B). Let p ∈ [1,+∞[. Then !p (Ω,F,P; H) denotes the
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space of equivalence classes of P-a.s. equal H-valued random variables G : (Ω,F,P) → (H,B)
such that E‖G ‖p

< +∞. Endowed with the norm

‖ · ‖!p (Ω,F,P;H) : G ↦→ E1/p‖G ‖p =

(
∫

Ω

‖G (ω)‖pP(3ω)
)1/p

, (5.8)

!p (Ω,F,P; H) is a real Banach space. Further,

(∀S ∈ B) !p(Ω,F,P; S) =
{
G ∈ !p(Ω,F,P; H)

�� G ∈ S P-a.s.
}
. (5.9)

The σ-algebra generated by a family Φ of random variables is denoted by σ(Φ).
The reader is referred to [3] for background on convex analysis, and to [25] for background

on probability.

5.2.3 Convergence analysis

We propose to study the convergence of Algorithm 5.3 to solutions to Problem 5.2 under the

following assumptions.

Assumption 5.4 In the context of Problem 5.2, there exists z̄ ∈ Argmin(f+g) and, for every k ∈ K,

sk ∈ mfk(z̄), such that

∫

Ω

(
s: (ω) + ∇g: (ω) (z̄)

)
P(3ω) = 0 and

∫

Ω



s: (ω) + ∇g: (ω) (z̄)


2

P(3ω) < +∞. (5.10)

Assumption 5.5 In the context of Problem 5.2,

(∀k ∈ K) dom mfk = dom mf . (5.11)

In addition, there exists a coercive function ψ : [0, +∞[ → [0, +∞[ such that

(∀x ∈ dom mf)
∫

Ω



0mf: (ω) (x) + ∇g: (ω) (x)


2

P(3ω) ¶ ψ
(
‖x‖

)
. (5.12)

Assumption 5.4 is significantly weaker than the standard assumptions in the literature,

which typically require uniform boundedness of all measurable selections of subgradients at

every solution to Problem 5.2 [1,4], or the existence of subgradients in !2p [5]. Assumption 5.5

ensures that the sequence generated by Algorithm 5.3 remains within dom f. In addition, it

allows for arbitrary subgradient growth, since ψ can be any coercive function. Assumption 5.5

is weaker than those in the literature, which require controlling every measurable selection of

subgradients [1] or restricting the function ψ to a particular form [5].
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We present two technical lemmas.

Lemma 5.6 Let x = (G1, . . . , GN) be an HN-valued random variable, let (K,K) be a measurable

space, and suppose that the random variable : : (Ω,F,P) → (K,K) is independent of σ(x). Let

h : (K × H,K ⊗ B) → [0, +∞[ be measurable and define ϕ : H → [0, +∞] : x ↦→ Eh(:, x). Then, for

P-almost every ω′ ∈ Ω,

E
(
h(:, G1)

��σ(x)
)
(ω′) =
∫

Ω

h
(
: (ω), G1(ω′)

)
P(3ω) = ϕ

(
G1 (ω′)

)
. (5.13)

Proof. The proof is analogous to that of [11, Lemma 2.8], replacing Fubini’s theorem with

Tonelli’s theorem.

The following fact is used in several papers without proof.

Lemma 5.7 In the context of Algorithm 5.3, suppose that Assumptions 5.4 and 5.5 are in force.

Let n ∈ N r {0}, let z ∈ dom f, and set Xn = σ(G0, . . . , Gn). Then, with probability 1,

(i) E
(
f:n

(z)
��Xn

)
= f (z), and E

(
g:n

(z)
��Xn

)
= g(z).

(ii) E
(
f:n

(Gn)
��Xn

)
= f (Gn) and E

(
g:n

(Gn)
��Xn

)
= g(Gn).

(iii) E
(
∇g:n

(z)
��Xn

)
= ∇g(z) and E

(
∇g:n

(Gn)
��Xn

)
= ∇g(Gn).

Proof. (i): This follows from (5.3) and the fact that :n is a copy of :.

(ii): We note that

f:n
(Gn) = f:n

(Gn) − f:n
(z̄) + 〈z̄ − Gn | s:n

〉 + f:n
(z̄) − 〈z̄ − Gn | s:n

〉 P-a.s. (5.14)

It follows from the definition of the subdifferential that f:n
(Gn) − f:n

(z̄) + 〈z̄ − Gn | s:n
〉 ¾ 0 P-a.s.

Therefore, by Lemma 5.6, (ii), and Assumption 5.4, we get

E
(
f:n

(Gn)
��Xn

)
= f (Gn) − f (z̄) +

〈
z̄ − Gn

��−∇g(z̄)
〉
+ f (z̄) −

〈
z̄ − Gn

��−∇g(z̄)
〉
= f (Gn) P-a.s. (5.15)

Similarly, we deduce E
(
g:n

(Gn)
��Xn

)
= g(Gn) P-a.s.

(iii): From Assumption 5.5, E‖∇g: (·)‖2 is locally bounded. Thus, the conclusion follows

from (ii) and the dominated convergence theorem.

We now show the almost sure convergence and !1 of the iterates of Algorithm 5.3.

Theorem 5.8 In the setting of Problem 5.2, suppose that Assumptions 5.4 and 5.5 are in force,

and let (Gn)n∈N be the sequence generated by Algorithm 5.3. In addition, suppose that
∑

n∈N γn = +∞
and

∑
n∈N γ

2
n < +∞. Then the following hold:

(i) (Gn)n∈N is bounded P-a.s. in H and bounded in !2(Ω,F,P; H).

(ii) lim(f + g) (Gn) = inf(f + g) (H) P-a.s.

(iii) (Gn)n∈N converges P-a.s. to a random variable G ∈ !2(Ω,F,P; Argmin(f + g)).
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(iv) ∇g(Gn) → ∇g(z̄) P-a.s.

(v) Suppose that there exists ξ ∈ ]0, +∞[ such that ψ = ξ(1 + |·|2). Then (Gn)n∈N converges in

!1(Ω,F,P; H) to G .

Proof. (i): Let n ∈ N and set Xn = σ = (G0, . . . , Gn). It follows from [3, Proposition 12.28]

that, for P-almost every ω ∈ Ω, proxγnf:n (ω)
is firmly nonexpansive, hence nonexpansive. On the

other hand, we deduce from Assumption 5.4 and the characterization of the proximity operator

[3, Proposition 16.44] that, for P-almost every ω ∈ Ω,

s:n (ω) ∈ mf:n (ω) (z̄) ⇔ z̄ + γns:n (ω) − z̄ ∈ γnmf:n (ω) (z̄) ⇔ z̄ = proxγnf:n (ω)

(
z̄ + γns:n (ω)

)
(5.16)

Then it follows from (5.4), (5.3), and (5.16) that

‖Gn+1 − z̄‖2

=


proxγnf:n

(
Gn − γn∇g:n

(Gn)
)
− proxγnf:n

(
z̄ + γns:n

)

2

¶


Gn − γn∇g:n

(Gn) −
(
z̄ + γns:n

)

2

=


(Gn − z̄) − γn

(
∇g:n

(Gn) + s:n

)

2

= ‖Gn − z̄‖2 − 2γn
〈
Gn − z̄

��∇g:n
(Gn) + s:n

〉
+ γ2

n



s:n
+ ∇g:n

(Gn)


2

¶ ‖Gn − z̄‖2 − 2γn
〈
Gn − z̄

��∇g:n
(Gn) + s:n

〉
+ 2γ2

n



∇g:n
(Gn) − ∇g:n

(z̄)


2 + 2γ2

n



s:n
+ ∇g:n

(z̄)


2

¶ ‖Gn − z̄‖2 − 2γn
〈
Gn − z̄

��∇g:n
(Gn) + s:n

〉
+ 2βγ2

n ‖Gn − z̄‖2 + 2γ2
n



s:n
+ ∇g:n

(z̄)


2

=
(
1 + 2βγ2

n

)
‖Gn − z̄‖2 − 2γn

〈
Gn − z̄

��∇g:n
(Gn) + s:n

〉
+ 2γ2

n



s:n
+ ∇g:n

(z̄)


2

P-a.s. (5.17)

Therefore, since :n is independent of Xn, Gn − z̄ is Xn-measurable, ∇g is (1/β)-cocoercive [3,

Corollary 18.17], and by Lemmas 5.6 and 5.7, we get

E
(
‖Gn+1 − z̄‖2

��Xn

)

¶
(
1 + 2βγ2

n

)
‖Gn − z̄‖2 − 2γn

〈
Gn − z̄

���E
(
∇g:n

(Gn) + s:n

��Xn

)〉
+ 2γ2

nE
(
‖s:n

+ ∇g:n
(z̄)‖2

��Xn

)

=
(
1 + 2βγ2

n

)
‖Gn − z̄‖2 − 2γn

〈
Gn − z̄

��E∇g: (Gn) + Es:
〉
+ 2γ2

nE‖s: + ∇g: (z̄)‖2

=
(
1 + 2βγ2

n

)
‖Gn − z̄‖2 − 2γn

〈
Gn − z̄

��∇g(Gn) − ∇g(z̄)
〉
+ 2γ2

nE‖s: + ∇g: (z̄)‖2

¶
(
1 + 2βγ2

n

)
‖Gn − z̄‖2 − 2β−1γn



∇g(Gn) − ∇g(z̄)


2 + 2γ2

nE‖s: + ∇g: (z̄)‖2 P-a.s. (5.18)

Since
∑

n∈N γ
2
n < +∞ and E‖s: + ∇g: (z̄)‖2

< +∞, we deduce from (5.18) that (Gn)n∈N is stochastic

quasi-Fejérian relative to the set {z̄} in the sense of [13, Proposition 2.3]. It then follows from

[13, Proposition 2.3(i) and (ii)] that (Gn)n∈N is bounded P-a.s. and

∑

n∈N
γn



∇g(Gn) − ∇g(z̄)


2

< +∞ P-a.s. (5.19)
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Hence, the assumption
∑

n∈N γn = +∞ yields

lim


∇g(Gn) − ∇g(z̄)



2
= 0 P-a.s. (5.20)

Similarly, by taking the expected value in (5.18) we get

(∀n ∈ N) E‖Gn+1 − z̄‖2 ¶
(
1 + 2γ2

nβ
)
E‖Gn − z̄‖2 + 2γ2

nE‖s: + ∇g: (z̄)‖2, (5.21)

which shows that (Gn)n∈N is quasi-Fejérian in !2(Ω,F,P; H) relative to the set {z̄} [15, Def-

inition 3.1]. Hence, it follows from [15, Proposition 3.2(ii)] that (Gn)n∈N is bounded in

!2(Ω,F,P; H).
(ii): Denote φ = f + g and, for every k ∈ K, φk = fk + gk. Let z ∈ Argminφ, and let n ∈ Nr {0}.

