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§1. Introduction

The objective of this paper is to propose a general algorithmic framework and convergence principles for

dealing with stochasticity in a broad class of algorithms arising in optimization and numerical nonlinear

analysis. Throughout, H is a separable real Hilbert space and the underlying probability space (Ω,F, P)

is complete. We denote by Z ⊂ H the set of solutions to the problem of interest and assume that it is

nonempty and closed.

In the recent paper [18], we showed that a simple geometry underlies most deterministic monotone

operator splitting algorithms and that, by exploiting this geometry, the convergence analysis of existing

methods could be simplified and improved. It was also argued that this geometric framework provides

a flexible template to create new algorithms. The basic idea is to construct the update at iteration n

of a deterministic algorithm for finding a point in the solution set Z as a relaxed projection xn+1 =

xn + λn (projHn
xn − xn) onto a half-space Hn =

{
z ∈ H | 〈z | t∗n〉H ¶ ηn

}
containing Z as follows (see

Fig. 1(a)).

Algorithm 1.1. Let x0 ∈ H and iterate

for n = 0, 1, . . .


take t∗n ∈ H and ηn ∈ R such that (∀z ∈ Z) 〈z | t∗n〉H ¶ ηn

αn =




〈xn | t
∗
n〉H − ηn

‖t∗n‖
2
H

if 〈xn | t
∗
n〉H > ηn;

0, otherwise

dn = αnt
∗
n

take λn ∈ ]0, 2[

xn+1 = xn − λndn .

(1.1)

Our approach consists in extending the above geometric construction to a general stochastic environ-

ment by making the following changes at iteration n:

• The deterministic quantities t∗n and ηn are replaced by random ones.

• A stochastic tolerance is added in the construction of the outer approximation.

• The relaxation parameter λn is now random and no longer restricted to the interval ]0, 2[.

This leads to the following algorithmic scheme (see Section 2.1 for notation).

Algorithm 1.2. Let G0 ∈ !2 (Ω,F, P;H) and iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

take C∗n ∈ !2 (Ω,F, P;H) and [n ∈ !1 (Ω,F, P;R) such that




1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]
∈ !2 (Ω,F, P;R);

Un =
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C

∗
n〉H − [n

)

‖C∗n ‖
2
H
+ 1[C∗n=0]

;

(∀z ∈ Z) 〈z | E(UnC
∗
n |Xn)〉H ¶ E(Un[n |Xn) + Yn (·, z) P-a.s.

where Yn (·, z) ∈ [0, +∞[ P-a.s.

3n = UnC
∗
n

take _n ∈ !∞(Ω,F, P; ]0, +∞[)

Gn+1 = Gn − _n3n .

(1.2)
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Implicitly, Algorithm 1.2 constructs a random outer approximation (n to Z, namely

Z ⊂ (n =
{
z ∈ H | 〈z | E(UnC

∗
n |Xn)〉H ¶ E(Un[n |Xn) + Yn (·, z)

}
P-a.s. (1.3)

and the update Gn+1 is obtained by performing a relaxed projection of the current iterate Gn onto the

simpler set

�n =
{
z ∈ H | 〈z | C∗n〉H ¶ [n

}
, (1.4)

which is a random affine half-space. It should be noted that, while Z ⊂ (n, the more restrictive inclusion

Z ⊂ �n does not hold in general (see Fig. 1(b)). In terms of modeling, choosing C∗n and[n such thatZ ⊂ �n

would restrict the scope of the processes we intend to model, whereas the more general inclusion Z ⊂ (n
offers more flexibility. Let us observe that, if Yn = 0, (n is also a random half-space. However, as the

following example shows, projecting onto it is not judicious.

Example 1.3. For every k ∈ {1, . . . , p}, letCk be a closed convex subset ofH. Suppose thatZ =
⋂p

k=1
Ck ≠

∅ and implement Algorithm 1.2 with _n = 1, Yn = 0, C∗n = Gn − projC:
Gn, and [n = 〈projC:

Gn | C
∗
n〉H, where

the random variable : is uniformly distributed in {1, . . . , p}. Then E(C∗n |Xn) = Gn − p−1
∑p

k=1
projCk

Gn
and therefore

Z ⊂

{
z ∈ H

����

p∑

k=1

〈
z − projCk

Gn
��Gn − projCk

Gn
〉
H
¶ 0

}

=
{
z ∈ H

�� 〈z
�� E(C∗n |Xn)

〉
H
¶ E

(
[n

��Xn

)}

= (n P-a.s. (1.5)

Thus, Algorithm 1.2 yields the random iteration process Gn+1 = projC:
Gn in which a single, randomly

selected set is projected onto at iteration n. By contrast, projecting onto (n would yield the barycentric

projection method Gn+1 = p−1
∑p

k=1
projCk

Gn, which is deterministic and imposes the computation of all

p projections at each iteration.

Another new feature of Algorithm 1.2 is that the relaxation parameters (_n)n∈N are random. In addi-

tion, they need not be confined to the range ]0, 2[ imposed in deterministic algorithms [5, 11, 14, 18, 25].

We call such relaxations super relaxations.

Hn

•Z
xn

•
xn+1

(n�n

•Z
Gn

•
Gn+1

Figure 1: Geometry of algorithms for finding a point in Z with λn = 1. (a) Left: Iteration n of the deter-

ministic Algorithm 1.1. (b) Right: Iteration n of the stochastic Algorithm 1.2 with Yn = 0.

The deterministic setting of Algorithm 1.1 is known to capture a vast array of iterative methods in

nonlinear analysis and optimization [18]. Our premise is that Algorithm 1.2 can serve the same purpose
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for their stochastic counterparts. Weak, strong, and linear convergence results will be established for

Algorithm 1.2. In turn, these results will be applied to fixed point and feasibility problems, where they

will be shown to provide new stochastic algorithms that go beyond the state of the art not only in terms

of convergence guarantees but also of flexibility of implementation and scope.

The remainder of the paper is organized as follows. Notation and preliminary results are introduced

in Section 2. The main theorems are presented in Section 3, where the asymptotic properties of Al-

gorithm 1.2 are established. Section 4 is devoted to an application of the proposed theory to a ran-

domly relaxed Krasnosel’skiı̆–Mann iteration process and includes new results on the convergence of

the stochastic gradient method. Section 5 concerns an application to randomly activated and relaxed

extrapolated fixed point methods for common fixed point problems in the presence of possibly uncount-

ably many operators. These results significantly improve existing ones. Section 6 concludes the paper

with applications to signal and image recovery. Applications of the results of Section 3 to the design

and the analysis of stochastic splitting algorithms for monotone inclusion problems are addressed in the

companion paper [19].

