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§1. Introduction

The problem of extracting information from data is at the core of many tasks in signal processing,
inverse problems, and machine learning. A prevalent methodology to seek meaningful solutions is
to build a mathematical model that incorporates the prior knowledge about the object of interest x
and the data, which consist of observations mathematically or physically related to X (see Figure 1).
Since the first mathematical formalizations of Euler [23] and Mayer [30] in the late 1740s, which
contained the embryo of least-squares data fitting techniques, convex minimization formulations
have been a tool of choice. The following problem encapsulates a broad range of minimization
models found in data analysis problems [2, 4, 5, 7, 10, 12, 16, 25, 27, 37] (see Section 2.1 for notation).

Problem 1.1. H is a separable real Hilbert space and f € Iy(H). For every k € {1,...,p}, Gy isa
separable real Hilbert space, gx € I)(Gk), and 0 # Li: H — Gy is linear and bounded. It is assumed
that zer(of + ZE:l L, o (9gk) o Lk) # @. The task is to

mlnlmlze f(x) + Z gi (Lkx). (1.1)

In recent years, an increasing number of problem formulations have emerged, which cannot
be naturally reduced to tractable minimization problems and which are best captured by more
general notions of equilibria provided by inclusion problems [14, 15, 17, 18, 24, 26, 34, 39, 40] A
formulation covering such models, as well as Problem 1.1, is the following composite monotone
inclusion formulation.

Problem 1.2. H is a separable real Hilbert space and A: H — 2" is maximally monotone. For
every k € {1,...,p}, Gy is a separable real Hilbert space, By: Gy — 26k ig maximally monotone,
and 0 # Ly: H — Gy is linear and bounded. It is assumed that Z = zer(A + ZE=1 L oBko L) # @.
The task is to

P
find x € H such that 0 € Ax + Z Ly (Bk(Lkx)). (1.2)
k=1
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Figure 1: Data processing flowchart.



Splitting algorithms for solving Problem 1.2 operate on the principle that each nonlinear and
linear operator is used separately over the course of the iterations. Since the nonlinear operators
are general set-valued monotone operators, they must be activated through their resolvent. Var-
ious deterministic operator splitting methods are available to solve Problem 1.2, most of which
require the activation of the resolvents of the p + 1 operators A and (By)i<k<p at each iteration
[11]. Our specific focus is on solving Problem 1.2 in instances when p is large, as is often the case
in data analysis problems. In such scenarios, memory and computing power limitations make the
execution of standard monotone operator splitting algorithms inefficient if not simply impossible.
We aim at designing monotone splitting algorithms which are stochastic in the sense that they
activate a randomly selected block of operators at each iteration and, in addition, allow for ran-
dom errors in the implementation of these resolvent steps. Furthermore, the proposed algorithms
satisfy the following requirements:

R1: They guarantee the almost sure convergence of the sequence of iterates to a solution to
Problem 1.2 (respectively Problem 1.1) without any additional assumptions on the nonlinear
operators (respectively the functions), the linear operators, or the underlying Hilbert spaces.

R2: Ateach iteration, more than one randomly selected resolvent of the operators (A, By, . . ., Bp)
can be activated.

R3: Knowledge of bounds on the norms of the linear operators is not required.

R4: The operators are available only through a stochastic approximation.

Requirement R1 imposes actual iterate convergence to a solution and not a weaker form of con-
vergence such as ergodic convergence, vanishing stepsizes, or, in the context of Problem 1.1, con-
vergence of the values of the objective function. It also asks that Problems 1.2 and 1.1 be addressed
in their generality, without restricting their scope by introducing additional assumptions. Require-
ment R2 makes it possible to activate more than one operator, hence opening the way to matching
efficiently the computational load of an iteration to the possibly parallel architecture at hand. Re-
quirement R3 broadens the scope of the methods by not assuming any knowledge of the norms
of the linear operators present in the model. For instance, in domain decomposition methods, it is
quite difficult to obtain tight upper bounds on the norms of the trace operators [3]. Finally, in the
spirit of the classical stochastic iteration models of [8, 22, 35], R4 addresses the robustness of the
algorithm to stochastic errors affecting the implementation of the operators.

As will be seen in the literature review of Section 2.2, there does not seem to exist methods that
satisfy simultaneously R1-R4. Our main contribution is presented in Section 3, where we propose
three algorithmic frameworks that comply with R1-R4. Section 4 is devoted to the minimization
setting of Problem 1.1. The last section of the paper is Section 5, where the proposed algorithms
are applied to signal restoration, support vector machine, classification, and image reconstruction
problems.

§2. Notation and existing algorithms

2.1. Notation

Throughout, H is a separable real Hilbert space with power set 2", identity operator Id, scalar
product (- | -), and associated norm || - ||.



Let A: H — 2M. The graph of A is graA = {(x, x)eHXxH | x" € Ax} and the set of zeros
of A is zerA = {x eH | o0€ Ax}. The inverse of A is the operator A™': H — 2" with graph
graA™l = {(x*, x) eHXH | x* € Ax} and the resolvent of A is Jo = (Id + A)~!. Further, A is
maximally monotone if

(V(xx) e HXH) [(xx") €graA & (Y(y,y*) €egraA) (x—y[x"—y)>0]. (21)
An operator F: H — H is firmly nonexpansive if
(Vx € H)(Vy € H)  (x—y|Fx—Fy) > ||Fx - Fy||°. (2.2)

Lemma 2.1. Let F: H — H be firmly nonexpansive and let y € 10, +co[. Then there exists a maxi-
mally monotone operator A: H — 2" such that the following hold:

(@) F=Ja.
(i) Jyr = 1d = Y)(14y)1a © (1 +¥) 7M.

Proof. (i): See [6, Corollary 23.9].
(ii): This follows from (i) and [6, Proposition 23.29]. U

I (H) denotes the class of lower semicontinuous convex functions f: H — ]—co, +00] such that
domf = {x eH | f(x) < +oo} # @.Let f € Ty(H). The subdifferential of f is the maximally
monotone operator

of: H—o 2% x> {x* e H | (Vze H) (z—x|x*) +f(x) < f(2)} (2.3)

and the proximity operator of f is

1
prox; = Jor: H — H: x > argmin (f(z) +=llx- z||2). (2.4)
zeH

Let C be a nonempty closed convex subset of H. Then ic denotes the indicator function of C, d¢
the distance function to C,

{x*€H|(VyEC) <y—x|x*><0}, if x € C;

' (2.5)
@, otherwise

NC:81C:XI—>{

the normal cone operator of C, and proj. = prox,. = Jn. the projection operator onto C. In
particular, if V is a closed vector subspace of H,

H Vi if xev;
Ny:H—2": x— ' (2.6)
@,  otherwise.

The underlying probability space is (Q,F, P) and By denotes the Borel o-algebra of H. An H-
valued random variable is a measurable mapping x: (Q,F) — (H, By). The o-algebra generated
by a family ® of random variables is denoted by o(®). Given x: Q@ — H and S C H, we set
[x €S] = {co €eQ|x(w)e S}. The reader is referred to [6] for background on monotone operators
and convex analysis, and to [28] for background on probability in Hilbert spaces.



We use sans-serif letters to denote deterministic variables and italicized serif letters to denote
random variables. Finally, in connection with Problem 1.2, we define the Hilbert direct sum

G=G; 0 - 0G, (2.7)
as well as the subspace
W:{erEBG‘(Vke{l,...,p}) xk+1:ka1}, (2.8)

and note that

WL:{X*EH@G

p
X] =— Z Lixiﬂ}. (2.9)
k=1

2.2. Existing algorithms

It seems that no algorithm satisfying requirements R1-R4 has been explicitly proposed to solve
Problem 1.2 — or even Problem 1.1 — in the literature. There is a vast body of papers on random ac-
tivation algorithms in the special case of Problem 1.1 that consists in minimizing a sum of smooth
functions ZE=1 g in H = RN via so-called stochastic gradient descent methods. Their principle is
to activate a randomly selected gradient in (Vg )1<k<p at each iteration; see [21] and its bibliogra-
phy and [19, 38] for related work with random proximal activations for this type problem. These
methods focus on a very specific instance of Problem 1.1 and they do not satisfy R1-R2. The only
random activation algorithm tailored to Problem 1.1 which guarantees almost sure convergence
of the iterates without additional assumptions such as strong convexity is the following (see also
[1] for a non-adaptive version).