We infer from Assumption 5.5 and (5.4) that Gn ∈ dom mf:n−1 ⊂ dom f P-a.s. and, similarly to

(5.16) and (5.17), we deduce that

‖Gn+1 − Gn‖ =


proxγnf:n

(
Gn − γn∇g:n

(Gn)
)
− proxγnf:n

(
Gn + γn 0mf:n

(Gn)
)



¶


γn 0mf:n

(Gn) + γn∇g:n
(Gn)





= γn


0mf:n

(Gn) + ∇g:n
(Gn)



 P-a.s. (5.22)

On the other hand, it follows from (5.4) and [3, Proposition 12.26 and Theorem 18.15] that




γnf:n
(Gn+1) ¶ γnf:n

(z) +
〈
Gn+1 − z

��Gn − Gn+1 − γn∇g:n
(Gn)

〉
P-a.s.

γng:n
(Gn+1) ¶ γng:n

(z) +
〈
Gn+1 − z

�� γn∇g:n
(Gn)

〉
+ γnβ

2
‖Gn+1 − Gn‖2 P-a.s.

(5.23)

Thus, after adding both inequalities and rearranging the terms, we obtain

〈
Gn+1 − z

��Gn+1 − Gn
〉
¶ γn

(
φ:n

(z) − φ:n
(Gn+1)

)
+ γnβ

2
‖Gn+1 − Gn‖2 P-a.s. (5.24)

Then (5.24), the definition of the subdifferential, and (5.22) yield

〈
Gn+1 − z

��Gn+1 − Gn
〉

¶ γn
(
φ:n

(z) − φ:n
(Gn) + φ:n

(Gn) − φ:n
(Gn+1)

)
+ γnβ

2
‖Gn+1 − Gn‖2

¶ γn

(
φ:n

(z) − φ:n
(Gn) +

〈
Gn − Gn+1

�� 0mf:n
(Gn) + ∇g:n

(Gn)
〉)

+ γnβ
2

‖Gn+1 − Gn‖2

¶ γn
(
φ:n

(z) − φ:n
(Gn)

)
+ γn‖Gn − Gn+1 ‖



0mf:n
(Gn) + ∇g:n

(Gn)


 + γnβ

2
‖Gn+1 − Gn‖2

¶ γn
(
φ:n

(z) − φ:n
(Gn)

)
+ γ2

n



0mf:n
(Gn) + ∇g:n

(Gn)


2 + γnβ

2
‖Gn+1 − Gn‖2 P-a.s. (5.25)
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Thus, we deduce from (5.25), Lemmas 5.6 and 5.7, and Assumption 5.5 that, with probability 1,

E
(
‖Gn+1 − z‖2

��Xn

)

= ‖Gn − z‖2 + 2E
(
〈Gn − z | Gn+1 − Gn〉

��Xn

)
+ E

(
‖Gn+1 − Gn‖2

��Xn

)

= ‖Gn − z‖2 + 2E
(
〈Gn+1 − z | Gn+1 − Gn〉

��Xn

)
− E

(
‖Gn+1 − Gn‖2

��Xn

)

¶ ‖Gn − z‖2 + 2γnE
(
φ:n

(z) − φ:n
(Gn)

��Xn

)
+ 2γ2

nE
(

0mf:n

(Gn) + ∇g:n
(Gn)



2 ��Xn

)

+ γnβE
(
‖Gn+1 − Gn‖2

��Xn

)
− E

(
‖Gn+1 − Gn‖2

��Xn

)

= ‖Gn − z‖2 + 2γn
(
φ(z) − φ(Gn)

)
+ 2γ2

nE
(

0mf:n

(Gn) + ∇g:n
(Gn)



2 ��Xn

)

+
(
γnβ − 1

)
E
(
‖Gn+1 − Gn‖2

��Xn

)

¶ ‖Gn − z‖2 + 2γn
(
φ(z) − φ(Gn)

)
+ 2γ2

nψ
(
‖Gn‖

)
+

(
γnβ − 1

)
E
(
‖Gn+1 − Gn‖2

��Xn

)

¶ ‖Gn − z‖2 + 2γn
(
φ(z) − φ(Gn)

)
+ 2γ2

nψ
(
‖Gn‖

)
+ max

{
0, γnβ − 1

}
E
(
‖Gn+1 − Gn‖2

��Xn

)
. (5.26)

We infer from (i) and Assumption 5.5 that ψ(‖Gn‖) is bounded P-a.s. In addition,
∑

n∈N γ
2
n < +∞

yields γnβ − 1 < 0 for n large enough. Altogether, (5.26) yields that (Gn)n∈N is stochastic quasi-

Fejérian relative to Argminφ in the sense of [13, Proposition 2.3]. It then follows from [13,

Proposition 2.3(ii)] that ∑

n∈N
γn

(
φ(Gn) − φ(z)

)
< +∞ P-a.s. (5.27)

Hence, since
∑

n∈N γn = +∞, we have lim φ(Gn) = infφ(H) P-a.s.

(iii): Let us show that (Gn)n∈N corresponds to a sequence generated by [11, Algorithm 3.4].

To this end, set Z = Argminφ and

(∀n ∈ N)




C∗n = 2(Gn − Gn+1) ∈ !2(Ω,F,P; H);

[n =
〈
Gn+1 + Gn

��Gn − Gn+1
〉
∈ !1(Ω,F,P;R);

Un = 1;

Yn = 2γ2
nψ

(
‖Gn‖

)
+ max

{
0, γnβ − 1

}
E
(
‖Gn+1 − Gn‖2

��Xn

)
∈ [0, +∞[ P-a.s.;

_n =
1
2
.

(5.28)

The Cauchy–Schwarz inequality shows that

(∀n ∈ N)
1[C∗n≠0]1[〈Gn |C∗n 〉>[n][n

‖C∗n ‖ + 1[C∗n=0]
∈ !2 (Ω,F,P;R). (5.29)

In addition, we can show analogously to (5.25) and (5.26) that, for every n ∈ N and every

z ∈ Z, 〈
z
��E(UnC

∗
n |Xn)

〉
¶ E(Un[n |Xn) + Yn P-a.s. (5.30)

Finally, we derive that

(∀n ∈ N) Gn+1 = Gn − _nUnC
∗
n . (5.31)
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Altogether, we confirm that (Gn)n∈N is a sequence constructed by [11, Algorithm 3.4]. On the

other hand, it follows from (i) and (ii) that there exists Ω′ ∈ F such that

P(Ω′) = 1 and (∀ω ∈ Ω′)
[
(Gn (ω))n∈N is bounded and limφ(Gn (ω)) = infφ(H)

]
. (5.32)

Let ω ∈ Ω′ and let (jn)n∈N be a strictly increasing sequence in N such that limφ(Gjn (ω)) = infφ(H).
Since the sequence is bounded, there exists a point x ∈ H and a further subsequence, say Gljn (ω),
such that Gljn (ω) → x. Note that the lower semicontinuity of f and the continuity of g lead to the

lower semicontinuity of φ, which yields

infφ(H) ¶ φ(x) ¶ limφ
(
Gljn (ω)

)
= infφ(H). (5.33)

Hence x ∈ Argminφ. Since ω is arbitrarily taken in Ω′, we deduce that, for P-almost every ω ∈ Ω,

there exists a cluster point of (Gn (ω))n∈N that belongs to Argminφ. Therefore, it follows from

[11, Theorem 3.6(i)(d)] and the fact that
∑

n∈N Yn < +∞ P-a.s. that there exists an (Argminφ)-
valued random variable G such that Gn → G P-a.s. Furthermore, (i) and Fatou’s lemma guarantee

that

0 ¶ E‖G ‖2 ¶ E
(
lim‖Gn‖2) ¶ lim E‖Gn‖2 ¶ sup E‖Gn‖2

< +∞, (5.34)

which shows that G ∈ !2(Ω,F,P; Argminφ).
(iv): The continuity of ∇g and (iii) yield ∇g(Gn) → ∇g(G) P-a.s. On the other hand, (5.20)

shows that lim ‖∇g(Gn) − ∇g(z̄)‖ = 0 P-a.s. Then



∇g(G) − ∇g(z̄)


 ¶ lim

(

∇g(Gn) − ∇g(G)


 +



∇g(Gn) − ∇g(z̄)



)
= 0 P-a.s., (5.35)

which shows that ∇g(G) = ∇g(z̄) P-a.s. Therefore, ∇g(Gn) → ∇g(z̄) P-a.s.