§2. Notation and background

2.1. Notation

We use sans-serif letters to denote deterministic variables and italicized serif letters to denote random

variables.

The Hilbert space H has identity operator Id, scalar product 〈· | ·〉H, and associated norm ‖ · ‖H. The

symbols⇀ and→ denote weak and strong convergence in H, respectively. The sets of strong and weak

sequential cluster points of a sequence (xn)n∈N inH are denoted byS(xn)n∈N andW (xn)n∈N, respectively.

The distance function of a set C ⊂ H is denoted by dC : x ↦→ infy∈C ‖y − x‖H and the projection onto a

nonempty closed convex set C ⊂ H is denoted by projC. The fixed point set of an operator T : H → H

is FixT =
{
x ∈ H | Tx = x

}
. The following notion will play an important role in Sections 4 and 5; see [2,

Proposition 2.4] for examples of demiregular operators.

Definition 2.1. [2] T : H → H is demiregular at x ∈ H if, for every sequence (xn)n∈N in H such that

xn ⇀ x and Txn → Tx, we have xn → x.

Let (Ξ,G) be ameasurable space. AΞ-valued random variable is a measurablemappingG : (Ω,F, P) →

(Ξ,G). Given G : Ω → Ξ and S ∈ G, we set [G ∈ S] =
{
ω ∈ Ω | G (ω) ∈ S

}
. Let G and ~ be random

variables from (Ω,F, P) to (Ξ,G). Then ~ is a copy of G if, for every S ∈ G, P([G ∈ S]) = P([~ ∈ S]).

The Borel σ-algebra of H is denoted by BH. An H-valued random variable is a measurable mapping

G : (Ω,F) → (H,BH). Let p ∈ [1, +∞[ and let X be a sub σ-algebra of F. Then !p (Ω,X, P;H) denotes

the space of equivalence classes of P-a.s. equal H-valued random variables G : (Ω,X, P) → (H,BH) such

that E‖G ‖
p

H
< +∞. Endowed with the norm

‖ · ‖!p (Ω,X,P;H) : G ↦→ E1/p‖G ‖
p

H
=

(
∫

Ω

‖G (ω)‖
p

H
P(3ω)

)1/p
, (2.1)

!p (Ω,X, P;H) is a real Banach space and !2 (Ω,X, P;H) is a real Hilbert space with scalar product

〈· | ·〉!2 (Ω,X,P;H) : (G, ~) ↦→ E〈G |~〉H =

∫

Ω

〈
G (ω)

��~(ω)
〉
H
P(3ω). (2.2)

Further,

(∀S ∈ BH) !p (Ω,X, P; S) =
{
G ∈ !p (Ω,X, P;H)

�� G ∈ S P-a.s.
}
. (2.3)
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The σ-algebra generated by a family Φ of random variables is denoted by σ(Φ). Let F = (Fn)n∈N be a

sequence of sub σ-algebras of F such that (∀n ∈ N) Fn ⊂ Fn+1. Then ℓ+ (F) is the set of sequences of

[0, +∞[-valued random variables (bn)n∈N such that, for every n ∈ N, bn is Fn-measurable. We set

(∀p ∈ ]0, +∞[) ℓ
p
+ (F) =

{
(bn)n∈N ∈ ℓ+(F)

����
∑

n∈N

b
p
n < +∞ P-a.s.

}
. (2.4)

We say that i : Ω × H → R is a Carathéodory integrand if

{
for P-almost every ω ∈ Ω, i (ω, ·) is continuous;

for every x ∈ H, i (·, x) is F-measurable.
(2.5)

We denote by ℭ(Ω,F, P;H) the class of Carathéodory integrands i : Ω × H → [0, +∞[.

The reader is referred to [5] for background on convex analysis and fixed point theory, and to [31, 36]

for background on probability in Hilbert spaces.

2.2. Preliminary results

Definition 2.2. Let X be a sub σ-algebra of F, C ∈ BH, and G be an H-valued random variable. Then G

is a C-valued X-simple mapping if there exist a finite family of disjoint sets (Fi)1¶i¶N in X and a family

of vectors (zi)1¶i¶N in C such that

N⋃

i=1

Fi = Ω and G =

N∑

i=1

1Fizi P-a.s. (2.6)

Remark 2.3. Let p ∈ [1, +∞[. Then every C-valued X-simple mapping is in !p (Ω,X, P;C).

The following proposition is an adaptation of [31, Corollary 1.1.7].

Proposition 2.4. Let C be a nonempty closed subset of H, X be a sub σ-algebra of F, p ∈ [1, +∞[, and

G ∈ !p(Ω,X, P;C). Then there exists a sequence (Gn)n∈N of C-valued X-simple mappings that converges

strongly P-a.s. to G with supn∈N ‖Gn‖
p

H
¶ ‖G ‖

p

H
+ 1 P-a.s.

Proof. Let z ∈ C be such that ‖z‖
p

H
¶ infy∈C ‖y‖

p

H
+ 1 and let {zn}n∈N be a countable dense subset of

C with z0 = z. For every n ∈ N and every y ∈ C, define In,y =
{
i ∈ {0, . . . , n} | ‖zi‖

p

H
¶ ‖y‖

p

H
+ 1

}
and

let in,y be the smallest integer i ∈ In,y such that ‖y − zi‖H = minj∈In,y ‖y − zj‖H. Define, for every n ∈ N,
Tn : C → C : y ↦→ zin,y . It follows from the density of {zn}n∈N in C that, for every y ∈ C, Tny → y and

(∀n ∈ N) ‖Tny‖
p

H
¶ ‖y‖

p

H
+ 1. (2.7)

Set, for every n ∈ N, Gn = TnG . Then (Gn)n∈N converges strongly P-a.s. to G and

(∀n ∈ N) ‖Gn‖
p

H
¶ ‖G ‖

p

H
+ 1 P-a.s. (2.8)

It remains to show that (Gn)n∈N is a sequence of C-valued X-simple mappings. Fix n ∈ N. Then

[Gn = z0] =
{
ω ∈ Ω

��� ‖G (ω) − z0‖H = min
j∈In,G (ω)

‖G (ω) − zj‖H

}
(2.9)

and, for every i ∈ {1, . . . , n},

[Gn = zi] =
{
ω ∈ Ω

��� i ∈ In,G (ω) and ‖G (ω) − zi‖H = min
j∈In,G (ω)

‖G (ω) − zj‖H < min
j∈Ii−1,G (ω)

‖G (ω) − zj‖H

}
. (2.10)
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By construction, (2.9) and (2.10) define sets in X. Further,

n⋃

i=0

[Gn = zi] = Ω and Gn =

n∑

i=0

1[Gn=zi]zi, (2.11)

which confirms that Gn is a C-valued X-simple mapping.