Proposition 2.2 ([9, Theorem 2.1 and Algorithm 3.1]). Consider the setting of Problem 1.1 and
suppose that H = RN and, foreveryk € {1,...,p}, Gk = RM«, all considered as standard Euclidean
spaces. Let (1 )1<k<p be real numbers in |0, 1] such that ZE:l ik = 1, and let (kp)nen be identically
distributed {1, ..., p}-valued random variables such that, for every k € {1,...,p}, P[ko = k] = my.
Set, for every k € {1,...,p} and everyn € N, &, = T,=k. Let 79 € ]0,+00[ and oy € ]0,+oo[ be
such that

[ILklI?
ToO0p max

<1 (2.10)
1<ksp Tk

Further, let yo € [0,1[,n € ]0,1[, andd € ]1, +oco[, set py = 0 and vy = 0, let x1,9 be a H-valued random
variable, and let y, be a G-valued random variable. Set zy = y, andL: H — G: x = (LiX)1<k<p,



and iterate
forn=0,1,...
. If pn > [IL|lvad;

~—

Th
(1_—)&, 0 (1= ¥n), XnN

G .
(Tn+1: On+1, )(n+1) = (Tn(l = Xn)s _nX :an])’ if pn < |IL[[vn8;
n

1
. |IL]|v
- if M L ves

)
— P
Xin41 = X0 +Prox, (%10 = e Xy, LiZin)
fork=1,...,p

Ykn+l = Ykn+1 T Ekn (proxc,mgi (Yion + Onat Lixnet) — yk,n) (2.11)

1
Zin+l = Ykn + Ekn (yk,n+1 + TIZ_ (yk,n+1 - yk,n) - yk,n)
k

1 1
Pn+1 = . (xn - xn+1) - TE_knLZ" (ykn,n - ykn,n+1)H1
1 1
Vnel = _‘ Lkn (xn - xn+1) - _(ykn,n - ykn,n+1) >
Tk, On+1

where ||-||; denotes the ' -norm. Then (x1,n)nen converges P-a.s. to an Argmin(f+2£=1 groLy)-valued
random variable.

Algorithm (2.11) is of interest because it guarantees R1 in a finite-dimensional setting. However,
it does not satisfy R2 since, at each iteration, f must be activated together with one of the functions
(gk)1<k<p- It does not satisfy R3 either since it requires the knowledge of the norms of linear
operators in (2.10). We also note that it does not tolerate errors in the evaluation of the proximity
operators, which means that R4 is not satisfied.

Let us now turn to the general Problem 1.2. The only algorithm that satisfies R1 is that of [33],
which corresponds to an implementation of the random block-coordinate forward-backward al-
gorithm of [13, Section 5.2] suggested in [13, Remark 5.10(iv)].

Proposition 2.3 ([33, Proposition 4.6]). Consider the setting of Problem 1.2. Let W: H — H and,
foreveryk € {1,...,p}, Ux: G — Gy be bounded linear strongly positive self-adjoint operators such
that

P
Do < (2.12)
k=1

Let (An)newt be a sequence in |0, 1] such that inf ey A > 0, let x19 and (a1,n)neny be H-valued random
variables, let vy and (by)nen be G-valued random variables, and let (&,)nen be identically distributed
{0, 1}P \ {0}-valued random variables. Iterate

forn=0,1,...
Yin =Jwa (xl,n - W( E:I szk,n)) +ain

X1,n+1 = X1,n + )\n(yl,n - xl,n)
fork=1,...,p

[ Uk,n = €k,n (JUkBEI (Uk,n + Uk([—k(zyl,n - xl,n))) + bk,n)

Ukn+l = Okn + Ek,n)\n (uk,n - Uk,n),

(2.13)




and set (Vn e N) &, = o(en) and Xy, = 6(x1, v1)o<i<n- In addition, assume that the following hold:

() 2new VE(llarall? | Xn) < +00 and Xpes VE([Ibnll? [Xn) < +oo.

(if) Foreveryn € N, €, and X,, are independent.
(iii) Foreveryle {1,...,p}, Pleo=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Let us note that Algorithm (2.13) satisfies R1 but not R2 since it must activate A at each itera-
tion, nor R3 since it requires the knowledge of the norms of linear operators to implement (2.12).
Another framework related to Problem 1.2 is that of [20], which allows for random activations
in Problem 1.2 in a finite-dimensional setting when no linear operator is present and under the
assumption that the operators (By)i<k<p are cocoercive. It therefore does not satisfy several re-
quirements of R1 and activates only one operator per iteration, which violates R2. On the other
hand, the recent work [36] solves Problem 1.2 in a finite-dimensional setting when no linear op-
erator is present and under strong monotonicity of the nonlinear operators. Hence, it does not
satisfy R1 and, since it does not allow for multiple activations at each iteration, it does not satisfy
R2 either.

§3. Proposed algorithms

3.1. Multivariate framework

Our strategy consists in embedding Problem 1.2 into multivariate problems that have the following
general form studied in [13] and involve m agents (x1, ..., Xm)-

Problem 3.1. Let (X{)1<i<m and (Yj)i<j<, be families of separable real Hilbert spaces with Hilbert
directsums X = X;®- - -®@X,andY =Y ®---®Y,.Foreveryi € {1,...,m}andeveryj € {1,...,r},
let C;: X; — 2% and Dj: Y; — 2Yi be maximally monotone, and let Mj;: X;j — Y; be linear and
bounded. The task is to

find x € X such that (Vi€ {I,...,m}) 0 € Cix;+ Y M};(Dj(z Mﬂx')). (3.1)
j=1 I=1

The set of solutions to (3.1) is denoted by Z and assumed to be nonempty. Further, the projection
operator onto the subspace

V:{(x,y)EXGBY’(Vje{l,...,r}) W:Z/\Aﬁxi} (3.2)
i=1

is decomposed as

Vie{l,...m}) Q:X8Y = X

. (33
Vjed{t,...,r} Qm+j: X@Y—)Yj.

projy: (%y) = (Q(%Y)), s Where {



Our approach is ultimately based on the Douglas—Rachford algorithm implemented in X @ Y.
First, using the setting of Problem 3.1, set

M: X>Y: x+— (221 MliXi,...,Zgl Mrixi)
C: X — 2%X: x5 Cyx; X -+ X CyiXim (3.4)
D:Y — 2Y: y = Diy; X -+ X Dy,

Then (3.2) yields
V={(xy) eX®Y|y=Mx}. (3.5)
Moreover, (3.1) is equivalent to the problem of finding a point in zer(C + M* o D o M). Now define
A:X®Y - 2%Y: (xy) > CxxDy and B=Ny. (3.6)

Then it follows from [13, Eq. (5.23)] that, if (x, y) € zer(A+B), then x € zer(C+M*oDoM). We can
construct a point in zer(A + B) iteratively by the Douglas—Rachford algorithm [6, Section 26.3],
which requires the resolvents of A and B. By [6, Proposition 23.18], J4 can be decomposed in
terms of (Jc,,...,Jc,.Jp,>---»Jp,). On the other hand, Jg = projy and it follows from (3.5) and [6,
Example 29.19(ii)] that

(Yx € X)(Yy € Y) projy(x,y) = (p,Mp), where p=(Id+M*oM)"'(x+M"y). (3.7)

This operator is decomposed in terms of the operators (Q)i<i<m+r int (3.3). The following result
provides a randomly block-activated implementation of this product space version of the Douglas—
Rachford algorithm.