(v): It follows from (i) that

sup
n∈N

Eψ(‖Gn‖) = sup
n∈N

ξ
(
1 + E‖Gn‖2)

< +∞. (5.36)

Hence
∑

n∈N EYn < +∞ and the convergence of (Gn)n∈N to G in !1(Ω,F,P; H) follows from [11,

Theorem 3.6(ii)(d)].

We present two corollaries of Theorem 5.8 that introduce novel almost surely convergent

results for the stochastic proximal point algorithm and the stochastic gradient method.

Corollary 5.9 Let f ∈ Γ0(H) and let (K,K) be a measurable space. For every k ∈ K, let fk ∈ Γ0(H)
such that dom mfk = dom mf. Further, let : : (Ω,F,P) → (K,K) be a random variable such that

(∀x ∈ dom mf) f (x) =
∫

Ω

f: (ω) (x)P(3ω). (5.37)
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Assume that there exists z̄ ∈ Argmin f such that, for every k ∈ K, Bk ∈ mfk(z̄), and

∫

Ω

s: (ω)P(3ω) = 0 and

∫

Ω

‖s: (ω) ‖2P(3ω) < +∞. (5.38)

Further, assume that there exists a coercive function ψ : [0, +∞[ → [0, +∞[ such that

(∀x ∈ H)
∫

Ω



0mf: (ω) (x)


2

P(3ω) ¶ ψ
(
‖x‖

)
. (5.39)

Let G0 ∈ !2(Ω,F,P; H) and let (γn)n∈N be a sequence in ]0, +∞[ such that
∑

n∈N γn = +∞ and
∑

n∈N γ
2
n < +∞. Iterate

(∀n ∈ N) Gn+1 = proxγnf:n
(Gn). (5.40)

Then (Gn)n∈N converges P-a.s. to a random variable G ∈ !2(Ω,F,P; Argmin f).

Corollary 5.10 Let β ∈ ]0, +∞[ and let g : H → R be a convex differentiable function such that

∇g is β-Lipschitzian. Let (K,K) be a measurable space. For every k ∈ K, let gk : H → R be a

convex differentiable function such that ∇gk is β-Lipschitzian. Further, let : : (Ω,F,P) → (K,K) be

a random variable such that

(∀x ∈ H) g(x) =
∫

Ω

g: (ω) (x)P(3ω). (5.41)

Assume that there exists a coercive function ψ : [0, +∞[ → [0, +∞[ such that

(∀x ∈ H)
∫

Ω



∇g: (ω) (x)


2

P(3ω) ¶ ψ
(
‖x‖

)
. (5.42)

Let G0 ∈ !2(Ω,F,P; H) and let (γn)n∈N be a sequence in ]0, +∞[ such that
∑

n∈N γn = +∞ and
∑

n∈N γ
2
n < +∞. Iterate

(∀n ∈ N) Gn+1 = Gn − γn∇g:n
(Gn). (5.43)

Then (Gn)n∈N converges P-a.s. to a random variable G ∈ !2(Ω,F,P; Argmin g).

5.2.4 Application to mixed-loss classification problems

We address a binary classification problem which is modeled via the combination of two loss

functions.

Problem 5.11 The training data samples are split into two finite collections in RN × {−1, 1}:
(uk, ξk)k∈K1 and (uk, ξk)k∈K2 . Let α ∈ ]0, 1[. The task is to

minimize
x∈RN

1
cardK1

∑

k∈K1

fk(x) +
1

card K2

∑

k∈K2

gk (x), (5.44)
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where 


(∀k ∈ K1) fk(x) = αmax{0, 1 − ξk〈x | uk〉};

(∀k ∈ K2) gk (x) = (1 − α) ln
(
1 + exp

(
−ξk〈x | uk〉

) )
.

(5.45)

Mixed-loss problems, in particular Problem 5.11, are commonly used to train multi-task

learning models; see, e.g., [9]. The goal of Problem 5.11 is to learn a linear classifier x ∈ H = RN

by minimizing the mixed-loss function. In our model, K1 represents a set of noisy data, which we

handle using the hinge loss, whereas K2 represents accurate data, for which we use the logistic

loss. To solve Problem 5.11 using Algorithm 5.3, let us first provide the proximity operator of

the hinge loss and the gradient of the logistic loss. As shown in [3, Example 24.37], for every

x ∈ H, γ ∈ ]0, +∞[, i ∈ K1, and j ∈ K2,




proxγfi (x) =




x, if ξi〈ui | x〉 > 1;

x + 1 − ξi〈ui | x〉
‖ui‖2

, if 1 ¾ ξi〈ui | x〉 ¾ 1 − αγ‖ui‖2;

x + αγξi〈ui | x〉, if 1 − αγ‖ui‖2
> ξi〈ui | x〉;

∇gj (x) = − (1 − α)
1 + exp

(
ξj〈x | uj〉

) ξjuj.

(5.46)

Proposition 5.12 In the context of Problem 5.11, let G0 ∈ !2(Ω,F,P; H) and let (γn)n∈N be a

sequence in ]0, +∞[ such that
∑

n∈N γn = +∞ and
∑

n∈N γ
2
n < +∞. Iterate

for n = 0, 1, . . .⌊
take (8n, 9n) uniformly in K1 × K2 and independent of σ(G0, . . . , Gn)
Gn+1 = proxγnf8n

(
Gn − γn∇g9n (Gn)

)
.

(5.47)

Denote by Z the set of solutions to Problem 5.11 and assume that Z ≠ ∅. Then (Gn)n∈N converges

P-a.s. and in !1(Ω,F,P; H) to a Z-valued random variable.

Proof. We deduce from (5.46) that, for every x ∈ H and j ∈ K2,

‖∇2gj (x)‖ =
(1 − α) exp

(
ξj〈x | uj〉

)
(
1 + exp

(
ξj〈x | uj〉

) )2
‖uj‖2 ¶

1 − α
4

‖uj‖2. (5.48)

Set

β =
1 − α

4
max
j∈K2

‖uj‖2. (5.49)

Hence, for every k ∈ K2, ∇gk is β-Lipschitzian. Thus, we confirm that Problem 5.11 is an instance

of Problem 5.2, and (5.47) is an instance of Algorithm 5.3. It follows from Fermat’s rule [3,

Theorem 16.3] and [23, Theorems 1.37 and 3.8] that there exists z̄ ∈ Z and, for every k ∈ K1,

sk ∈ mfk(z̄) such that

0 =

∫

Ω

(
s: (ω) + ∇g: (ω) (z̄)

)
P(3ω). (5.50)
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Furthermore, we infer from (5.45) and the fact that the sets K1 and K2 are finite that the

subgradients of (fk)k∈K1 and the gradients of (gk)k∈K2 are uniformly bounded. Let ρ ∈ ]0, +∞[ be

the bound. Hence Assumptions 5.4 and 5.5 hold with ψ = ρ + |·|. Thus the conclusion follows

from Theorems 5.8(iii) and 5.8(v).

5.2.5 Application to inconsistent convex feasibility problems

We apply the stochastic proximal gradient method to the inconsistent convex feasibility prob-

lem.

Problem 5.13 Let (K,K) be a measurable space and let : : (Ω,F,P) → (K,K) be a random

variable. Let C be a nonempty closed convex subset of H, and, for every k ∈ K, let Zk be a

nonempty closed convex subset of H. It is assumed that the mapping

T : (K × H,K ⊗ BH) → (H,BH) : (k, x) ↦→ d2
Zk

x (5.51)

is measurable, ET(:, 0) < +∞, and Argmin ET(:, ·) ≠ ∅. The task is to

minimize
x∈C

∫

Ω

1
2

d2
Z: (ω)

(x)P(3ω). (5.52)

Minimizing the integral of the squared distances dates back to the expected-projection

method [7, 8]. However, this method requires the activation of every set at every iteration

via a Bochner integral average. For the consistent case, random iterative methods have been

proposed; see [11, Remark 5.6]. These methods activate only a finite number of sets at each it-

eration and guarantee convergence to a solution. For the inconsistent case, the random iterative

method of [20] guarantees convergence in distribution to an invariant measure by randomly

selecting one set at every iteration. Stronger modes of convergence have not been shown for

the inconsistent case. As an application of Theorem 5.8, we introduce a randomized single-

set activation algorithm for solving Problem 5.13 that converges both almost surely and in

!1(Ω,F,P; H).

Proposition 5.14 In the context of Problem 5.13, let G0 ∈ !2(Ω,F,P; H) and let (γn)n∈N be a

sequence in ]0, +∞[ such that
∑

n∈N γn = +∞ and
∑

n∈N γ
2
n < +∞. Iterate

for n = 0, 1, . . .⌊
:n is a copy of : and is independent of σ(G0, . . . , Gn)
Gn+1 = projC

(
(1 − γn)Gn + γn projZ:n

(Gn)
)
.

(5.53)

Denote by Z the set of solutions to Problem 5.13. Then (Gn)n∈N converges P-a.s. and in !1 (Ω,F,P; H)
to a Z-valued random variable.
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Proof. Let us define

(∀k ∈ K)



fk = ]C ∈ Γ0(H);

gk =
1
2

d2
Zk
.

(5.54)

We deduce from [3, Example 12.25 and Corollary 12.31] that

(∀k ∈ K)



(∀n ∈ N) proxγnfk = projC;

∇gk = Id − projZk
.