Lemma 2.5. Let F = (Fn)n∈N be a sequence of sub σ-algebras of F such that (∀n ∈ N) Fn ⊂ Fn+1. Let

(Un)n∈N ∈ ℓ+(F), (\n)n∈N ∈ ℓ+ (F), and ([n)n∈N ∈ ℓ+ (F). Then the following hold:

(i) Suppose that ([n)n∈N ∈ ℓ1+ (F) and there exists a sequence (jn)n∈N ∈ ℓ1+ (F) satisfying

(∀n ∈ N) E(Un+1 | Fn) + \n ¶ (1 + jn)Un + [n P-a.s. (2.12)

Then (\n)n∈N ∈ ℓ1+ (F) and (Un)n∈N converges P-a.s. to a [0, +∞[-valued random variable.

(ii) Suppose that EU0 < +∞,
∑

n∈N E[n < +∞, and there exists a sequence (χn)n∈N in [0, +∞[ satisfying

lim χn < 1 and

(∀n ∈ N) E(Un+1 | Fn) + \n ¶ χnUn + [n P-a.s. (2.13)

Then
∑

n∈N E\n < +∞ and
∑

n∈N EUn < +∞.

Proof. (i): This follows from [51, Theorem 1].

(ii): This follows from [22, Lemma 2.1(ii)].

Corollary 2.6. Let (αn)n∈N, (θn)n∈N, (ηn)n∈N, and (χn)n∈N be sequences in [0, +∞[. Then the following

hold:

(i) Suppose that
∑

n∈N ηn < +∞,
∑

n∈N χn < +∞, and

(∀n ∈ N) αn+1 + θn ¶ (1 + χn)αn + ηn. (2.14)

Then
∑

n∈N θn < +∞ and (αn)n∈N converges to a positive real number.

(ii) Suppose that
∑

n∈N ηn < +∞, lim χn < 1, and

(∀n ∈ N) αn+1 + θn ¶ χnαn + ηn P-a.s. (2.15)

Then
∑

n∈N θn < +∞ and
∑

n∈N αn < +∞.

Proof. An application of Lemma 2.5 with (∀n ∈ N) Fn = {∅, Ω}.

Lemma 2.7. Let b ∈ !1 (Ω,F, P;R), let Φ be a family of random variables, set X = σ(Φ), and let [ ∈

!1 (Ω,F, P;R) be independent of σ({b} ∪ Φ). Then E([b |X) = E[E(b |X).

Proof. Note that X ⊂ σ({b} ∪ Φ) and that b is σ({b} ∪ Φ)-measurable. Hence, it follows from [54,

Properties H∗, K∗, and J∗ in Section 2.7.4] that

E([b |X) = E
(
E
(
[b

��σ({b} ∪ Φ)
) ���X

)
= E

(
bE

(
[
�� σ({b} ∪ Φ)

) ���X
)
= E

(
bE[

��X
)
= E[E(b |X), (2.16)

which proves the identity.
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Lemma 2.8. Let x = (G1, . . . , GN) be anH
N-valued random variable, let (K,K) be a measurable space, and

suppose that the random variable: : (Ω,F, P) → (K,K) is independent ofσ(x). Let f : (K×H,K⊗BH) → R
be measurable and such that E|f (:, G1) | < +∞, and define g : H → R : x ↦→ Ef (:, x). Then, for P-almost

every ω′ ∈ Ω,

E
(
f (:, G1)

��σ(x)
)
(ω′) =

∫

Ω

f
(
: (ω), G1 (ω

′)
)
P(3ω) = g

(
G1 (ω

′)
)
. (2.17)

Proof. Define f : K×HN → R : (k, x) ↦→ f (k, x1). Then f is anR-valuedmeasurable function. Let S ∈ σ(x).

Then there exists A ∈
⊗

1¶i¶NBH such that S = [x ∈ A]. Thus, it follows from the image measure

theorem [54, Theorem 2.6.7], the independence of : and σ(x), and Fubini’s theorem [54, Theorem 2.6.8]

that
∫

S

f
(
: (ω), G1 (ω)

)
P(3ω) =

∫

Ω

f
(
: (ω), x (ω)

)
1A

(
x (ω)

)
P(3ω)

=

∫

K×HN
f (k, x)1A (x)

(
P ◦ (:, x)−1

)
(3k, 3x)

=

∫

K×HN
f (k, x)1A (x)

(
(P ◦ :−1) ⊗ (P ◦ x−1)

)
(3k, 3x)

=

∫

HN
1A (x)

(
∫

K

f (k, x) (P ◦ :−1) (3k)

)
(P ◦ x−1) (3x)

=

∫

HN
1A (x)

(
∫

K

f (k, x1) (P ◦ :−1) (3k)

)
(P ◦ x−1) (3x)

=

∫

HN
1A (x)g(x1) (P ◦ x−1) (3x)

=

∫

Ω

1A
(
x (ω)

)
g
(
G1 (ω)

)
P(3ω)

=

∫

S

g
(
G1 (ω)

)
P(3ω). (2.18)

Therefore g(G1) = E(f (:, G1) | σ(x)) P-a.s.

Lemma 2.9. Let p ∈ ]1, +∞[, let (bn)n∈N be a sequence in !p (Ω,F, P;R) such that supn∈N E|bn |
p
< +∞,

and let b : Ω → R be measurable. Suppose that bn → b P-a.s. Then E|b | < +∞, bn → b in !1 (Ω,F, P;R),
and Ebn → Eb .