Theorem 3.2 ([13, Corollary 5.3]). Consider the setting of Problem 3.1. Set O = {0, 1}™*" \ {0},
lety € ]0,+0o[, let (An)nen be a sequence in )0, 2[ such that infnen Ay > 0 and sup, . An < 2, let xo,
29, (@n)nen, and (cn)nen be X-valued random variables, let y,, wo, (bn)nen, and (dn)new be Y-valued
random variables, and let (€,)nen be identically distributed O-valued random variables. Iterate

forn=0,1,...
fori=1,...,m
Xine1 = Xin + €in(Qi(Zn, Wn) + din — Xin)
| Zint1 = Zin + Einkn (Jyc: (2Xins1 — Zin) + Cin — Xins1) (3.8)
forj=1,...,r
Yin+1 = Yin + Emejon (Qmsj (20, Wn) + bjn — Ujn)
| Win+1 = Win + €m+j,n>\n (JyD,- (zyj,n+1 - Wj,n) + dj,n - yj,n+1),

and set (Vn € N) €, = o(g,) and 8,, = o(z;,w|)o<i<n- In addition, assume that the following are
satisfied:

(i) Znew VE(lanll*[8n) < +00, Zpew VE(IBall? [Sn) < +00, e VE(llenll?[8n) < +eo,
Snen VE(IdnlI? | 8n) < +0, @, — 0 P-a.s,, and b, — 0 P-a.s.
(ii) Foreveryn e N, &, and 8, are independent.
(iii) Foreveryle {1,....m+r}, P[eo =1] > 0.



Then (xp)nen converges weakly P-a.s. to a Z-valued random variable.

Remark 3.3. Atiteration n, the random variables (&;,)1<i<m and (&m+jn)1<j<r act as switches which
control which components are updated, while the random variables a;,, b, ¢in and d;, model
approximations in the implementation of the operators Q;, Qj, Jyc;, and Jyp;, respectively.

We now present three frameworks for solving Problem 1.2 which are based on specializations
of Theorem 3.2.

3.2. Framework 1

The first approach stems from the observation that Problem 3.1 reduces to Problem 1.2 whenm = 1,
r=p,X; =H C; = A and (Vk € {1,...,p}) Yk = G, M1 = Lk, and Dy = By. Surprisingly,
this basic observation does not seem to have been exploited in attempts to design random block
activation algorithms for solving Problem 1.1 or Problem 1.2 (or special cases thereof) using the
stochastic quasi-Fejér framework of [13]; see for instance [9, 29, 31, 32].

We derive from Theorem 3.2 the following convergence result.

Proposition 3.4. Consider the setting of Problem 1.2. Set O = {0, 1}!*P \ {0}, let y € 10, +oo[, let
(An)nen be a sequence in ]0,2[ such that infreny A > 0 and sup, oy An < 2, let x10, 21,0, (C1,n)nen,
and (en)nen be H-valued random variables, let y,, wy, and (dn)nen be G-valued random variables,
and let (&n)nen be identically distributed O-valued random variables. Set Q = (Id + 2E:1 Lo L)t
and iterate
forn=0,1,...

Sh = Q(zl,n + ZE:I Lzwk,n) +eén
Xin+1 = X1 + €0 (Sn — X1,n)
Zin+1 = Z1n t 51,n)\n (JyA(le,nH - Zl,n) +Cin — xl,n+1) (3-9)
fork=1,...,p

Ykn+l = Ykn + 51+k,n([—ksn - yk,n)

Wicn+1 = Wicn + €1vkonAn (JyBe (2Uins1 — Wicn) + dicn — Ykon1)-

In addition, assume that the following are satisfied:

(1) Znen \/E(Hcl,n”2 | 6 (21,1, ¥1)o<i<n) < +09, Xinen \/E(”dnH2 | 6 (21,1, 91)o<i<n) < +00,
Ynen VE(llenll? | 0(z11, 91)o<i<n) < +00, and e, — 0.
(if) Foreveryn € N, o(¢&,) and o(z1,,W|)o<i<n are independent.
(iii) Foreveryle {1,...,p+1}, Pleo=1] > 0.

Then (x1n)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. In Problem 3.1, set m = 1,r = p, X; = H, C; = A, and, for every k € {1,...,p}, Yk = G,
My 1 = Lk, and Dy = By. Further, for every n € N, set a;, = e, and, for every k € {1,..., p}, set
bi.n = Lken. Then it follows from (i) that a; , — 0 P-a.s., b, — 0 P-a.s., and

P
D NVEBI? [0 (21, 000c1cn) < ) E((Z ||Lk||2)||en||2

neN neN k=1

o(z, 0|)o<|<n)

1Lz > E(llenll? | o (21, o0ct<n)

neN
< 400, (3.10)



The assertion therefore results from Theorem 3.2. 0O

3.3. Framework 2

In Framework 1, Problem 3.1 collapses to Problem 1.2 by reducing the number of agents tom = 1.
Here, we use m = p + 1 agents in Problem 3.1 and capture Problem 1.2 by forcing these agents
(X1,...,Xps1) to lie in the subspace W of (2.8).

Proposition 3.5. Consider the setting of Problem 1.2. Set O = {0, 1}P*? \ {0}, let y € ]0, +oo[, let
(An)nen be a sequence in 10, 2[ such that inf,en Ay > 0 and sup, iy An < 2, let xq, 2o, Uy, vy, and
(€n)nex be H® G-valued random variables, let (e, )nen be H-valued random variables, and let (€n)nen
be identically distributed O-valued random variables. Set Q = (Id + Zi:l L, o Ly) L. Iterate

forn=0,1,...
fori=1,...,p+1

_ Zin t Uin
Xin+1 = Xin *+ €in 5 — Xi,n

Zin+l = Z1n t 51,n)\n (JyA(le,nH - Zl,n) +Cin — xl,n+1)

fork=1,...,p
|_ Zk+1,n+1 = Zk+1,n T+ €k+1,n}\n (JyBk (2xk+1,n+1 - zk+1,n) + Ck+1,n — xk+1,n+1)
fork=1,...,p+1 (3.11)

Zin T Okn

2 ”"’”)

\‘ Uk n+1 = Ugn + €p+2,n(

Sn = €p+2,n (Q(zul,n+1 —0Un+ Z£=1 Li(zuk+1,n+1 - Uk+1,n)) + en)

U1n+1 = O1n + 5p+2,n7\n (sn - ul,n+1)
fork=1,...,p
L |_ Uk+1,n+1 = Ok+1,n T+ £p+2,n)\n([—ksn - Uk+1,n+1)-

In addition, assume that the following are satisfied:

(i) Znew VE(llenll? | 0 (21, v1)o<icn) < +00 and ¥pay VE(llenll? | 021, 01)o<icn) < +0o.
(ii) Foreveryn € N, o(¢&,) and o(z, v))o<i<n are independent.
(iii) Foreveryle {1,...,p+2}, Pleo=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. InProblem 3.1, setm =p+1,r =1, X; = H, (X{)2<icm = (Gi-1)2<i<m> and Y; = H & G. Thus,
Y =Y; =H® G = X Moreover, for every i € {1,...,p + 1}, set

Mi:Xi > H®G:x— (0,...,0, x ,0,...,0), (3.12)
——
ith position
which yields
MitH® G — Xit (X), ..., Xp4) P X (3.13)
Further, denote by x = (xy,...,Xp41) a generic element in H ® G and define D; = Nw, where W is

the subspace of (2.8). In this configuration, (3.1) reduces to

p+1
find x e H® G such that 0 € >< Cix; + Nwx. (3.14)
i=1

10



We observe that
Id, if i=I

(Vie{t,...,p+1H)(Vle{1,...,p+1}) Mj oMy = {0, fiel (3.15)