(5.55)

It then follows from [3, Corollary 4.18] that, for every k ∈ K, ∇gk is firmly nonexpansive, hence

1-Lipschitzian. This confirms that Problem 5.13 is an instance of Problem 5.2 with β = 1, and

(5.53) is an instance of Algorithm 5.3. We deduce from Fermat’s rule [3, Theorem 16.3] and

[23, Theorems 1.37 and 3.8] that there exists z̄ ∈ Z and s ∈ NC (z̄) such that

0 = s +
∫

Ω

∇g: (ω) (z̄)P(3ω). (5.56)

Moreover, for every x ∈ H,

E‖∇g: (x)‖2 = Ed2
Z:
(x) ¶ 2Ed2

Z:
(0) + 2‖x‖2 = 2ET(:, 0) + 2‖x‖2. (5.57)

Combining (5.56) and (5.57) with x = z̄, we deduce that Assumption 5.4 holds. On the other

hand, for every k ∈ K and every x ∈ C, 0mfk(x) = 0NC (x) = 0. Hence Assumption 5.5 also

holds by setting ψ = max{2, 2ET(:, 0)}(1+ |·|2) in (5.57). Therefore the conclusion follows from

Theorems 5.8(iii) and 5.8(v).
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Chapter 6

AN ABSTRACT STOCHASTIC

HAUGAZEAU METHOD FOR BEST

APPROXIMATION

6.1 Introduction and context

We dedicate this chapter to question (Q5) of Chapter 1. We propose a novel abstract stochastic

Haugazeau method for computing the best approximation from a closed convex set. We es-

tablish the strong convergence of the generated sequence of random variables under general

hypotheses.

This chapter presents the following journal article:

J. I. Madariaga, An abstract stochastic Haugazeau method for best approxima-

tion, submitted.

6.2 Article: An abstract stochastic Haugazeau method for best ap-

proximation

Abstract. The Haugazeau method was originally designed to compute the best approximation

from an intersection of closed convex sets in Hilbert spaces using the projection operators onto

the individual sets iteratively. We propose an abstract stochastic version of it to compute the

best approximation from a closed convex set by successive projections onto randomly gener-

ated stochastic outer approximations of that set. Strong convergence in the mean square and

the almost sure modes is derived under general hypotheses on the outer approximations. The

results are applied to the development of stochastic algorithms to construct the best approx-

imation from an arbitrary intersection of fixed point sets by random activation of blocks of
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operators. A numerical application to the computation of Chebyshev centers is provided.

6.2.1 Introduction

Throughout this paper, H is a separable real Hilbert space with identity operator Id, scalar

product 〈· | ·〉H, and associated norm ‖ · ‖H. (Ω,F,P) is a complete probability space.

In his unpublished thesis, Yves Haugazeau presented a geometric strategy for finding the

projection onto the intersection Z of a finite collection (Zk)1¶k¶p of closed convex subsets of H

by periodic projections onto these sets individually. To describe it, let (x, y, z) ∈ H3 and define




H(x, y) =
{
z ∈ H | 〈z − y | x − y〉H ¶ 0

}
;

O(x, y, z) =




H(x, y) ∩ H(y, z), if H(x, y) ∩ H(y, z) ≠ ∅;

{y}, if H(x, y) ∩ H(y, z) = ∅;

Q(x, y, z) = projO(x,y,z) x.

(6.1)

The half-space H(x, y) is defined so that the projection of x onto H(x, y) coincides with y, that is,

y = projH(x,y) x. Additionally, O(x, y, z) is a nonempty closed convex subset of H, which implies

that Q(x, y, z) is well-defined. Given a starting point x0 ∈ H, it is shown in [18, Théorème 3-1]

that the sequence (xn)n∈N generated by the iterative algorithm

(∀n ∈ N) xn+1 = Q
(
x0, xn, projZn(mod p)+1

xn

)
(6.2)

converges strongly to the best approximation projZ x0 to x0 from Z. In this process, x0 is pro-

jected onto the set O
(
x0, xn, projZn(mod p)+1

xn

)
, which is an outer approximation to Z. These ideas

have also been used to design parallel projection methods to project x0 onto Z [28]. Note that

Z =
⋂

1¶k¶p

Zk ⊂ Zn(mod p)+1 ⊂ H
(
xn, an

)
, where an = projZn(mod p)+1

xn. (6.3)

This observation led to the development in [6] of the following abstract version of Haugazeau’s

method to find the best approximation to x0 ∈ H from a nonempty closed convex subset Z of H.

for n = 0, 1, . . .


take an ∈ H such that Z ⊂ H(xn, an)
take λn ∈ ]0, 1]
rn = xn + λn (an − xn)
xn+1 = Q(x0, xn, rn).

(6.4)

This algorithm covers the original Haugazeau method, which is obtained by setting Z =
⋂

1¶k¶p Zk, and, for every n ∈ N, λn = 1 and an = projZn(mod p)+1
xn. In the general case, the strong
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convergence of the sequence (xn)n∈N in (6.4) to the solution of the best approximation problem

is guaranteed as long as each weak cluster point of (xn)n∈N belongs to Z [3, 6]. Applications of

this framework can be found for instance in [2,5,6,9,10,25,26,29].

In optimization theory, many stochastic methods have been proposed to handle large-scale

problems and high-dimensional settings; see, e.g., [11,13,15,19,21,24] and their bibliographies

for discussions of the modeling and computational benefits of stochastic methods. However, it

remains an open question whether stochastic versions of (6.4) can be developed and if so, with

which convergence properties. Closely related to the best approximation problem is the convex

feasibility problem, which consists of finding an arbitrary point in the intersection of a collection

of closed convex sets. Stochastic methods have been proposed for this problem in which, at each

iteration, only a finite randomly selected subcollection of sets is activated [12,19,22,27]. This

feature is especially valuable when the collection of sets is uncountably infinite since, in that

setting, deterministic methods cannot guarantee convergence of the iterates by activating finite

blocks of sets. In this spirit, we propose to study the convergence of a stochastic counterpart to

(6.4) for finding the best approximation to G0 ∈ !2(Ω,F,P; H) from an arbitrary collection of

sets. This abstract stochastic Haugazeau method operates as follows.

Algorithm 6.1 Let Z be a nonempty closed convex subset of H and let G0 ∈ !2(Ω,F,P; H).
Iterate

for n = 0, 1, . . .


take 0n ∈ !2(Ω,F,P; H) such that Z ⊂ H(Gn, 0n) P-a.s.

take _n ∈ !∞ (Ω,F,P; ]0, 1])
An = Gn + _n (0n − Gn)
Gn+1 = Q(G0, Gn, An).

(6.5)

In contrast to the deterministic setting, where the weak-to-strong convergence principle

discovered in [3] enables the transformation of a broad range of weakly convergent methods

in nonlinear analysis into strongly convergent best approximation methods [9], there is no

stochastic weak-to-strong convergence principle for stochastic methods. This is because they

are constructed over random outer approximations that are not deterministic and do not act as

exact cuts in the sense that Z is not almost surely contained in the random outer approxima-

tion, as illustrated in [12, Figure 1]. Thus, a dedicated analysis of Algorithm 6.1 is required to

establish convergence guarantees in this stochastic framework.

The paper is organized as follows. In Section 6.2.2, we introduce the notation and prelimi-

nary results. The study of Algorithm 6.1 is presented in Section 6.2.3, where we show the strong

convergence of the sequences of iterates almost surely and in !2(Ω,F,P; H). In Section 6.2.4,

we apply the method to develop a randomly activated block-iterative algorithm for solving a

best approximation problem in which Z is described as the common fixed points of an arbitrary

family of operators, possibly uncountably infinite. In addition, we compare Haugazeau’s origi-

nal cyclic method with a specialized version of our method for finding the projection onto the
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finite intersection of closed convex sets. Section 6.2.5 concludes the paper with a numerical

application to the computation of Chebyshev centers of nonempty and bounded sets in RN.

6.2.2 Notation and background

6.2.2.1 Notation

Random variables are denoted by italicized serif letters and deterministic variables by sans-serif

letters.

The symbols ⇀ and → denote weak and strong convergence in H, respectively. The set of

weak sequential cluster points of a sequence (xn)n∈N in H is denoted by W (xn)n∈N. The projection

onto a nonempty closed convex set C ⊂ H is denoted by projC. The fixed point set of an operator

T : H → H is Fix T =
{
x ∈ H | Tx = x

}
, T is firmly quasinonexpansive [4, Definition 4.1(iv)] if

(∀x ∈ H) (∀y ∈ Fix T) ‖Tx − y‖2
H + ‖Tx − x‖2

H ¶ ‖x − y‖2
H, (6.6)

and T is demiclosed at y ∈ H if for every x ∈ H and every sequence (xn)n∈N in H such that xn ⇀ x

and Txn → y, we have Tx = y. The reader is referred to [4] for background on convex analysis

and fixed point theory.

Let (Ξ,G) be a measurable space. We say that G : (Ω,F,P) → (Ξ,G) is a Ξ-valued random

variable (random variable for short) if it is measurable. In particular, an H-valued random

variable is a measurable mapping G : (Ω,F,P) → (H,BH), where BH denotes the Borel σ-algebra

of H. The sub σ-algebra of F generated by a family Φ of random variables is denoted by σ(Φ).
Given G : Ω → Ξ and S ∈ G, we set [G ∈ S] =

{
ω ∈ Ω | G (ω) ∈ S

}
. Let G and ~ be Ξ-valued

random variables. We say that ~ is a copy of G if, for every S ∈ G, P([G ∈ S]) = P([~ ∈ S]). Let X

be a sub σ-algebra of F. Then !2(Ω,X,P; H) denotes the space of equivalence classes of P-a.s.

equal H-valued random variables G : (Ω,X,P) → (H,BH) such that E‖G ‖2
H < +∞. Endowed with

the scalar product

〈· | ·〉!2 (Ω,X,P;H) : (G, ~) ↦→ E〈G |~〉H =

∫

Ω

〈
G (ω)

��~(ω)
〉
H
P(3ω), (6.7)

!2(Ω,X,P; H) is a real Hilbert space. The reader is referred to [20,23] for background on prob-

ability in Hilbert spaces.