Proof. Set q = (p − 1)/p. It follows from the Hölder and Markov inequalities that

0 ¶ lim
β→+∞

sup
n∈N

∫

[|bn |¾β]
|bn |3P

¶ lim
β→+∞

sup
n∈N

(
E1/p |bn |

pE1/q1
q

[|bn |¾β]

)

¶ sup
n∈N

E1/p |bn |
p lim
β→+∞

sup
n∈N

(
P
(
[|bn | ¾ β]

))1/q

¶ sup
n∈N

E1/p |bn |
p lim
β→+∞

sup
n∈N

E1/q |bn |
p

βp/q

= 0, (2.19)

which shows that (bn)n∈N is uniformly integrable.We can therefore invoke [54, Theorem 2.6.4(b)], which

asserts that b ∈ !1 (Ω,F, P;R), Ebn → Eb , and bn → b in !1 (Ω,F, P;R).
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Lemma 2.10. [31, Proposition 2.6.31] Let G ∈ !2 (Ω,F, P;H), let X be a sub σ-algebra of F, and let

~ ∈ !2 (Ω,X, P;H). Then E
(
〈G |~〉H

��X
)
=

〈
E(G |X)

��~
〉
H
.

Lemma 2.11. Let C be a nonempty closed subset of H and let (Gn)n∈N be a sequence of H-valued random

variables. Define

X = (Xn)n∈N, where (∀n ∈ N) Xn = σ(G0, . . . , Gn). (2.20)

Let p ∈ [1, +∞[ and suppose that, for every z ∈ C, there exist (`n (z))n∈N ∈ ℓ1+ (X), (\n (z))n∈N ∈ ℓ+ (X), and

(an (z))n∈N ∈ ℓ1+ (X) such that

(∀n ∈ N) E
(
‖Gn+1 − z‖

p

H

��Xn

)
+ \n (z) ¶

(
1 + `n (z)

)
‖Gn − z‖

p

H
+ an (z) P-a.s. (2.21)

Then the following hold:

(i) Let z ∈ C. Then
∑

n∈N \n (z) < +∞ P-a.s.

(ii) (‖Gn‖H)n∈N is bounded P-a.s.

(iii) W (Gn)n∈N ≠ ∅ P-a.s.

(iv) There exists Ω′ ∈ F such that P(Ω′) = 1 and, for every ω ∈ Ω′ and every z ∈ C, (‖Gn (ω) − z‖H)n∈N
converges.

(v) Suppose that W (Gn)n∈N ⊂ C P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a C-valued random

variable.

(vi) Suppose thatS(Gn)n∈N ∩C ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a C-valued random

variable.

(vii) Suppose thatS(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ C P-a.s. Then (Gn)n∈N converges strongly

P-a.s. to an C-valued random variable.

(viii) Suppose that z ∈ C and (χn)n∈N in [0, +∞[ satisfy

(∀n ∈ N) E
(
‖Gn+1 − z‖

p

H

��Xn

)
¶ χn‖Gn − z‖

p

H
P-a.s. and lim χn < 1. (2.22)

Then the following hold:

(a) Let n ∈ N. Then E(‖Gn+1 − z‖
p

H
|X0) ¶ (

∏n
j=0 χj)‖G0 − z‖

p

H
P-a.s.

(b) Suppose that G0 ∈ !p (Ω,F, P;H). Then (Gn)n∈N converges strongly in !p (Ω,F, P;H) and P-a.s.

to z.

Proof. (i)-(vii): Apply [20, Proposition 2.3] with q = | · |p. The measurability of the weak limit in (v) relies

on [20, Proposition 2.3(iv)] which invokes [47, Corollary 1.13]. The applicability of the latter follows

from the separability of H and the completeness of (Ω,F, P); see [31, Sections 1.1a–b] for details.

(viii): Apply [22, Lemma 2.2] with q = | · |p.

§3. Main results

3.1. An abstract stochastic algorithm

The analysis of the asymptotic behavior of the following algorithm will serve as the backbone of sub-

sequent convergence results. We recall from Section 1 that Z is the solution set of the problem under

consideration and that it is assumed to be nonempty and closed.
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Algorithm 3.1. Let G0 ∈ !2 (Ω,F, P;H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

take _n ∈ !∞(Ω,F, P; ]0, +∞[), 3n ∈ !2 (Ω,F, P;H), and Xn ∈ ℭ(Ω,F, P;H) such that{
E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
¾ 0 P-a.s.;

(∀z ∈ Z) E
(
_n〈z + 3n − Gn | 3n〉H

��Xn

)
¶ Xn (·, z)/2 P-a.s.

Gn+1 = Gn − _n3n .

(3.1)

Let us outline the weak and strong convergence properties of Algorithm 3.1.

Theorem 3.2. Let (Gn)n∈N be the sequence generated by Algorithm 3.1. Then the following hold:

(i) (Gn)n∈N is a well-defined sequence in !2 (Ω,F, P;H).

(ii) Let n ∈ N and z ∈ Z. Then

E
(
‖Gn+1 − z‖2H

��Xn

)
¶ ‖Gn − z‖2H − E

(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn (·, z) P-a.s.

(iii) Let n ∈ N and I ∈ !2 (Ω,Xn, P;Z). Then

E
(
‖Gn+1 − I‖2H

��Xn

)
¶ ‖Gn − I‖2H − E

(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn(·, I) P-a.s.

(iv) Let n ∈ N and I ∈ !2 (Ω,Xn, P;Z). Then

‖Gn+1 − I‖2
!2(Ω,F,P;H)

¶ ‖Gn − I‖2
!2(Ω,F,P;H)

− E
(
_n (2 − _n)‖3n‖

2
H

)
+ EXn (·, I).

(v) Suppose that, for every z ∈ Z,
∑

n∈N Xn(·, z) < +∞ P-a.s. Then the following hold:

(a) (‖Gn‖H)n∈N is bounded P-a.s.

(b) Let I be a Z-valued random variable. Then (‖Gn − I‖H)n∈N converges P-a.s.

(c)
∑

n∈N E(_n (2 − _n)‖3n‖
2
H |Xn) < +∞ P-a.s.

(d) Suppose thatW (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a Z-valued random

variable.

(e) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a Z-valued

random variable.

(f) Suppose that S(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges

strongly P-a.s. to a Z-valued random variable.