As aresult, (Id + M* o M)™! = (1/2)Id and we derive from (3.3), (3.7), and (3.13) that

z+o Z tvo
Qp+2:(z,v)|—>T and (Mle{1,...,p+1}) Q:(z,0)— Iy (3.16)
Altogether, (3.8) with variables y; , = u, € H® G and w;, = v, € H ® G becomes
forn=0,1,...
fori=1,...,p+1
Zin t Uin
Xin+t1 = Xin T &in|———— — Xin
2 (3.17)
Zin+1 = Zin + gi,n)\n (JyCi(zxi,nH - zi,n) +Cin — xi,n+1) ’

Zn +t o,
T —u,
| Un+1 =0n + 5p+2,n}\n (projw(zun+l - vn) + dl,n - un+1):

Unt = Up + é‘p+2,n(

where dy ,, is the error incurred when projecting onto W at iteration n. We derive from (2.8) and
[6, Example 29.19(ii)] that

projw: (X, y1,...,yp) = (s, Lis, ..., Lps),

p -1 p
where s = (ld + Z Lo Lk) (x + Z L;:yk). (3.18)
k=1

k=1

Set (Vn € N) dy, = (en, Lien, ..., Lye,). Then we infer from (i) that

P
3 JE(ldiall? |z 000c1c0) < > E((l > ||Lk||2)||en||2

o(z, 0|)0<|<n)

neN neN k=1
P
= 1+ L Y JE(llenll? o (21, o0c1c0)
k=1 neN

< 400, (3.19)

Thus, it follows from Theorem 3.2 that, with Z denoting the set of solutions to (3.14),

the sequence (xl,n, Xons - - .,xp+1,n)neN in (3.17) converges weakly P-a.s.

to a Z-valued random variable x = (fl, X, .. -:fp+1) if Z+ @. (3.20)
Next, we specialize (3.14) to
Ci=A and (Vie{2,...,p+1}) C;=B. (3.21)

In this context, (3.17) reduces to (3.11). Recalling that Z denotes the set of solutions to Problem 1.2,
in view of (3.20), it remains to show that

Z= {(xl, Lixy,...,Lpx1) [ X1 € Z}. (3.22)
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Let x € H & G. We have

x € Z & x solves (3.14)

x €W

p+1

3x*eWt) o0¢ .Z<1Cixi +x*

(Ixg € H) x=(xg,Lix,...,Lpxy)

(HX* GWJ') 06AX1XBl(L1X1)X"‘XBP(LPX1)+X*
(3 X1 € H) X = (Xl, Lixg, ..., prl)
(H(y;,...,y;) €G) (0,0,...,0) ¢

p
Axy X By(Lix1) X -+ X Bp(Lpxq) + (Z LeYie =YD+ —yZ)
k=1

(3 X1 € H) X = (Xl, Lixg, ..., prl)

0€Ax; +>P  Liy:
3} ¥}) €6) { ¥ Zic L

(Vke{L....pH) vy € Bi(Lkx1).

(Ixg € H) x=(xg,Lixs,...,Lpxy)
0 € Axg + Xp_, Li(Bi(Lixy))

© (3x1€Z) x=(xg,Lixy,...,Lpx), (3.23)

which completes the proof. [

3.4. Framework 3

Our last algorithm connects Problem 1.2 to Problem 3.1 by means of a coupling operator C mapping
to an auxiliary space K and such that ker C coincides with the space W of (2.8).

Proposition 3.6. Consider the setting of Problem 1.2, let (Kj) <j<r be separable real Hilbert spaces,
set

K=k, (3.24)

and let

i=1

p+1
C:HoeG—->K:x— (Z Cjixi) (325)
1gj<r

be linear, bounded, and such that ker C = W. Define V as in (3.2), where M is replaced with C,
and decompose its projection operator as projy : X = (RjX)i<j<p+14r» where Ri: H®& G® K — H,
(Vie{L,...,p}) Ryi: H®& G® K — Gj, and (Vk € {1,...,r}) Rpyip: H® G ® K — Ky. Set
0 = {0, 1}P**7 \ {0}, let y € 10, +oo[, let (An)next be a sequence in |0, 2[ such that inf e A > 0 and
SUPep An < 2, let x¢, Zo, (@n)nen, and (cn)nen be H & G-valued random variables, let y,, wy, and
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(bn)nen be K-valued random variables, and let (€,)nen be identically distributed O-valued random
variables. Iterate

forn=0,1,...

X1,n+1 = X1,n + fl,n(Rl (zn,wn) +din — xl,n)
Zin+1 = Z1n t fl,n)\n (JyA (le,n+1 - Zl,n) +Cin — xl,n+1)

fork=1,...,p
Xk+1,n+1 = Xk+1,n T 5k+1,n(Rk+1 (2n,Wn) + Qka1n — xk+1,n) (3.26)
Zit1,nt1 = Zktn + EktLnAn (JyBk (Zxk+1,n+1 - zk+1,n) + Cis1n — xk+1,n+1)

forj=1,...,r

Yin+1 = Yjn T é‘p+1+j,n(Rp+1+j (Zn: Wn) + bj,n - yj,n)
Wjn+1 = Wjn — 5p+1+j,n7\nyj,n+1-

In addition, assume that the following are satisfied:

(i) Tnew VE(lanl? | o (zi,wi)oci<n) < +00, Ynent VE(Pall? | 6 (z1,wi)o<i<n) < +00,
S newt VE(llenll? | o (z1, wio<i<n) < +0, @y — 0 P-a.s., and b, — 0 P-a.s.

(ii) Foreveryn € N, o(&,) and o(z;,w)o<i<n are independent.
(iii) Foreveryle {1,...,p+1+r}, Pleo=1] > 0.

Then (x1,n)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. InProblem 3.1, setm = p+1, X; = H, (Xi)2<i<m = (Gi=1)2<i<m, Y = K, foreveryj € {1,...,r},
Dj = Nyo}, and, for every i € {1, ..., m}, Mj; = Cji. Thus, the subspace V of (3.2) becomes

p+1
V= {(x, y)EX®Y ‘ Vie{l...thy=) cjixi}, (3.27)
i=1
Further, denote by x = (xy, ..., Xp+1) a generic element in H® G. In this configuration, (3.1) reduces

to

r p+1
find x € H®G such that (Vie{1,....,p+1}) 0€Cixi+ Y c;(N{O}(Z cﬂx')). (3.28)
=1 I=1
We note that Proposition 3.6 is the application of Theorem 3.2 to (3.28) when
Ci=A and (Vie{2,...,p+1}) C;=B. (3.29)

Let Z be the set of solutions to (3.28) in the context of (3.29). Recalling that Z denotes the set of
solutions to Problem 1.2, it remains to show that

Z= {(xl, Lixy,...,Lpx1) [ X € Z}. (3.30)
Let x € H @ G. It follows at once from (3.25) that

1w (x) = 110} (Cx). (3.31)
Hence, we deduce from [6, Corollary 16.53] that

r p+1
Nwx = C*(N{o}(Cx)) = (Z C;(N{O} (Z Cj|X|))) . (3.32)
=1 =1

1<igp+1
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Note that the sets in (3.32) are nonempty if and only if x € W. Consequently,
x € Z & x solves (3.28) © x solves (3.14) (3.33)

and the claim follows from (3.23). O
Let us provide some examples of implementations of Proposition 3.6.

Example 3.7. In Proposition 3.6, set r = p, K = G, and, for every k € {1,...,p} and every
ie{l,...,p+1},

L, if i=1;
Cx=1-Id, if i=k+1; (3.34)

0, otherwise.

Letx e H® G, lety € G, and set q = (2Id + ZE:l L, o L)t (2x; + ZE:l L, (xk+1 + yk))- Then, for
everyie€ {1,...,p+1},

Q. if i=1;
1

Ri(x,y) = 5(Li_lq +Xi = Yic1)s if 2<i<p+1; (3.35)
1

E(Li_p_lq — Xip + Yi—p—1), if p+2<i<2p+1.