6.2.2.2 Preliminary results

A fundamental question regarding Algorithm 6.1 is whether Gn+1 is well-defined and measur-

able for every n ∈ N. To provide an affirmative answer, it is necessary to first investigate the

properties of Q.
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Lemma 6.2 ([4, Definition 29.24]) Set χ = 〈x − y | y − z〉H, μ = ‖x − y‖2
H

, ν = ‖y − z‖2
H

, and

ρ = μν − χ2. Then

Q (x, y, z) =




y, if ρ = 0 and χ < 0;

z, if ρ = 0 and χ ¾ 0;

x + (1 + χ/ν) (z − y), if ρ > 0 and χν ¾ ρ;

y + (ν/ρ)
(
χ(x − y) + μ(z − y)

)
, if ρ > 0 and χν < ρ.

(6.8)

Lemma 6.3 Let {G, ~, I} ⊂ !2(Ω,F,P; H). Suppose that there exists some D ∈ !2(Ω,F,P; H) such

that D ∈ O(G,~, I) P-a.s. Then Q(G,~, I) ∈ !2(Ω,F,P; H). In particular, Q(G,~, I) ∈ !2 (Ω,F,P; H) if

there exists u ∈ H such that u ∈ O(G,~, I) P-a.s.

Proof. Set j = 〈G − ~ |~ − I〉H, ` = ‖G − ~‖2
H

, a = ‖~ − I‖2
H

, and d = `a − j2. The continuity of the

addition, the scalar multiplication, the scalar product on H, and the norm on H, along with the

measurability of G , ~, and I, assure us that j , `, a, and d are measurable. Define the disjoint

measurable sets




S1 =
[
d = 0 and j < 0

]
; S2 =

[
d = 0 and j ¾ 0

]
;

S3 =
[
d > 0 and ja ¾ d

]
; S4 =

[
d > 0 and ja < d

]
.

(6.9)

Then it follows from Lemma 6.2 and (6.9) that we can write Q(G,~, I) as

Q(G,~, I) = 1S1~ + 1S2I + 1S3

(
G +

(
1 + j

a + 1[a=0]

)
(I − ~)

)

+ 1S4

(
~ +

( a

d + 1[d=0]

(
j (G − ~) + ` (I − ~)

) ) )
P-a.s., (6.10)

which shows that Q(G,~, I) is measurable, as (Ω,F,P) is complete. On the other hand, we deduce

from (6.1) and the assumptions that

1
2

E


Q(G,~, I) − G



2
H
=

1
2

E


projO(G,~,I) G − G



2
H
¶

1
2

E‖D − G ‖2
H ¶ E‖D‖2

H + E‖G ‖2
H. (6.11)

Hence, since {G, D} ⊂ !2(Ω,F,P; H), we conclude that Q(G,~, I) ∈ !2 (Ω,F,P; H).

Lemma 6.4 ([12, Lemma 2.8]) Let x = (G1, . . . , GN) be an HN-valued random variable, let (K,K)
be a measurable space, and suppose that the random variable : : (Ω,F) → (K,K) is independent

of σ(x). Let f : (K × H,K ⊗ BH) → R be measurable and such that E|f (:, G1) | < +∞, and define

g : H → R : x ↦→ Ef (:, x). Then, for P-almost every ω′ ∈ Ω,

E
(
f (:, G1)

��σ(x)
)
(ω′) =
∫

Ω

f
(
: (ω), G1 (ω′)

)
P(3ω) = g

(
G1 (ω′)

)
. (6.12)
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6.2.3 Convergence analysis

In this section, we establish the strong convergence of the sequence (Gn)n∈N generated by Al-

gorithm 6.1 to the solution of the best approximation problem, in both the almost sure and

!2(Ω,F,P; H) modes.

Theorem 6.5 Let (Gn)n∈N be the sequence generated by Algorithm 6.1. Then the following hold:

(i) (Gn)n∈N is a well-defined sequence in !2(Ω,F,P; H).

(ii) (∀n ∈ N) Z ⊂ H(G0, Gn) ∩ H(Gn, An) P-a.s.

(iii) (∃ ℓ ∈ !2(Ω,F,P;R)) ‖Gn − G0‖H ↑ ℓ ¶ ‖projZ G0 − G0‖H P-a.s.

(iv) (‖Gn‖H)n∈N is bounded P-a.s.

(v)
∑

n∈N E‖Gn+1 − Gn‖2
H < +∞ and

∑
n∈N E(‖Gn+1 − Gn‖2

H |Xn) < +∞ P-a.s.

(vi)
∑

n∈N E(_2
n ‖0n − Gn‖2

H) < +∞ and
∑

n∈N E(_2
n ‖0n − Gn‖2

H |Xn) < +∞ P-a.s.

(vii) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges strongly P-a.s. and strongly in

!2(Ω,F,P; H) to projZ G0.

Proof. (i) and (ii): Suppose that, for some n ∈ N, Gn ∈ !2(Ω,F,P; H) and Z ⊂ H(G0, Gn) P-a.s. It is

clear from (6.5) that An ∈ !2(Ω,F,P; H). On the other hand, for P-almost every ω ∈ Ω,

H
(
(Gn (ω), 0n (ω)

)

=
{
z ∈ H

�� 〈z − 0n (ω) | Gn (ω) − 0n (ω)〉H ¶ 0
}

=
{
z ∈ H

�� 〈z − 0n (ω) | Gn (ω) − Gn (ω) − _n (0n (ω) − Gn (ω))〉H ¶ 0
}

=
{
z ∈ H

�� 〈z − An (ω) | Gn (ω) − An (ω)〉H ¶ 〈0n (ω) − An (ω) | Gn (ω) − An (ω)〉H
}

=
{
z ∈ H

�� 〈z − An (ω) | Gn (ω) − An (ω)〉H ¶ −_n (1 − _n)‖Gn (ω) − 0n (ω)‖2
H

}

⊂ H
(
Gn (ω), An (ω)

)
. (6.13)

We deduce from (6.5) and (6.13) that Z ⊂ H(Gn, An) P-a.s. Hence there exists a subset Ω′
n ∈ F

such that P(Ω′
n) = 1 and (∀ω ∈ Ω′

n) Z ⊂ H(Gn (ω), An (ω)). Likewise, there exists Ω′′
n ∈ F such

that P(Ω′
n) = 1 and (∀ω ∈ Ω′′

n ) Z ⊂ H(G0(ω), Gn (ω)). Let ω ∈ Ω′
n ∩ Ω′′

n . It follows from [4,

Theorem 3.16] and (6.5) that

Z ⊂ H
(
G0 (ω), Gn (ω)

)
∩ H

(
Gn (ω), An (ω)

)
⇒ Z ⊂ H

(
G0 (ω),Q(G0 (ω), Gn (ω), An (ω))

)

⇔ Z ⊂ H(G0 (ω), Gn+1 (ω)). (6.14)

Since P(Ω′
n ∩ Ω′′

n ) = 1, we get ∅ ≠ Z ⊂ H(G0, Gn+1) P-a.s. Hence, Lemma 6.3 yields Gn+1 ∈
!2(Ω,F,P; H). Since G0 ∈ !2(Ω,F,P; H) and Z ⊂ H(G0, G0) = H P-a.s., we conclude by an in-

ductive argument that (Gn)n∈N and (An)n∈N are sequences in !2(Ω,F,P; H), and, for every n ∈ N,

Z ⊂ H(G0, Gn) ∩ H(Gn, An) P-a.s.
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(iii): Set, for every n ∈ N, Xn = σ(G0, . . . , Gn), and consider the random process

(‖Gn − G0‖H,Xn)n∈N. Let us show that this process is a submartingale. Let n ∈ N. It follows from

(ii) that

O(G0, Gn, An) = H(G0, Gn) ∩ H(Gn, An) P-a.s. and Gn+1 ∈ H(G0, Gn) ∩ H(Gn, An) P-a.s. (6.15)

We note from (6.1) that Gn = projH(G0,Gn) G0 P-a.s., and from (6.15) that Gn+1 ∈ H(G0, Gn) P-a.s.

Then

(∀n ∈ N) ‖Gn − G0‖H ¶ ‖Gn+1 − G0‖H P-a.s. (6.16)

Hence

(∀n ∈ N) ‖Gn − G0‖H = E
(
‖Gn − G0‖H

��Xn

)
¶ E

(
‖Gn+1 − G0‖H

��Xn

)
P-a.s. (6.17)

Therefore (‖Gn − G0‖H,Xn)n∈N is a positive submartingale. On the other hand, for every n ∈ N,

projZ G0 ∈ Z ⊂ H(G0, Gn) P-a.s. Then, for every n ∈ N, ‖Gn − G0‖H ¶ ‖projZ G0 − G0‖H P-a.s., which

shows that

(∀n ∈ N) E‖Gn − G0‖2
H ¶ E‖projZ G0 − G0‖2

H < +∞. (6.18)

Consequently, supn∈N E‖Gn − G0‖2
H < +∞ and we deduce from [16, §IV Theorems 4.1s(i) and

4.1s(iii)] that (‖Gn − G0‖H)n∈N converges P-a.s. and converges in !2(Ω,F,P;R) to a random vari-

able ℓ ∈ !2(Ω,F,P;R) which satisfies ℓ ¶ ‖projZ G0 − G0‖H P-a.s.