(vi) Suppose that, for every z ∈ Z,
∑

n∈N EXn(·, z) < +∞. Then the following hold:

(a) (‖Gn‖!2 (Ω,F,P;H))n∈N is bounded.

(b) Let I ∈ !2 (Ω,F, P;Z). Then (‖Gn − I‖!1(Ω,F,P;H))n∈N converges.

(c)
∑

n∈N E(_n (2 − _n) ‖3n‖
2
H) < +∞.

(d) Suppose that (Gn)n∈N converges weakly P-a.s. to an H-valued random variable G . Then G ∈

!2 (Ω,F, P;H) and (Gn)n∈N converges weakly in !2 (Ω,F, P;H) to G .

(e) Let G be a Z-valued random variable. Then (Gn)n∈N converges strongly P-a.s. to G if and only if

(Gn)n∈N converges strongly in !1 (Ω,F, P;H) to G . In this case, G ∈ !2 (Ω,F, P;Z) and (Gn)n∈N
converges weakly in !2 (Ω,F, P;H) to G .
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Proof. (i): By assumption, G0 ∈ !2 (Ω,F, P;H). Now suppose that Gn ∈ !2 (Ω,F, P;H). Then, since 3n ∈

!2 (Ω,F, P;H) and _n ∈ !∞ (Ω,F, P; ]0, +∞[), Gn+1 = Gn−_n3n ∈ !2 (Ω,F, P;H). This establishes the claim

by induction.

(ii): We derive from (3.1) that

E
(
‖Gn+1 − z‖2H

��Xn

)

= E
(
‖Gn − z‖2H − 2_n〈Gn − z | 3n〉H + _2n‖3n‖

2
H

��Xn

)

= ‖Gn − z‖2H − E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ 2E

(
_n〈z + 3n − Gn | 3n〉H

��Xn

)

¶ ‖Gn − z‖2H − E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn(·, z) P-a.s. (3.2)

(iii): First, let B be a Z-valued Xn-simple mapping. Then there exists a finite family of disjoint sets

(Fi)i∈I in Xn such that
⋃

i∈I Fi = Ω, and a family (zi)i∈I in Z such that B =
∑

i∈I 1Fizi. Then, by (ii),

E
(
‖Gn+1 − B ‖2H

��Xn

)
= E

(




∑

i∈I

1Fi (Gn+1 − zi)






2

H

����Xn

)

= E

(∑

i∈I

‖Gn+1 − zi‖
2
H1Fi

����Xn

)

=
∑

i∈I

E
(
‖Gn+1 − zi‖

2
H

��Xn

)
1Fi

¶
∑

i∈I

‖Gn − zi‖
2
H1Fi +

∑

i∈I

(
−E

(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn(·, zi)

)
1Fi

=






∑

i∈I

1Fi (Gn − zi)






2

H

− E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+

∑

i∈I

Xn(·, zi)1Fi

= ‖Gn − B ‖2H − E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn(·, B) P-a.s. (3.3)

Next, Proposition 2.4 guarantees the existence of a sequence of Z-valued Xn-simple mappings (Bj)j∈N
such that Bj → I P-a.s. and supj∈N ‖Bj‖

2
H ¶ ‖I‖2H + 1 P-a.s. Thus, we derive from (3.3) that

(∀j ∈ N) E
(
‖Gn+1 − Bj‖

2
H

��Xn

)
¶ ‖Gn − Bj ‖

2
H − E

(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn(·, Bj) P-a.s. (3.4)

Additionally,

(∀j ∈ N) ‖Gn+1 − Bj‖
2
H ¶ 2‖Gn+1‖

2
H + 2‖Bj‖

2
H ¶ 2‖Gn+1‖

2
H + 2‖I‖2H + 2 P-a.s. (3.5)

Note that the right-hand term in (3.5) is integrable and that ‖Gn+1−Bj‖
2
H → ‖Gn+1−I‖

2
H P-a.s. as j → +∞.

Therefore, by the conditional dominated convergence theorem [54, Theorem 2.7.2(a)],

E(‖Gn+1 − Bj‖
2
H |Xn) → E(‖Gn+1 − I‖2H |Xn) P-a.s. as j → +∞. (3.6)

On the other hand, the continuity of Xn with respect to the H-variable implies that Xn (·, Bj) →

Xn (·, I) P-a.s. as j → +∞. Altogether, taking the limit as j → +∞ in (3.4) yields

E
(
‖Gn+1 − I‖2H

��Xn

)
¶ ‖Gn − I‖2H − E

(
_n (2 − _n)‖3n‖

2
H

��Xn

)
+ Xn (·, I) P-a.s. (3.7)

(iv): Take the expected value in (iii).

(v)(a): This follows from (ii) and Lemma 2.11(ii).

(v)(b): Let Ω′′ ∈ F be such that P(Ω′′) = 1 and, for every ω ∈ Ω′′, I (ω) ∈ Z. Further, let Ω′ ∈ F be

given as in Lemma 2.11(iv), which holds as a consequence of (ii). Then

(
∀ω ∈ Ω′ ∩ Ω′′

) (
‖Gn (ω) − I (ω)‖H

)
n∈N converges, (3.8)
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which confirms that (‖Gn − I‖H)n∈N converges P-a.s. since P(Ω′ ∩ Ω′′) = 1.

(v)(c): Let z ∈ Z. In view of (ii) and Lemma 2.11(i),

∑

n∈N

E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
< +∞ P-a.s. (3.9)

(v)(d)–(v)(f): These follow from (ii) and Lemma 2.11(v)–(vii).

(vi)(a): Note that {∅, Ω} ⊂
⋂

n∈N Xn. It follows from (iv) and the assumption that, for every z ∈ Z,∑
n∈N EXn (·, z) < +∞, that (Gn)n∈N is quasi-Fejér of Type III in !2 (Ω,F, P;H) relative to !2 (Ω, {∅, Ω}, P;Z)

[16, Definition 1.1]. Hence, [16, Proposition 3.3(i)] implies that (Gn)n∈N is bounded in !2 (Ω,F, P;H).

(vi)(b): It follows from (vi)(a) that supn∈N E‖Gn−I‖
2
H < +∞ and from (v)(b) that (‖Gn−I‖H)n∈N converges

P-a.s. We then invoke Lemma 2.9 to deduce that E‖Gn − I‖H → E
(
lim ‖Gn − I‖H

)
< +∞.