Let (en)nen be H-valued random variables such that ) o \/E(||en||2 | 6 (z,Ww))o<i<n) < +co and
e, — 0 P-a.s. and set

P -1
Q= (21d +> Lo Lk) . (3.36)
k=1

Then (3.26) becomes
forn=0,1,...

p
dn = Q(zzl,n + Z Li(zkﬂ,n + Wk,n)) +én
k=1
X1,n+1 = X1,n + fl,n(qn - xl,n)
Zine1 = Zin + ELnhn (Jya (2X1n41 = Z1n) + Cin — X1n41)

fork=1,...,p
_ Lkgn + Zks1n — Win (3.37)

Xk+1,n+1 = Xk+1,n T €k+1,n 2 — Xk+1,n
| Zk+1,n+1 = Zk+1,n T €k+1,n>\n (JyBk (zxk+1,n+1 - zk+1,n) + Ck+1,n — xk+1,n+1)
fork=1,...,p

_ Lkqn = Zk+1,n + Win

Ykn+1 = Ykn T Epti+kn 2 — Ykn

| Wign+1 = Win — 5p+1+k,n}\nyk,n+1

and Proposition 3.6 asserts that (xy,)nei converges weakly P-a.s. to a solution to Problem 1.2.
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The next examples focus on the special case of Problem 1.2 in which, for every k € {1,...,p},
Gk = Hand Ly = Id, that is,

P
find x € H such that 0 € Ax+ Z Bix. (3.38)
k=1

Example 3.8. Consider the setting of Example 3.7 where, for every k € {1,...,p}, Gx = H and
Lk = Id. Then, in view of (3.34) the operator C is defined by setting, by for every k € {1,...,p}
and everyie {1,...,p+1},

Id, ifi=1;
Chi=1-Id, ifi=k+1; (3.39)

0, otherwise.
Further, the operator Q of (3.36) is just (p + 2)~'Id. Thus, (3.26) becomes
forn=0,1,...
1 p
qn = m(zzl,n + kz_;(zkﬂ,n + Wk,n))

Xint1 = X1 + E1n(Gn — X1,0)
Zin+1 = Z1n t fl,n)\n (JyA (le,n+1 - Zl,n) +Cin — xl,n+1)

fork=1,...,p
dn + Zk+1,n — Wk,n (340)

Xk+1,n+1 = Xk+1,n T Ek+1,n 2 — Xk+1,n
| Zk+1,n+1 = Zk1,n T 5k+1,n7\n (JyBk (zxk+1,n+1 - Zk+1,n) + Ck+1,n — xk+1,n+1)
fork=1,...,p

_ dn — Zk+1,n + Win

Ykn+1 = Ykn T Ep+i+kn 2 ~ Ykn

| Wikn+1 = Wkn — £p+1+k,n)\nyk,n+1

and Proposition 3.6 asserts that (x1 ,)nen converges weakly P-a.s. to a solution to (3.38).

Example 3.9. In Proposition 3.6, set r = p+ 1, K = HP* and, for every k € {1,. ..,p+1} and
everyie€ {1,...,p+1},

%Id, if k= i;
Ca=1 "] (3.41)
——Id, if k#i.
p+1
Then ker C is the subspace of all the vectors x € HP*! such that, for every i € {1,...,p + 1},
xi=(p+1)! Z}:l x;. Hence, for every i € {1,...,2p + 2}, every x € HP*!, and every y € HP*!,
1 1 p+1
E(Xi +Yi) + m;(xj —yJ‘), if i< p+1;
Ri(x,y) = e (3.42)

1 . .
E(Xi+yi)—m;(xj+yj), if pr2<i<2p+2.
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Then (3.26) becomes

forn=0,1,...

p+1
Zin + Win

1
X1,n+1 = X1,n + gl,n( 2 + 2(p T 1) Z(zl,n - WI,n) - xl,n)
I=1

Z1n+1 = Z1n t fl,n)\n (JyA (le,n+1 - Zl,n) +Cin — xl,n+1)
fork=1,...,p

p+1
Zk+1,n T Wk+1,n 1
Xk+1,n+1 = Xk+1,n T 5k+1,n( 5 + 2(p+ 1) § (210 — Win) — xk+1,n) (3.43)
I=1

| Zk+1,n+1 = Zk+1,n T €k+1,n>\n (JyBk (zxk+1,n+1 - zk+1,n) + Ck+1,n — xk+1,n+1)
forj=1,...,p+1
p+1

_ Zjn t Wjn 1
Yinel = Yjn + €p+1+j,n( 5 - 2(p T 1) ;(ZI,n + Wl,n) - yj,n)

| Wjn+1 = Wjn — €p+1+j,n)\nyj,n+1
and Proposition 3.6 asserts that (xy ,)neny converges weakly P-a.s. to a solution to (3.38).

Remark 3.10. In Example 3.8, the operator C applied to x € HP*' couples each agent in

(X2, . .., Xp+1) With x;. In Example 3.9 the operator C applied to x € HP*! couples each agent in
(X1,...,Xps1) With the average of all the agents. Various alternative coupling operators C can be
considered to enforce the condition x; = - - - = Xp41.

3.5. Computation of inverse operators

The existing algorithms presented in Section 2.2 require the computation of norms of arbitrary lin-
ear operators whereas the proposed algorithms of Section 3.2-3.4 require the inversion of strongly
positive Hermitian operators of the type Id + L* o L. Note that, because of the strongly positive
hermitian structure of Id+L* oL, the computation of the inverse is typically much cheaper than the
computation of the norm of L in (2.10) or those of (Ull(/szWI/z)Kkgp in (2.12). In a finite dimension
setting, in full generality, if Id + L* o L has size N, its inversion via the Cholesky decomposition
method requires about N*/6 multiplications. However, this complexity can be reduced in several
standard scenarios. Here are two examples in H = RN that will be used in Section 5.

Example 3.11.

(i) If, for every k € {1,...,p}, Ly = Id. Then

p * —
(1d+ 20, Lol = el

p Lo (3.44)
(21d+ 2 o) = o

The cost of the inversion is O(1).

(ii) Suppose that, for every k € {1,...,p}, Lk is a block-Toeplitz. Then, following a standard
argument [2], each Ly can be approximated by a block-circulant matrix with convolution
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kernel ¢ and

P -1 P
(Id+ZLioLk) 8 ng_l(%(X) + (1+Z|i§(fk)|2))

k=1 k=1

P

P -1
(2Id+ZL;:oLk) : X|—>;}—1(§§(x) + (2+Z|‘g(fk)|2)).
k=1 k=1

where § denotes the discrete Fourier transform and + denotes pointwise division. The cost
of the inversion using the fast Fourier transform is O(Nlog(N)) [2].

(3.45)

(iii) The worst case is if the operators (Li)1<k<p does not present a special structure. Even so, the
composed operators ld+ZE=1 L.oLxand 2Id+ZE=1 L, oLk are symmetric and positive-definite.
Hence they admit a Cholesky decomposition. The cost of computing the Cholesky decom-
position is O(N?) (one time) and the cost of solving the linear system using the Cholesky
decomposition is O(N?). It will be shown in the numerical experiments that in the case when
no special structure is present, Framework 2 is preferred since the application of the inverse
operator does not occur at every iteration.

§4. Minimization problems

We dedicate this section to the minimization setting of Problem 1.1. Let us first formalize the con-
nection between Problem 1.1 and Problem 1.2.

Proposition 4.1. In Problem 1.2, set A = of and (Vk € {1,...,p}) Bk = dgk. Then every solution to
to (1.2) solves Problem 1.1.

Proof. Set L: H — G: x — (Lix,...,Lyx) and g: G — [-o00,4+00]: y ZE:l gk(yk). Then
L:G—>H:ym— 2E=1 L, vk Hence, it follows from [6, Proposition 16.9] that

p
X € zer(af+ Z Ly o (dgk) © Lk) = zer(of + L" o (9g) o L). (4.1)
k=1
However, [6, Proposition 27.5(i)] asserts that
p P
zer(af + Z L* o (9g) o L) C Argmin(f+golL) = Argmin(f + Z gk © Lk), (4.2)
k=1 k=1

which confirms the claim. 0O

Problem 1.1 relies on the assumption that zer(of + Zizl L, o (9gk) o Lk) # @. Let us provide
sufficient conditions that guarantee it.