(iv): Note that, for every n ∈ N,

‖Gn‖H ¶ ‖Gn − G0‖H + ‖G0‖H P-a.s. (6.19)

We deduce from (6.19) and (iii) that (‖Gn‖H)n∈N is bounded P-a.s.

(v): Let n ∈ N. Since Gn+1 ∈ H(G0, Gn) P-a.s., we have

‖Gn+1 − Gn‖2
H ¶ ‖Gn+1 − Gn‖2

H + 2〈Gn+1 − Gn | Gn − G0〉H
= ‖Gn+1 − G0‖2

H − ‖Gn − G0‖2
H P-a.s. (6.20)

Hence,
∑n

j=0‖Gj+1 − Gj‖2
H ¶ ‖Gn+1 − G0‖2

H ¶ ‖projZ G0 − G0‖2
H P-a.s. Therefore, by taking expected

value and limit n → +∞, we have

∑

j∈N
E
(
E
(
‖Gj+1 − Gj‖2

H

��Xj

) )
=

∑

j∈N
E‖Gj+1 − Gj‖2

H ¶ E‖projZ G0 − G0‖2
H < +∞. (6.21)

We conclude that
∑

j∈N E‖Gj+1 − Gj‖2
H < +∞ and that

∑
j∈N E(‖Gj+1 − Gj‖2

H |Xj) < +∞ P-a.s.

(vi): Let n ∈ N. Since Gn+1 ∈ H(Gn, An) P-a.s., we have

‖An − Gn‖2
H ¶ ‖Gn+1 − An‖2

H + ‖Gn − An‖2
H

146



¶ ‖Gn+1 − An‖2
H + 2〈Gn+1 − An | An − Gn〉H + ‖Gn − An‖2

H

= ‖Gn+1 − Gn‖2
H P-a.s. (6.22)

It follows then from (v) and (6.5) that

∑

j∈N
E
(
E(_2

j ‖0j − Gj‖
2
H |Xj)

)
=

∑

j∈N
E
(
_2
j ‖0j − Gj‖

2
H

)
=

∑

j∈N
E‖Aj − Gj‖2

H < +∞. (6.23)

Hence,
∑

j∈N E(_2
j
‖0j − Gj‖2

H) < +∞ and
∑

j∈N E(_2
j
‖0j − Gj‖2

H |Xj) < +∞ P-a.s.

(vii): It follows from (iv) that W (Gn)n∈N ≠ ∅ P-a.s. Now suppose that W (Gn)n∈N ⊂ Z P-a.s.

Then there exists Ω′ ∈ F such that P(Ω′) = 1 and (∀ω ∈ Ω′) ∅ ≠ W (Gn(ω))n∈N ⊂ Z. In addition,

consider from (iii) the event Ω′′ ∈ F such that P(Ω′′) = 1 and

(∀ω ∈ Ω′′)



‖Gn (ω) − G0 (ω)‖H → ℓ (ω);

ℓ (ω) ¶ ‖projZ G0(ω) − G0(ω)‖H.
(6.24)

Let ω ∈ Ω′ ∩ Ω′′ and let x ∈ Z be a weak sequential cluster point of (Gn (ω))n∈N, say Gkn
(ω) ⇀ x.

Then, the weak lower semicontinuity of ‖ · ‖H and (6.24) imply that

‖x − G0(ω)‖H ¶ lim
n∈N

‖Gkn
(ω) − G0 (ω)‖H

= ℓ (ω)
¶ ‖projZ G0 (ω) − G0 (ω)‖H
= inf

y∈Z
‖y − G0 (ω)‖H

¶ ‖x − G0 (ω)‖H. (6.25)

Therefore x = projZ G0 (ω) is the only weak sequential cluster point of the sequence (Gn (ω))n∈N
and Gn (ω) ⇀ projZ G0 (ω). Hence, Gn (ω) − G0(ω) ⇀ projZ G0(ω) − G0(ω) and (6.25) yields

‖Gn (ω) − G0 (ω)‖H → ‖projZ G0 (ω) − G0 (ω)‖H. Then, by [4, Lemma 2.41(i)], we get that Gn (ω) −
G0 (ω) → projZ G0 (ω) − G0(ω) and, therefore, Gn (ω) → projZ G0(ω). Since P(Ω′ ∩ Ω′′) = 1, we

deduce that Gn → projZ G0 P-a.s. Furthermore, note from (iii) that, for every n ∈ N,

‖projZ G0 − Gn‖H ¶ ‖projZ G0 − G0‖H + ‖Gn − G0‖H
¶ 2‖projZ G0 − G0‖H P-a.s. (6.26)

Since ‖projZ G0 − G0‖H ∈ !2(Ω,F,P;R), the dominated convergence theorem guarantees that

(Gn)n∈N converges strongly in !2(Ω,F,P; H) to projZ G0.
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6.2.4 Application to common fixed point best approximation

In this section we specialize the best approximation problem to the following setting.

Problem 6.6 Let (K,K) be a measurable space and let (Tk)k∈K be a family of firmly quasinon-

expansive operators such that T : (K × H,K ⊗ BH) → (H,BH) : (k, x) ↦→ Tkx is measurable and,

for every k ∈ K, Id − Tk is demiclosed at 0. Let : be a K-valued random variable, suppose that

Z =
{
z ∈ H

�� z ∈ Fix T: P-a.s.
}
≠ ∅, (6.27)

and let G0 ∈ !2(Ω,F,P; H). The goal is to find projZ G0.

To emphasize the versatility of Problem 6.6, we present some examples of firmly quasinon-

expansive operators commonly used in nonlinear analysis and optimization methods.

Example 6.7 ([3, Proposition 2.3]) Let T : H → H. Then T is firmly quasinonexpansive if one

of the following holds:

(i) Z is a nonempty closed convex subset of H and T = projZ. Here, Fix T = Z.

(ii) f : H → ]−∞, +∞] is a proper lower semicontinuous convex function and

T = proxf : H → H : x ↦→ argmin
y∈H

(
f (y) + 1

2
‖x − y‖2

H

)
. (6.28)

Here, Fix T = Argmin f.

(iii) A : H → 2H is maximally monotone and T = JA = (Id+A)−1. Here, Fix T =
{
z ∈ H | 0 ∈ Az

}
.

(iv) f : H → R is a continuous convex function, s : H → H : x ↦→ s(x) ∈ mf (x) is a selection of mf,

and

T = Gf : H → H : x ↦→



x − f (x)
‖s(x)‖2

H

s(x), if f (x) > 0;

x, if f (x) ¶ 0,

is the subgradient projector onto Fix T =
{
x ∈ H | f (x) ¶ 0

}
.

6.2.4.1 Algorithm and convergence

Since the set Z of Problem 6.6 is a nonempty closed convex subset of H [12, Remark 5.3], we

invoke Theorem 6.5 to introduce the first randomly selected block-iterative fixed point algo-

rithm to solve Problem 6.6, which guarantees both strong almost sure convergence and strong

convergence in !2(Ω,F,P; H). We emphasize that this method is novel even for K finite or count-

ably infinite. Furthermore, unlike the deterministic algorithms, this stochastic method is able to

solve Problem 6.6 in its generality by random activation of block of operators.

148



Theorem 6.8 In the setting of Problem 6.6, let 0 < M ∈ N, δ ∈ ]0, 1/M[, and ε ∈ ]0,1[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)
for i = 1, . . . ,M⌊
:i,n is a copy of : and is independent of Xn

?i,n = T:i,n
Gn

(Vi,n)1¶i¶M are [0, 1] -valued random variables such that
∑M

i=1 Vi,n = 1 P-a.s. and (∀i ∈ {1, . . . ,M}) Vi,n ¾ δ1[‖?i,n−Gn‖H= max
1¶j¶M

‖?j,n−Gn‖H]
?n =

∑M
i=1 Vi,n?i,n

!n =

∑M
i=1 Vi,n‖?i,n − Gn‖2

H + 1[?n=Gn]
‖?n − Gn‖2

H + 1[?n=Gn]
0n = Gn + !n (?n − Gn)
take _n ∈ !∞ (Ω,F,P; [ε, 1])
An = Gn + _n(0n − Gn)
Gn+1 = Q(G0, Gn, An).

(6.29)

Then (Gn)n∈N converges strongly P-a.s. and strongly in !2(Ω,F,P; H) to projZ G0.