(vi)(c): Let z ∈ Z. Then, in view of (iv) and Corollary 2.6(i),

∑

n∈N

E
(
_n (2 − _n)‖3n ‖

2
H

)
< +∞. (3.10)

(vi)(d): In view of (vi)(a), (Gn)n∈N possesses a weak sequential cluster point F ∈ !2 (Ω,F, P;H), i.e.,

there exists a strictly increasing sequence (kn)n∈N in N such that Gkn ⇀ F in !2 (Ω,F, P;H). However,

since H is separable, it contains a countable dense set {yj}j∈N . Let us fix temporarily j ∈ N and identify

yj with a constant random variable in !2 (Ω,F, P;H). Then E〈Gkn −F | yj〉H → 0 and we can therefore

extract a further subsequence (Glkn )n∈N such that 〈Glkn −F | yj〉H → 0 P-a.s. On the other hand, the

assumption yields 〈Glkn − G | yj〉H → 0 P-a.s. We deduce from the P-almost sure uniqueness of the limit

that there exists Ωj ∈ F such that P(Ωj) = 1 and

(∀ω ∈ Ωj) 〈G (ω) | yj〉H = 〈F (ω) | yj〉H. (3.11)

Let us set Ω′′ =
⋂

j∈N Ωj and note that P(Ω
′′) = 1. Then (3.11) yields

(∀j ∈ N) (∀ω ∈ Ω′′) 〈G (ω) −F (ω) | yj〉H = 0. (3.12)

By density, for every ω ∈ Ω′′, there exists a strictly increasing sequence (ij)j∈N such that yij →

G (ω) −F (ω) and it results from (3.12) that

‖G (ω) −F (ω)‖2H = 〈G (ω) −F (ω) | G (ω) −F (ω)〉H = 0, (3.13)

which shows that G (ω) = F (ω). Thus, G = F P-a.s. and it follows from [5, Lemma 2.46] that Gn ⇀ G in

!2 (Ω,F, P;H).

(vi)(e): Suppose that Gn → G P-a.s. Then it follows from (vi)(a) and Lemma 2.9 that G ∈ !1 (Ω,F, P;Z)

and Gn → G in !1 (Ω,F, P;H). Conversely, suppose that G ∈ !1 (Ω,F, P;Z) and Gn → G in !1 (Ω,F, P;H),

i.e., E‖Gn−G ‖H → 0. Then there exists a strictly increasing sequence (kn)n∈N inN such that ‖Gkn −G ‖H →

0 P-a.s. On the other hand, (v)(b) guarantees that (‖Gn − G ‖H)n∈N converges P-a.s. Since the P-almost

sure limit of any subsequence coincides with the P-almost sure limit of the sequence, we conclude that

‖Gn − G ‖H → 0 P-a.s. Additionally, as P-almost sure strong convergence implies P-almost sure weak

convergence, we deduce from (vi)(d) that G ∈ !2 (Ω,F, P;H) and Gn ⇀ G in !2 (Ω,F, P;H).

We now assume that the tolerance variables (Xn)n∈N are constant with respect to the H-variable and

depend only on the Ω-variable.

Theorem 3.3. Let (Gn)n∈N be the sequence generated by Algorithm 3.1. For every n ∈ N, assume that Xn is

constant with respect to the H-variable and set, for every ω ∈ Ω, on (ω) = Xn(ω, 0). Then the following hold:

10



(i) Let n ∈ N. Then E(d2Z (Gn+1) |Xn) ¶ d2Z (Gn) + on P-a.s.

(ii) Let n ∈ N. Then Ed2
Z
(Gn+1) ¶ Ed2

Z
(Gn) + Eon.

(iii) Suppose that
∑

n∈N on < +∞ P-a.s. Then (dZ(Gn))n∈N converges P-a.s.

(iv) Suppose that
∑

n∈N Eon < +∞. Then the following hold:

(a) (Ed2
Z
(Gn))n∈N converges.

(b) Suppose that Z is convex and that lim Ed2Z (Gn) = 0. Then (Gn)n∈N converges strongly in

!2 (Ω,F, P;H) and P-a.s. to a Z-valued random variable.

(c) Suppose that Z is convex and that there exists χ ∈ ]0, 1[ such that

(∀n ∈ N) E
(
d2Z (Gn+1)

��Xn

)
¶ χd2Z(Gn) + on P-a.s. (3.14)

Then the following are satisfied:

[A] Let n ∈ N. Then Ed2Z (Gn+1) ¶ χn+1Ed2Z (G0) +
∑n

j=0 χ
n−jEoj.

[B] There exists G ∈ !2 (Ω,F, P;Z) such that (Gn)n∈N converges strongly in !2 (Ω,F, P;H) and

P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2H ¶ 4χnEd2Z (G0) + 4

n−1∑

j=0

χn−j−1Eoj + 2
∑

j¾n

Eoj. (3.15)

Proof. (i): Let z ∈ Z. Then Theorem 3.2(ii) yields E(‖Gn+1 − z‖2H |Xn) ¶ ‖Gn− z‖2H +on P-a.s. On the other

hand, dZ (Gn+1) ¶ ‖Gn+1 − z‖H P-a.s. Thus,

E
(
d2Z (Gn+1)

��Xn

)
¶ E

(
‖Gn+1 − z‖2H

��Xn

)
¶ ‖Gn − z‖2H + on P-a.s. (3.16)

Taking the infimum over z ∈ Z yields the claim.

(ii): Take the expected value in (i).

(iii): This follows from (i) and Lemma 2.5(i).

(iv)(a): This follows from (ii) and Corollary 2.6(i).