Proposition 4.2. Let H be a separable real Hilbert space and f € Ty(H). Foreveryk € {1,...,p}, let
Gy be a separable real Hilbert space, let gy € T)(Gy), and let 0 # Li: H — Gy be linear and bounded.
Set

S= {(ka = Yi)i<ksp | x € domf and (Vk € {1,...,p}) yk € domgk}. (4.3)

Then zer(of + Zi:l L, o (9gk) o Ly) # @ if the following hold:
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(i) f(x)+ ZE:1 gk (Lgx) — 400 as ||x|| — +oo.

(ii) Any of the following is satisfied:
(a) The cone generated by S is a closed vector subspace of G.
(b) Foreveryk e {1,...,p}, gk is real-valued.

(c) H and (Gy)1<k<p are finite-dimensional, and there exists x € ridomf such that
(Vke{1,...,p}) Likx € ridomgy, (4.9)
where ri stands for the relative interior.

Proof. Set L: H = G: x = (Lix,...,Lyx) and g: G — ]—0o,+00]: y = 37 gi(yi). Then L is
linear and bounded, g € I,(G), S = {Lx —y|xedomfandy e dom g}, andf+golL = f+ZE:1 gko
Lk. On the other hand, it follows from (ii) that 0 € S, which implies that dom(f + g o L) # @. Thus,
because f + g o L is also lower semicontinuous and convex, we have f + go L € I)(H). Hence, since
(i) states that f(x) + g(Lx) — +co as ||x|| — +oo, it follows from [6, Proposition 11.15(i)] that

Argmin(f+gol) # @. (4.5)
However, (ii) and [6, Proposition 27.5(iii)] guarantee that

Argmin(f +go L) = zer(of + L" o (3g) o L), (4.6)
which completes the proof. [

In view of Proposition 4.1 and (2.4), we obtain the following solution methods for Problem 1.1.

Corollary 4.3. Consider the setting of Problem 1.1 and set F = Argmin(f + ZE=1 gr o Ly). In
(3.9), (3.11), and (3.26), replace the resolvent operators (Jya, Jys,s - - - Jys,) by the proximity operators
(prox,f, proX, , . . ., proxygp). Then Propositions 3.4, 3.5, and 3.6 provide sequences (x1n)nen Which
converges weakly P-a.s. to an F-valued random variable.

§5. Numerical experiments

5.1. Preamble

We present four experiments to illustrate the numerical behavior of the three algorithmic frame-
works presented in Section 3. These algorithms are initialized by setting x, z, y,, and w to 0,
and they use the proximal parameter y = 1.0 and the relaxation strategy (Vn € N) A, = 1.9.
The random variable &, activates operator indices in {1,...,p + 1} (Framework 1), {1,...,p + 2}
(Framework 2), and {1, ..., 2p + 1} (Framework 3 using Example 3.7), with a uniform distribution.

We also provide comparisons with the existing methods of Section 2.2 when applicable, because
they do provide almost sure iterate convergence to a solution, although they do not satisfy the
requirements R2-R3:

+ Algorithm (2.11) is initialized with x;, = 0 and y, = 0. Further, for every k € {1,...,p},
mk = 1/p and, to enforce (2.10), we set 7y = 0.9/4/p and 6y = 1/(/p maxi<k<p [ILk[I?). In
addition we set yp = 0.5, 1 = 0.5, and 8 = 1.5. We recall that Algorithm (2.11) can activate
only one operator at each iteration and does not satisfy R2-R4.
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+ Algorithm (2.13) is initialized with x; o = 0 and vy = 0. Further, W = 0.9tld and, for every
ke {1,...,p}, U = (t/|ILilI*)1d, where A, = 1 and, to enforce (2.12), T = 1/~/2p. We recall
that Algorithm (2.13) does not satisfy R2-R3.

These parameters were found to enhance the performance of these two algorithms. The first three
experiments (Sections 5.2-5.4) correspond to minimization problems fitting the format of Prob-
lem 1.1. The last experiment (Section 5.5) is a non-minimization problem that fits the format of
Problem 1.2, and Algorithm (2.11) is therefore not applicable.

5.2. Signal restoration

The goal is to recover the original signal X € H = RN (N = 1000) shown in Figure 2(a) from M = 10
noisy observations (r);<i<m given by

M e{1,....M}) rn=Lx+w (5.1)

where, for every | € {1,...,M}, L;: RN — RN is a known linear operator, n; € 0, +oo],
and w; € [-n,m]" is the realization of a bounded random noise vector. The parameters
(M1<igm € 10, +00[M are not known exactly and underestimated by (€))1<i1<cm € 10, +co[M. For
every | € {1,..., M}, L is a Gaussian convolution filter with zero mean and standard deviation
taken uniformly in [20,40], n; = 0.1, w is taken uniformly in [—n,, m]N, and & = 0.07. Set, for
every | € {1,...,M}andeveryj € {1,...,N}, Z|; = [{r|| ) =&, (r| | &;) +&|]. Since the intersection
of these sets is empty, we cannot recover the signal by solving the associated convex feasibility

0 100 200 300 400 500 600 700 800 900 1,000

(a)

1 |- I ,
0.8} |
0.6f :
0.4 :
0.2 n

of

—-0.2} .|
-0.4f .
0 100 200 300 200 500 600 700 800 900 1,000
(b)

Figure 2: Experiment of Section 5.2. (a): Original signal X. (b): Noisy observation r;.
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Figure 3: Experiment of Section 5.2. Solution produced by Framework 2.

problem. Instead, our objective is to solve an instantiation of Problem 1.1 with p = MN, to wit,

M N
minimize al|x|| + Z Z dz,, (Lix | 7)), (5.2)

I=1 j=1

where o = 0.05. Since, for every x € RN, o||x|| < a|x|| + Z{\il }il dzl’j(<L|x | €j)), condition (i) in
Proposition 4.2 holds. In addition, for every | € {1,...,M} and every j € {1,...,N}, dzLj is real-
valued. Hence, condition (ii)(b) in Proposition 4.2 holds as well, which confirms that (5.2) is an
instance of Problem 1.1. We can thus invoke Corollary 4.3. The three frameworks of Sections 3.2—
3.4 are used to solve (5.2), where the operator C in Proposition 3.6 is that of Example 3.7. Two
experiments are conducted: the random variable &, produces (a) 1 activation with 1 core; and (b)

8 activations with 8 cores. Given y € ]0, +oo[, the operators (PrOXYdZ[_)1<I<M,1<j<N are computed
i)

via [6, Example 24.28] and prox, . via [6, Example 24.20]. Furthermore, the convolutions are and
the inversions of linear operators are implemented using the fast Fourier transform [2]; see Exam-

ple 3.11(ii). As mentioned in Section 5.1, we also compare with:

« Algorithm (2.11), which can activate only one operator at each iteration.

« Algorithm (2.13), where the random variable ¢, activates (a) 1; and (b) 8 indices in {1, ..., p}
with a uniform distribution at each iteration.

-25

—50 |

=75+

—100

0 250 500 750 1,000 _1000 50 160

(@) (b)

150 200 250

Figure 4: Experiment of Section 5.2. Normalized error 20 log,, (||x1,n — Xco ||/ || 1,0 — X ||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green:
Framework 1. Orange: Framework 2. Blue: Framework 3 with Example 3.7. Dashed violet:
Algorithm (2.11). Dashed red: Algorithm (2.13).
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The solution produced by Framework 2 is shown in Figure 3. We display in Figure 4 the normalized
error versus execution time.