Proof. We will show that the sequence constructed by (6.29) corresponds to a sequence gener-

ated by Algorithm 6.1. First, let us show that

(∀n ∈ N) !n ¾ 1 P-a.s. (6.30)

Fix z ∈ Z and n ∈ N. For every i ∈ {1, . . . ,M}, let Ωi,n ∈ F be such that

P(Ωi,n) = 1 and (∀ω ∈ Ωi,n) z ∈ Fix T:i,n (ω) . (6.31)

Thanks to (6.31), we then choose Ωn ∈ F such that

P(Ωn) = 1 and (∀ω ∈ Ωn)
⋂

1¶i¶M

Fix T:i,n (ω) ≠ ∅ and
M∑

i=1

Vi,n(ω) = 1. (6.32)

Given ω ∈ Ωn, we study the following two cases:

• Suppose that ?n (ω) = Gn (ω). Then [7, Proposition 2.4] shows that

Gn (ω) ∈ Fix
( M∑

i=1

Vi,n(ω)T:i,n (ω)

)
=

⋂

1¶i¶M

Fix T:i,n (ω), (6.33)
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hence, for every i ∈ {1, . . . ,M}, Gn (ω) = ?i,n (ω). Thus,

!n (ω) =

M∑

i=1

Vi,n(ω)


?i,n (ω) − Gn (ω)



2
H
+ 1[?n=Gn] (ω)



?n (ω) − Gn (ω)


2
H
+ 1[?n=Gn] (ω)

=
1[?n=Gn] (ω)
1[?n=Gn] (ω)

= 1. (6.34)

• Suppose that ?n (ω) ≠ Gn (ω). Then the convexity of ‖ · ‖2
H

yields

0 <



?n (ω) − Gn (ω)


2
H
=






M∑

i=1

Vi,n(ω)
(
?i,n (ω) − Gn (ω)

)




2

H

¶
M∑

i=1

Vi,n(ω)


?i,n (ω) − Gn (ω)



2
H
,

(6.35)

which implies that !n (ω) ¾ 1.

Next, we will show by induction that (Gn)n∈N and (0n)n∈N are in !2(Ω,F,P; H). Let i ∈ {1, . . . ,M}
and suppose that Gn ∈ !2 (Ω,F,P; H). Then T:i,n

Gn = T ◦ (:i,n, Gn) is measurable. Furthermore,

for every ω ∈ Ωi,n, 2T:i,n (ω) − Id is quasinonexpansive with Fix(2T:i,n (ω) − Id) = Fix T:i,n (ω) [7,

Proposition 2.2(v)]. Hence

2


?i,n (ω)



2
H
=

1
2



2T:i,n (ω)Gn (ω)


2
H

¶


(2T:i,n (ω) − Id

)
Gn (ω) − z



2
H
+



Gn (ω) + z


2
H

¶


Gn (ω) − z



2
H
+



Gn (ω) + z


2
H
. (6.36)

Thus, since Gn ∈ !2(Ω,F,P; H) and z ∈ H, we have ?i,n ∈ !2(Ω,F,P; H). Hence, (6.29) yields that

?n ∈ !2 (Ω,F,P; H) and that 0n is measurable. To show that 0n ∈ !2(Ω,F,P; H), we first note that

Gn − 0n = !n
(
Gn − ?n

)

=

∑M
i=1 Vi,n‖?i,n − Gn‖2

H
+ 1[?n=Gn]

‖?n − Gn‖2
H
+ 1[?n=Gn]

(
Gn − ?n

)

=

∑M
i=1 Vi,n

(
〈Gn | Gn − ?i,n〉H − 〈?i,n | Gn − ?i,n〉H

)

‖Gn − ?n‖2
H
+ 1[?n=Gn]

(
Gn − ?n

)

=
〈Gn | Gn − ?n〉H − ∑M

i=1 Vi,n〈?i,n | Gn − ?i,n〉H
‖Gn − ?n‖2

H
+ 1[?n=Gn]

(
Gn − ?n

)
(6.37)

=
〈Gn | Gn − ?n〉H − ∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H − ∑M
i=1 Vi,n〈z | Gn − ?i,n〉H

‖Gn − ?n‖2
H
+ 1[?n=Gn]

(
Gn − ?n

)

=
〈Gn − z | Gn − ?n〉H − ∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H
‖Gn − ?n‖2

H
+ 1[?n=Gn]

(
Gn − ?n

)
P-a.s. (6.38)
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On the other hand, it follows from [4, Proposition 4.2(iv)] that

(∀i ∈ {1, . . . ,M})
〈
?i,n − z

��Gn − ?i,n

〉
H
=

〈
T:i,n

Gn − z
��Gn − T:i,n

Gn
〉
H
¾ 0 P-a.s. (6.39)

In turn, the concavity of y ↦→ 〈y − z | Gn (ω) − y〉H yields

0 ¶
M∑

i=1

Vi,n
〈
?i,n − z

��Gn − ?i,n

〉
H
¶

〈
?n − z

��Gn − ?n

〉
H

P-a.s. (6.40)

and therefore it follows from the convexity of the norm square and (6.38) that

1
2
E‖Gn − 0n‖2

H =
1
2

E






〈Gn − z | Gn − ?n〉H − ∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H
‖Gn − ?n‖2

H
+ 1[?n=Gn]

(
Gn − ?n

)




2

H

=
1
2

E

����
〈Gn − z | Gn − ?n〉H − ∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H
‖Gn − ?n‖H + 1[?n=Gn]

����
2

¶ E

����
〈Gn − z | Gn − ?n〉H

‖Gn − ?n‖H + 1[?n=Gn]

����
2

+ E

����
∑M

i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H
‖Gn − ?n‖H + 1[?n=Gn]

����
2

¶ E

����
‖Gn − z‖H‖Gn − ?n‖H
‖Gn − ?n‖H + 1[?n=Gn]

����
2

+ E

����
〈?n − z | Gn − ?n〉H

‖Gn − ?n‖H + 1[?n=Gn]

����
2

¶ E‖Gn − z‖2
H + E

����
‖?n − z‖H‖Gn − ?n‖H
‖Gn − ?n‖H + 1[?n=Gn]

����
2

¶ E‖Gn − z‖2
H + E‖?n − z‖2

H

< +∞. (6.41)

Since {Gn, ?n} ⊂ !2(Ω,F,P; H) and z ∈ H, we thus obtain Gn − 0n ∈ !2(Ω,F,P; H) and hence

0n ∈ !2(Ω,F,P; H). Moreover, it follows from (6.29) that An ∈ !2(Ω,F,P; H). On the other hand,

we deduce from (6.29) and (6.37) that

〈0n | Gn − 0n〉H = !n
〈
Gn + !n (?n − Gn)

��Gn − ?n

〉
H

= !n

(
〈Gn | Gn − ?n〉H − !n‖?n − Gn‖2

H

)

= !n

(
〈Gn | Gn − ?n〉H − 〈Gn | Gn − ?n〉H +

M∑

i=1

Vi,n〈?i,n | Gn − ?i,n〉H
)

= !n

M∑

i=1

Vi,n〈?i,n | Gn − ?i,n〉H P-a.s. (6.42)

Furthermore, (6.30), (6.40), and (6.42) yield

〈z | Gn − 0n〉H = !n〈z | Gn − ?n〉H
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= !n

M∑

i=1

Vi,n〈z | Gn − ?i,n〉H

¶ !n

M∑

i=1

Vi,n〈?i,n | Gn − ?i,n〉H

= 〈0n | Gn − 0n〉H P-a.s., (6.43)

which shows that Z ⊂ H(Gn, 0n) P-a.s. We can repeat the arguments in (6.13)–(6.14) to show

that Gn+1 ∈ !2(Ω,F,P; H). Since G0 ∈ !2(Ω,F,P; H), we conclude inductively that

(∀n ∈ N) {Gn, 0n} ⊂ !2(Ω,F,P; H) and Z ⊂ H(Gn, 0n) P-a.s. (6.44)

Therefore, the sequence (Gn)n∈N constructed by (6.29) corresponds to one generated by Algo-

rithm 6.1. It is therefore enough to show that W (Gn)n∈N ⊂ Z P-a.s. to prove the claim. For this

purpose, we infer first from (6.29) that

E
(
‖0n − Gn‖2

H

��Xn

)
= E

(

!n
(
?n − Gn

)

2
H

���Xn

)

= E
(��!n

��2

?n − Gn


2
H

���Xn

)

= E

(
!n

M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ E

( M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ E
(
δ max

1¶j¶M



?j,n − Gn


2
H

���Xn

)

¾ δE
(

?1,n − Gn



2
H

���Xn

)

= δE
(

T:1,nGn − Gn



2
H

���Xn

)
. (6.45)

However, :1,n is independent of Xn and is a copy of :. Thus, Lemma 6.4 guarantees that, for

P-almost every ω′ ∈ Ω,

E
(

T:1,nGn − Gn



2
H

���Xn

)
(ω′) =
∫

Ω



T:1,n (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω)

=

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω). (6.46)

Therefore, for P-almost every ω′ ∈ Ω, (6.45) yields

E
(
_2
n ‖0n − Gn‖2

H

��Xn

)
(ω′) ¾ ε2δ

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) P-a.s. (6.47)
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Taking the expected value in (6.47), summing over n ∈ N, and applying Theorem 6.5(vi), we

find that

E

(∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
=

∑

n∈N
E

(
∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
< +∞, (6.48)

which implies ∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω) < +∞ P-a.s. (6.49)

This leads to the existence of a set Ω′ ∈ F such that P(Ω′) = 1 and, for every ω′ ∈ Ω′, the series
∑

n∈N
∫

Ω ‖T: (ω)Gn (ω′) − Gn (ω′)‖2
HP(3ω) converges. Furthermore, in view of Theorem 6.5(iv), we

can assume that W (Gn(ω′))n∈N ≠ ∅ on Ω′. Fix ω′ ∈ Ω′ and let G (ω′) ∈ W (Gn(ω′))n∈N, say Gjn (ω′) ⇀
G (ω′). It follows from the monotone convergence theorem that

∫

Ω

∑

n∈N



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) =

∑

n∈N

∫

Ω



T: (ω)Gn (ω′) − Gn (ω′)


2
H
P(3ω) < +∞. (6.50)

Hence, for P-almost every ω ∈ Ω,
∑

n∈N‖T: (ω)Gn (ω′) − Gn (ω′)‖2
H < +∞. Therefore, there exists

Ω′′ ∈ F such that P(Ω′′) = 1 and

(
∀ω ∈ Ω′′) T: (ω)Gn (ω′) − Gn (ω′) → 0. (6.51)

It then follows from the demiclosedness of the operators (Id − Tk)k∈K at 0 that

(
∀ω ∈ Ω′′) T: (ω)G (ω′) = G (ω′). (6.52)

Therefore G (ω′) ∈
{
z ∈ H | z ∈ Fix T: P-a.s.