(iv)(b): Let n ∈ N, m ∈ N r {0}, and I ∈ !2 (Ω,Xn, P;Z). Then I ∈
⋂

1¶j¶m !2 (Ω,Xn+j, P;H) and we

derive inductively from (3.1) and Theorem 3.2(iii) that

E
(
‖Gn − Gn+m‖

2
H

��Xn

)
¶ 2E

(
‖Gn − I‖2H + ‖Gn+m − I‖2H

���Xn

)

¶ 2‖Gn − I‖2H + 2E
(
E
(
‖Gn+m − I‖2H

��Xn+m−1

) ���Xn

)

¶ 4‖Gn − I‖2H + 2

n+m−1∑

j=n

oj P-a.s. (3.17)

Now assume that I = projZ Gn and recall that projZ is nonexpansive [5, Proposition 4.16] while Gn is

(Xn,BH)-measurable. Consequently, I is (Xn,BH)-measurable. Given ~ ∈ !2 (Ω,Xn, P;Z),

1

2
E‖I‖2H =

1

2
E‖I − ~ + ~‖2H ¶ E‖projZ Gn − projZ~‖

2
H + E‖~‖2H

¶ ‖Gn − ~‖2
!2 (Ω,Xn,P;Z)

+ ‖~‖2
!2 (Ω,Xn,P;Z)

, (3.18)

which shows that I ∈ !2 (Ω,Xn, P;Z). Further, (3.17) yields

E
(
‖Gn − Gn+m‖

2
H

��Xn

)
¶ 4d2Z (Gn) + 2

n+m−1∑

j=n

oj P-a.s. (3.19)
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Therefore, upon taking expectations, we get

E‖Gn − Gn+m‖
2
H ¶ 4Ed2Z (Gn) + 2

n+m−1∑

j=n

Eoj. (3.20)

The assumption limEd2
Z
(Gn) = 0 and (iv)(a) yield limEd2

Z
(Gn) = 0. In addition,

(∀m ∈ N r {0}) 0 ¶
n+m−1∑

j=n

Eoj ¶
∑

j¾n

Eoj → 0 as n → +∞. (3.21)

We thus infer from (3.20) that (Gn)n∈N is a Cauchy sequence in !2 (Ω,F, P;H), which implies that there

exists G ∈ !2 (Ω,F, P;H) such that Gn → G in !2 (Ω,F, P;H). Further, since d2Z : H → [0, +∞[ is continu-

ous, d2Z (Gn) → d2Z (G) P-a.s. In addition, it follows from Fatou’s lemma that

0 ¶ Ed2Z (G) ¶ lim Ed2Z (Gn) = 0. (3.22)

Hence Ed2Z (G) = 0, d2Z (G) = 0 P-a.s., and G ∈ Z P-a.s. Finally, Theorem 3.2(vi)(e) yields Gn → G P-a.s.

(iv)(c):

[A]: Taking expectations in (3.14) yields Ed2Z (Gn+1) ¶ χEd2Z (Gn) + Eon. The claim follows by induction.

[B]: It follows from Corollary 2.6(ii) that limEd2
Z
(Gn) = 0. Therefore, (iv)(b) implies that (Gn)n∈N con-

verges strongly in !2 (Ω,F, P;H) and P-a.s. to a Z-valued random variable. Finally, arguing as in [16,

Theorem 3.13(ii)], we obtain (3.15).

3.2. A stochastic algorithm with super relaxations

We study an implementation of Algorithm 1.2 in which the standard condition that the relaxations are

deterministic and bounded above by 2 is not imposed. In Section 1 we called such relaxations super

relaxations.

Algorithm 3.4. In Algorithm 1.2 assume that, for every n ∈ N, Yn ∈ ℭ(Ω,F, P;H), _n is independent of

σ({G0, . . . , Gn, 3n}), and E(_n(2 − _n)) ¾ 0.

Proposition 3.5. Algorithm 3.4 is a special case of Algorithm 3.1 where, for every n ∈ N, Xn = 2YnE_n.

Proof. Let (Gn)n∈N be the sequence generated by Algorithm 3.4. Let us first show by induction that it is

a well-defined sequence in !2 (Ω,F, P;H). By assumption, G0 ∈ !2 (Ω,F, P;H). Fix n ∈ N and note that

3n is measurable as a combination of measurable functions. Additionally, (1.2) yields

1

2
E‖3n‖

2
H =

1

2
E‖UnC

∗
n ‖

2
H

¶
1

2
E







1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C

∗
n〉H − [n

)

‖C∗n ‖
2
H
+ 1[C∗n=0]

C∗n








2

H

=
1

2
E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C

∗
n〉H − [n

)

‖C∗n ‖H + 1[C∗n=0]

�����

2

¶ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n] 〈Gn | C

∗
n〉H

‖C∗n ‖H + 1[C∗n=0]

�����

2

+ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

¶ E

�����
‖Gn‖H ‖C∗n ‖H

‖C∗n ‖H + 1[C∗n=0]

�����

2

+ E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

12



¶ E‖Gn‖
2
H + E

�����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

�����

2

< +∞. (3.23)

Thus, 3n ∈ !2 (Ω,F, P;H) and, since _n ∈ !∞ (Ω,F, P; ]0, +∞[), Gn+1 = Gn − _n3n ∈ !2 (Ω,F, P;H), which

completes the induction argument. The fact that _n ∈ !∞(Ω,F, P; ]0, +∞[) also guarantees the integra-

bility of _n and _n (2 − _n). Further, since _n is independent of σ({G0, . . . , Gn, 3n}) and E(_n (2 − _n)) ¾ 0,

it follows from Lemma 2.7 that

E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
= E

(
_n (2 − _n)

)
E
(
‖3n‖

2
H

��Xn

)
¾ 0 P-a.s. (3.24)

Next, we infer from (1.2) that

(∀n ∈ N) Un[n = 〈Gn | UnC
∗
n〉H − U2

n ‖C
∗
n ‖

2
H = 〈Gn |3n〉H − ‖3n‖

2
H, (3.25)

which shows that Un[n ∈ !1 (Ω,F, P;R). Now set Xn = 2YnE_n ∈ ℭ(Ω,F, P;H) and let z ∈ Z. Then we

deduce from (1.2), Lemma 2.10, and (3.25) that

(∀n ∈ N) E
(
〈z | 3n〉H

��Xn

)
= 〈z | E(UnC

∗
n |Xn)〉H

¶ E(Un[n |Xn) + Yn (·, z)

= E
(
〈Gn |3n〉H − ‖3n‖

2
H

��Xn

)
+ Yn (·, z) P-a.s. (3.26)

Finally, we derive from (3.26) and Lemma 2.7 that

(∀n ∈ N) E
(
_n〈z + 3n − Gn |3n〉H

��Xn

)
= E

(
〈z + 3n − Gn | 3n〉H

��Xn

)
E_n

= E
(
〈z | 3n〉H + ‖3n‖

2
H − 〈Gn |3n〉H

��Xn

)
E_n

¶ Yn (·, z)E_n

=
Xn(·, z)

2
P-a.s., (3.27)

which yields the claim.