5.3. Overlapping group lasso regression

We address the overlapping group lasso regression problem of [42]. Here H = RN and q groups
15

of indices (lx)i<k<q in {1,...,N} are present, with UE:1 I = ..., N}. In addition, for every
ke{1...,q},
Si: RN — Ry = (8)1gjen = (E)jery.- (5.3)

The goal is to
o 1 d
minimize —[|Ax — bl[* + = > [|Six]; (5.4)
xeRN 2 q =

where A € RMXN = (B1<igm € RM, and a € ]0, +oo][. In the experiment, M = 1200, N = 3610,
q = 40, and, as in [42], & = 5/q%. The entries of A are i.i.d. samples from a N (1, 10) distribution.
The entries of the reference vector x € RN are i.i.d. samples from a uniform distribution on [0, 10],
and b = AX +w, where w € RM has entries that are i.i.d. samples from a N (0, 0.1) distribution. We
split the term ||Ax — b||? into a sum of 30 blocks of 40 entries each. Finally, the groups are defined

by
(Vk e {1,...,q}) I = {90k —89,...,90k + 10}. (5.5)

Let (aj)1<i<m be the rows of A. Then (5.4) is equivalent to

P
minimize k(Lkx), 5.6
xeRN kZ; & ( ) ( )
where p = 70,
Li: RN 5 R*: x = ({x|a1)) o
(Vk € {L.....30)) . a( )40(k 1)+1<I<40k ) (57)
gi: R¥ >Ry E”Y - (ﬁl)4o(k—1)+1<l<4ok|| 5
and
L: RN — R10: x 5 S _30x
(Vk € {31,...,70}) (5.8)

1
g R S5 Riy o allyll-

Let x = (£))1<1<n € RN and j € {1,...,N}. Since ngl i =A{1,...,N},

1< 1¢ 1 ¢ 1
=Sl == D @l == > D 18R > =g (59)
13 4= q q

k=1 lely
In turn,
70 1 q 1 N 1 N 1
D gl = IAx=blP+ = 3 lISixll > — > 151 > — | > g2 = —lxl. (510
k=1 13 AN = AN \i= q
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which ensures that condition (i) in Proposition 4.2 holds. In addition, for every k € {1, ..., 70}, g
is real-valued. Hence, condition (ii)(b) in Proposition 4.2 holds as well. Therefore Proposition 4.2
guarantees that (5.6) is an instance of Problem 1.1 and we invoke Corollary 4.3 to justify the con-
vergence of the algorithms. We employ the three frameworks of Sections 3.2-3.4 to solve (5.4),
where the operator C in Proposition 3.6 is that defined in Example 3.7. Two experiments are con-
ducted: the random variable &, produces (a) 1 activation with 1 core; and (b) 8 activations with 8
cores. Given y € ]0,+o0[ and z € R*, we compute the prox, . via [6, Example 24.20], prox,._,.
via [6, Proposition 24.8(i)], and the inverse operators are computed by solving the linear systems
with Example 3.11(iii). We also compare with:

+ Algorithm (2.11).

« Algorithm (2.13), where the random variable ¢, activates (a) 1; and (b) 8 indices in {1, ..., p}
with a uniform distribution at each iteration.

We display in Figure 5 the normalized error versus execution time.
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Figure 5: Experiment of Section 5.3. Normalized error 20 log,, (||x1,n — Xco ||/ ||¥1,0 — X ||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green:
Framework 1. Orange: Framework 2. Blue: Framework 3 with Example 3.7. Dashed violet:
Algorithm (2.11). Dashed red: Algorithm (2.13).

5.4. Classification using the hinge loss

We address a binary classification problem. The training data samples (u, €x)1<k<p are in RN x
{-1,1} and the goal is to learn a linear classifier x € H = RN. For this purpose, we solve the
instance of Problem 1.1 corresponding to the support vector machine model

P
N ST
minimize —||x||*+ — k(x), 5.11
nimize x| p;go (5.11)
where a € ]0,+co[ and, for every k € {1,...,p}, gk: x — max{0,1 — £ (x| uk)}. In the experi-

ment, N = 1500, o = 1, p = 750, and, for every k € {1,..., p}, the entries of uj are i.i.d. samples
from a N(100,10) distribution, and (&y)i<k<p are ii.d. samples from a uniform distribution on
{-1,1}. Since, for every x € RN, (a/2)|Ix[|* < (a/2)[Ix||* + £}_, gk(x), condition (i) in Proposi-
tion 4.2 holds. In addition, for every k € {1,...,p}, gk is real-valued, so that condition (ii)(b) in
Proposition 4.2 holds as well. This guarantees that (5.11) is an instance of Problem 1.1 and we
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can therefore invoke Corollary 4.3. We employ four methods to solve this problem: Framework 1,
Framework 2, and Framework 3 using the operators C defined in Examples 3.8 and 3.9. In the case
of Example 3.9 in Framework 3, the random variable &, activates indices uniformly in {1, .. ., 2p+2}.
Three experiments are conducted: the random variable &, produces (a) 1 activation with 1 core; (b)
8 activations with 8 cores, and (c) 32 activations with 32 cores. Given y € 0, +oo[, the operators
(prox,,, )1<k<p are computed via [6, Example 24.37]. The inverse operators are explicitly computed
in Example 3.11(i).
We also compare with:

« Algorithm (2.11), which can activate only one operator at each iteration.

« Algorithm (2.13), where the random variable ¢, activates (a) 1; (b) 8; and (c) 32 indices in
{1,..., p} with a uniform distribution at each iteration.

We display in Figure 6 the normalized error versus execution time for each instances. The execution
time is evaluated based on the assumption that the computation corresponding to each selected
index is assigned to a dedicated core and that all the cores are working in parallel.

5.5. Image reconstruction from phase

In contrast with the previous examples, we consider a data analysis framework, first proposed in
[18], which requires the monotone inclusion format of Problem 1.2 and is not reducible to the

AN 1 -25) |
-50| "1 -s0f |
-75| 1 =75} .
—1005 40 80 120 160 200 1% 10 15 20 25
(a) (b)
0

725 .
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_75 = .
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Figure 6: Experiment of Section 5.4. Normalized error 20 log,, (||x1,n — Xco ||/ || 1,0 — X ||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. (c): Block size
32 with 32 cores. Green: Framework 1. Orange: Framework 2. Blue: Framework 3 with
Example 3.8. Magenta: Framework 3 with Example 3.9. Dashed violet: Algorithm (2.11).
Dashed red: Algorithm (2.13).
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minimization setting of Problem 1.1. The goal is to recover an image in a nonempty closed convex
subset C of H from p nonlinear observations (ry)i<k<p produced by Wiener models, namely,

find x € C such that (Vk € {1,...,p}) rx = Fx(Lkx), (5.12)

where each operator Fi.: Gy — G is firmly nonexpansive and each operator Ly: H — Gy is linear
and bounded. In many instances, the operators (Fy)i<k<p 0or (Li)1<k<p may be imperfectly known
or the model may be corrupted by perturbations and, as a result, (5.12) may not have solutions.
A classical approach would be to relax it into a minimization problem such as the least-squares
model

P
minimize " [|Fic(Lix) = ril|* (5.13)
xeC
k=1
However, because of the nonlinearity of the operators (Fy)i<k<p, the resulting optimization prob-
lem is nonconvex and usually intractable. The strategy of [18] consists in relaxing (5.12) into the
variational inequality problem

P
find x € C such that (Vy € C) Z ai{Lic(y = %) | Fe(Lix) = rie) > 0, (5.14)
k=1
where the weights (ot)1<k<p are in J0, +oo[. As shown there, (5.14) is an exact relaxation of (5.12)
in the sense that, if (5.12) happens to have solutions, they are the same as those of (5.14). Let us
introduce the operators

(Vke{1,...,p}) Bk =ak(Fx—ry), (5.15)

which are maximally monotone by [6, Example 20.30]. Then, in terms of the normal cone operator
of (2.5), (5.14) is equivalent to