}
= Z. Since ω′ is arbitrarily taken in Ω′, we conclude

that W (Gn)n∈N ⊂ Z P-a.s., and the claim thus follows from Theorem 6.5(vii).

Remark 6.9 The algorithm of Theorem 6.8 is inspired by the deterministic extrapolated algo-

rithm proposed in [6, Section 6.5], where the collection of sets is at most countably infinite and

the control rule ki,n, the weights βi,n, and the relaxation parameters λn are deterministic.

Remark 6.10 The random activation of indices in Theorem 6.8 replaces the control rule strate-

gies of deterministic methods. Thus, the same approach to randomize the control rule can be

used, for instance, to design randomized block-iterative strongly convergent algorithms to find

the best approximation from the Kuhn-Tucker set associated with a primal-dual monotone in-

clusion problem [5,9,10].

6.2.4.2 Best approximation from a finite collection of closed convex sets

To connect Theorem 6.8 with Haugazeau’s original work, we specialize it to solve the following

simple best approximation problem.
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Problem 6.11 Let (Zk)1¶k¶p be a finite collection of closed convex subsets of H such that Z =
⋂

1¶k¶p Zk ≠ ∅ and let x0 ∈ H. The goal is to find projZ x0.

To implement Theorem 6.8, we need first to embed Problem 6.11 into the setting of Prob-

lem 6.6. Let us define then




K = {1, . . . , p};

K = 2K;

: is any K-valued random variable such that (∀k ∈ {1, . . . , p}) P
(
[: = k]

)
> 0.

(6.53)

Then Z =
{
z ∈ H | z ∈ Z: P-a.s.

}
=

{
z ∈ H | z ∈ Fix projZ:

P-a.s.
}

where, following Exam-

ple 6.7(i), the firmly quasinonexpansive operators correspond to the projectors. We remark

that any random variable : satisfying (6.53) suffices to define the randomized method. In par-

ticular, : may be uniformly distributed over K, i.e., for every k ∈ {1, . . . , p}, P([: = k]) = 1/p.

However, (6.53) also allows for the implementation of nonuniform weights.

We implement Theorem 6.8 with _n ≡ 1 and M = 1, which implies that !n ≡ 1 and An ≡ 0n ≡
?n ≡ ?1,n.

Corollary 6.12 In the setting of Problem 6.11 and (6.53), iterate

for n = 0,1, . . .⌊
:n is a copy of : and is independent of σ(x0, . . . , Gn)
Gn+1 = Q

(
x0, Gn, projZ:n

Gn
)
.

(6.54)

Then (Gn)n∈N converges strongly P-a.s. and strongly in !2(Ω,F,P; H) to projZ x0.

Remark 6.13

(i) The proposed randomized strategy differs fundamentally from Haugazeau’s original cyclic

approach. The cyclic method follows a deterministic order, ensuring that every set is acti-

vated exactly once every p iterations. This places a strict bound on how long any specific

set is ignored. On the other hand, the random strategy selects the active index indepen-

dently at each iteration. While this approach does not enforce a fixed time between visits

to a specific set, it still ensures that all sets are visited infinitely often with probability

one. Hence, it provides a simpler alternative that avoids rigid patterns. Moreover, the ex-

pected waiting time to activate a specific index k remains finite since it is the inverse of

the probability of activation, e.g., it is equal to p in the case of uniformly distributed :.

(ii) Another way to analyze the asymptotic behavior of the algorithm is to fix ω ∈ Ω and study

the behavior of (Gn (ω))n∈N via the control rule (:n (ω))n∈N. In this case, the convergence

of (Gn (ω))n∈N cannot be established by appealing to deterministic results since (:n (ω))n∈N
fails to satisfy the necessary assumptions; see [6, Definition 3.1 and Theorem 3.1].
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(iii) To compare Haugazeau’s original cyclic approach with the randomized strategy, we use

_n ≡ 1 and M = 1 in Corollary 6.12. However, randomly selected block-iterative versions

can also be implemented, where the extrapolation !n ¾ 1 will significantly accelerate the

convergence, as shown for deterministic algorithms [8,14,28].

6.2.5 Application to the computation of a Chebyshev center

We specialize the setting to H = RN and let S be a nonempty bounded subset of H. A Chebyshev

center of S and the Chebyshev radius of S are a solution and the optimal value, respectively, of

the problem

minimize
x∈H

sup
y∈S

‖x − y‖H. (6.55)

We refer to [1, Chapter 15] for further background on Chebyshev centers. The goal is to find

a Chebyshev center of S and the Chebyshev radius of S. However, this task can be difficult,

particularly if the set S is nonconvex, which makes (6.55) nonconvex as well. Another way to

rewrite this problem is as the following constrained minimization in a higher space:

minimize
(x,ρ)∈Z

ρ, where Z =
⋂

y∈S

{
(z, ξ) ∈ H × R | ‖z − y‖H ¶ ξ

}
. (6.56)

For every y ∈ S, the set
{
(z, ξ) ∈ H × R | ‖z − y‖H ¶ ξ

}
is closed and convex, and so is the

intersection. We propose the following α-approximation of (6.56).

Problem 6.14 Set K = S, let K be the Borel σ-algebra of H restricted to S, and let : be an

S-valued random variable with uniform distribution over S. Let α ∈ ]0, +∞[ and set (x0, ρ0) =
(0,−α). The task is to

minimize
(x,ρ)∈Z



(x, ρ) − (x0, ρ0)


2
H×R, where Z =

{
(z, ξ) ∈ H × R | ‖z − : ‖H ¶ ξ P-a.s.

}
. (6.57)

This α-approximation of (6.56) is a best approximation problem in the sense of Problem 6.6

under the quasinonexpansive operators defined by the projectors, as in Example 6.7(i). The

objective function

(x, ρ) ↦→


(x, ρ) − (x0, ρ0)



2
H×R = ‖x‖2

H + |ρ|2 + 2αρ + |α |2 (6.58)

corresponds to a regularization of the objective function of (6.56) and the distance between

their minimizers vanishes as α ↑ +∞. Furthermore, we replace the strict intersection over every

y ∈ S with the almost sure intersection defined by :.

In our experiment, we solve three instances of Problem 6.14 for H = R2, α = 200, and where

S is generated randomly. For every y ∈ S, the set
{
(z, ξ) ∈ H × R | ‖z − y‖H ¶ ξ

}
corresponds to

the translated second-order cone and its projector operator is known explicitly [17, Proposi-

tion 3.3]. We employ Theorem 6.8 with M = 1 and _n ≡ 1.
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Figure 6.1 Three instances of the experiment of Section 6.2.5. Blue: The subset S. Red: The ball with
center and radius given by the α-approximation.
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Chapter 7

CONCLUSION

7.1 Summary

In this dissertation, we have proposed frameworks for the analysis and the design of stochas-

tic iterative methods and, in doing so, we have addressed the open questions (Q1)–(Q5) of

Chapter 1. First, we have presented a geometric algorithmic framework to construct stochastic

quasi-Fejér monotone sequences. We have established the convergence principles for the con-

structed sequences. As applications of these frameworks, we have developed new stochastic

extrapolated parallel algorithms for feasibility problems and randomized block-iterative pro-

jective splitting methods for solving systems of coupled inclusions. In addition, we applied the

framework to provide novel approaches to classic algorithms such as the stochastic proximal

point algorithm and the stochastic gradient method. Finally, we have proposed an abstract

stochastic version of the Haugazeau method and investigated its asymptotic behavior.

7.2 Future work

Direction 7.1 We have proposed stochastic methods for a wide range of problems in Hilbertian

nonlinear analysis. A natural extension of this work would be the study of stochastic iterative

algorithms in Banach spaces.

Direction 7.2 In Section 3.2.5, we studied stochastic splitting algorithms for finding a common

point of a family of sets. On the other hand, Section 4.2.5 is dedicated to investigating stochas-

tic methods for finding a zero of a highly structured multivariate monotone inclusion prob-

lem. A new approach could emerge from combining these two problems into a new feasibility-

composite inclusion problem, i.e., each set is the set of zeros of a composite monotone inclusion

problem.
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Direction 7.3 In Chapters 2 and 4, we studied different approaches for designing stochastic

splitting algorithms for the sum of maximally monotone operators. Recently, paper [1] studied

composite inclusion problems defined over the integral of maximally monotone operators; see

[1, Example 5.8]. Another interesting question is to extend the proposed stochastic splitting

algorithms beyond the (finite) sum of operators onto the integral of operators.

Direction 7.4 Our asymptotic analysis of the proposed methods consists of guaranteeing

weak/strong convergence P-a.s. as well as weak/strong/linear convergence in !2(Ω,F,P; H).
Recent papers have studied stochastic methods in which the generated sequence (Gn)n∈N fails

to converge in any of these modes, but converges in distribution to some invariant probability

measure; see, e.g., [2, 3]. This topic could extend the framework of Chapter 3 to incorporate

convergence in distribution under weaker conditions.

Raleigh, April 17, 2026
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