P
find x € H such that 0 € Nex + Z Ly (Bk(Lkx)). (5.16)
k=1
This inclusion problem is now in the format of Problem 1.2 with A = N¢, which allows us to apply
the algorithms proposed in Sections 3.2-3.4 to solve it with guaranteed almost sure convergence
of the iterates to a solution.
The specific image recovery problem under consideration is similar to that of [18, Section 5.1].
The goal is to recover the original image X € H = RN (N = 256) of Figure 7(a) from the following
prior knowledge and p = 62 observations:

(i) Bounds on pixel values: x € C = [0, 255] N,

(ii) The degraded images (r);<k<20 in RN are obtained via a blurring process, addition of noise,
and finally clipping. In terms of the model (5.12), for every k € {1,...,20}, Gy = RN,
re = Fr(LkX + wy), where Ly performs convolution with a Gaussian kernel with a standard
deviation of 3, w, € RN is a noise vector with i.i.d. entries uniformly distributed in [-50, 50],
and

Fe: RN > RN:y - projc, y,  where C; = [0,60]" (5.17)

models a hard clipping process. This nonlinear measurement process models a low-quality
image acquired by a device which saturates at photon counts beyond a certain threshold. As
an example, the first degraded image r; is shown in Figure 7(b).
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(i)

The degraded images (ry)21<k<40 in RN are obtained by a process similar to (ii). Here, for
every k € {21, ...,40}, the blurring operator L\ performs a convolution in the vertical direc-
tion with a uniform kernel of length 20, the entries of the noise vector wy € RN are i.i.d and
uniformly distributed in [—-70, 70], and pixel values beyond 90 are soft-clipped by

(5.18)

90 max{0, n:
Fk: RN — RNi (nj)l<j<N = (—{]m) .
1<j<N

90 + |n;]

As an example, the degraded image ry; is shown in Figure 7(c).

The degraded images (ry)41<k<eo i RN are obtained through an image formation process
similar to that of (iii). For every k € {41,...,60}, the blurring operator L, now performs a
convolution in the horizontal direction with a uniform kernel of length 24, and the entries
of the noise vector w, € RN are i.i.d and uniformly distributed in [—90, 90]. For every k €
{41, ...,60}, pixel values beyond 90 are soft-clipped by the same operator Fy as in (5.18).

The mean pixel value p = 137 of X is known. This information is imposed on a candidate
solution x € RN via the equation (x| 1) = Np, where 1 = (1,...,1) € RN, which corresponds
to the model g1 = F61(L61X), with Gél = R, L61 = < | 1>, g1 = Np, and F61 =Id.

The phase 6 € [—m, nt]" of the 2-D discrete Fourier transform of a noise-corrupted version
of X, i.e., ® = Z/DFT(X + wgz), where wg; € RN is uniformly distributed in [—3,3]. This
information is enforced by forcing a candidate solution to lie in the closed convex set C4, =
{x eRN | ZDFT(x) = 6}, ie., by enforcing the constraint x = projc,, x. This constraint

Figure 7: Experiment of Section 5.5: (a): Original image X. (b): Degraded image r;. (c): Degraded

image ry;. (d): Degraded image ry4;. (€): Recovered image.
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corresponds to the model rg; = Fga(Lg2x), with G, = RN, Lg; = Id, rg; = 0, and Fgy =
Id — projc,,, that is [41],

Feo: RN — RY: x 1 x — IDFT||DFT x| max{cos(£(DFTx) - 6), 0} exp(16) ).~ (5.19)

Due to the presence of the measurement errors (wy)i<k<eo and wegz, problem (5.12) is inconsistent
and we approximate it by (5.15)-(5.16), where o; = --- = a2 = 1. To implement the algorithms
of Sections 3.2-3.4, we require the expressions of the resolvent of the operators N¢ and (By)1<k<p-
The former is just

INe = proje: (€j)1<jen > (min{max{0, &}, 255})1<J<N' (5.20)

For the remaining cases, it follows from (5.15) that the operators (By)1<k<p are firmly nonexpansive.
We therefore invoke Lemma 2.1 to compute their resolvents. Let y € ]0,+oco[ and note that [6,
Proposition 23.17(ii)] entails that

(Vke{L,....p}H)  Jyg, = Jyr (- +Yrio). (5.21)
First, set k € {1,...,20}. Then Fy = projc, = Jn,- Hence, upon setting rq = (pk;)1<j<n, we deduce
from Lemma 2.1(ii) and (5.21) that
, & +YPKj
JyBi: (§igjen = (%j +Ypkj — ymm{max{o, ;},60} - (5.22)
l+y 1<j<N

On the other hand, for k € {21,...,60}, Jyr, : (nj)1cj<n = ({j)1<j<N, Where

N — 90(1+7y) + +/Inj — 90(1 + ) |? + 360n;
Vje{l,...,N}) ¢= 2
njs otherwise.

; nj = 0;

(5.23)

Thus, we derive from (5.21) the expressions for Jg,. Next, we have Jyg,, = (1+y)™'(-+yNp) asa
result of Jyr,, = (1+ y)~'Id and (5.21). Finally, we deduce from [6, Proposition 23.20] that

Id = Jn Id — proj
_ . _ —1yq _ Cea __ Ce2
Fs2 = Id — proj,, _JNEEZ and J(1+Y)—1N(—:22 o(l+y)'Id= T 62 _ Ty = (5.24)

Hence, it follows from Lemma 2.1(ii) that Jyg,, = Jyr, = (1+Y) ' (Id +y projc,). ie.,

Jyout y P> —— + —— IDFT(|DFT y| max{cos(~ (DFTy) - 6), 0} exp(:6) ). (5.25)
1+y 1+y
Lastly, we implement the inversions of linear operators using the fast Fourier transform and Ex-
ample 3.11(ii).

We employ the three frameworks of Sections 3.2-3.4 to solve (5.16), where Proposition 3.6 uses
the operator C defined in Example 3.7. Two experiments are conducted: the random variable &,
produces (a) 1 activation with 1 core; and (b) 8 activations with 8 cores. We compare with Algo-
rithm (2.13), where the random variable ¢, activates (a) 1; and (b) 8 indices in {1,...,p} with a
uniform distribution. The solution produced by Framework 3 is shown in Figure 7(e). We display
in Figure 8 the normalized error versus execution time on a single processor machine.
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Figure 8: Experiment of Section 5.5: Normalized error 20 log, , (||x1,n — Xco ||/ ||%1,0 — X ||) (dB) versus
execution time (s). (a): Block size 1 with 1 core. (b): Block size 8 with 8 cores. Green:
Framework 1. Orange: Framework 2. Blue: Framework 3 with Example 3.7. Dashed red:
Algorithm (2.13).

5.6. Discussion

The three proposed frameworks differ in terms of storage requirements, use of resolvent operators,
and use of linear operators.

« Framework 1: It stores 2p + 3 vectors. In addition, for each of the p + 1 random activation
indices, there is one resolvent evaluation.

« Framework 2: It stores 4p + 5 vectors. Out of the p + 2 random activation indices, those in
{1,..., p+1} involve the evaluation of a resolvent. In addition, the linear operators are used
only if index p + 2 is activated.

« Framework 3: It stores 2p + 2r + 2 vectors. Moreover, out of the p + r + 1 random activation
indices, those in {1, ..., p + 1} involve the evaluation of a resolvent operator, while those in
{p+2,...,p+r+1} do not require a resolvent evaluation.

Although Framework 1 is the most efficient in terms of storage, it may not always be the fastest,
especially when resolvents are computationally expensive. For instance, in Section 5.5, where it is
the case, Framework 3 is the fastest. Framework 2 has an advantage when the linear operators are
costly, which is the case in Section 5.3. Finally we observe that the existing algorithms (2.11) and
(2.13) which, as discussed in Section 2.2, do not satisfy condition R2-R3, are consistently slower
than the methods proposed in Sections 3.2-3.4.
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