The asymptotic behavior of Algorithm 3.4 is our next topic. We leverage Proposition 3.5 and Theo-

rems 3.2 and 3.3 to obtain the following properties.

Theorem 3.6. Let (Gn)n∈N be the sequence generated by Algorithm 3.4.

(i) Suppose that, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n < +∞ P-a.s. Then the following hold:

(a)
∑

n∈N E(_n (2 − _n))E(‖3n‖
2
H |Xn) < +∞ P-a.s.

(b) Suppose that infn∈N E(_n (2 − _n)) > 0 and there exists ρ ∈ [1, +∞[ such that supn∈N _n < ρ

P-a.s. Then
∑

n∈N E(‖Gn+1 − Gn‖
2
H |Xn) < +∞ P-a.s. and

∑
n∈N ‖Gn+1 − Gn‖

2
H < +∞ P-a.s.

(c) Suppose thatW (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a Z-valued random

variable.

(d) Suppose that S(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. to a Z-valued

random variable.

(e) Suppose that S(Gn)n∈N ≠ ∅ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges

strongly P-a.s. to a Z-valued random variable.

(ii) Suppose that, for every z ∈ Z,
∑

n∈N EYn (·, z)E_n < +∞. Then the following hold:
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(a)
∑

n∈N E(_n(2 − _n))E‖3n‖
2
H < +∞.

(b) Suppose that infn∈N E(_n (2 − _n)) > 0 and there exists ρ ∈ [1, +∞[ such that supn∈N _n < ρ

P-a.s. Then
∑

n∈N E‖Gn+1 − Gn‖
2
H < +∞.

(c) Suppose that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. and weakly in

!2 (Ω,F, P;H) to a random variable G ∈ !2 (Ω,F, P;Z).

(d) Suppose thatS(Gn)n∈N ∩ Z ≠ ∅ P-a.s. Then (Gn)n∈N converges strongly P-a.s. and strongly in

!1 (Ω,F, P;H) to a random variable G ∈ !2 (Ω,F, P;Z). Additionally, (Gn)n∈N converges weakly

in !2 (Ω,F, P;H) to G .

(e) Suppose that Z is convex, that, for every n ∈ N, Yn is constant with respect to the H-variable,

and that lim Ed2
Z
(Gn) = 0. Then (Gn)n∈N converges strongly in !2 (Ω,F, P;H) and P-a.s. to a

Z-valued random variable.

(f) Suppose that Z is convex, that, for every n ∈ N, Yn is constant with respect to the H-variable,

and that there exists χ ∈ ]0, 1[ such that

(∀n ∈ N) E
(
d2Z (Gn+1)

��Xn

)
¶ χd2Z(Gn) + 2YnE_n P-a.s. (3.28)

Set, for every n ∈ N and for every ω ∈ Ω, on (ω) = Yn (ω, 0). Then the following are satisfied:

[A] Let n ∈ N. Then Ed2Z (Gn+1) ¶ χn+1Ed2Z (G0) + 2
∑n

j=0 χ
n−jEojE_j.

[B] There exists G ∈ !2 (Ω,F, P;Z) such that (Gn)n∈N converges strongly in !2 (Ω,F, P;H) and

P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2H ¶ 4χnEd2Z (G0) + 8

n−1∑

j=0

χn−j−1EojE_j + 4
∑

j¾n

EojE_j. (3.29)

Proof. In view of Proposition 3.5, we appeal to Theorems 3.2 and 3.3 to establish the claims.

(i)(a): It follows from Theorem 3.2(v)(c) and Lemma 2.7 that
∑

n∈N

E
(
_n (2 − _n)

)
E
(
‖3n‖

2
H

��Xn

)
=

∑

n∈N

E
(
_n (2 − _n) ‖3n‖

2
H

��Xn

)
< +∞ P-a.s. (3.30)

(i)(a)⇒(i)(b): It follows from (1.2) that

∑

n∈N

E
(
_n (2 − _n)

)
E

(
1

_2n
‖Gn+1 − Gn‖

2
H

����Xn

)
=

∑

n∈N

E
(
_n (2 − _n)

)
E
(
‖3n‖

2
H

��Xn

)
< +∞ P-a.s. (3.31)

Hence, the assumption infn∈N E
(
_n (2 − _n)

)
> 0 yields

∑
n∈N E

(
‖Gn+1 − Gn‖

2
H/_

2
n

��Xn

)
< +∞ P-a.s. Fur-

ther,

(∀n ∈ N) 0 <

1

ρ2
¶

1

_2n
P-a.s. (3.32)

Thus,
∑

n∈N

E
(
‖Gn+1 − Gn‖

2
H

��Xn

)
< +∞ P-a.s. (3.33)

In addition,

(∀n ∈ N) E

(
n+1∑

k=0

‖Gk+1 − Gk‖
2
H

�����
Xn+1

)

=

n∑

k=0

‖Gk+1 − Gk‖
2
H + E

(
‖Gn+2 − Gn+1‖

2
H

��Xn+1

)
P-a.s. (3.34)
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It then follows from (3.33) and Lemma 2.5(i) that (
∑n

k=0‖Gk+1 − Gk‖
2
H)n∈N converges P-a.s. to a [0, +∞[-

valued random variable, hence
∑

n∈N‖Gn+1 − Gn‖
2
H < +∞ P-a.s.

(i)(c)–(i)(e): These follow from Theorem 3.2(v)(d)–(v)(f).

(ii)(a): It follows from Theorem 3.2(vi)(c) and Lemma 2.7 that

∑

n∈N

E
(
_n (2 − _n)

)
E‖3n‖

2
H =

∑

n∈N

E
(
_n (2 − _n)

)
E
(
E
(
‖3n‖

2
H

��Xn

) )

=
∑

n∈N

E
(
E
(
_n (2 − _n)

)
E
(
‖3n‖

2
H

��Xn

) )

=
∑

n∈N

E
(
E
(
_n (2 − _n)‖3n ‖

2
H

���Xn

))

=
∑

n∈N

E
(
_n (2 − _n)‖3n‖

2
H

)

< +∞. (3.35)

Hence
∑

n∈N E(_n (2 − _n))E‖3n‖
2
H < +∞.

(ii)(a)⇒(ii)(b): It follows from (3.1) that

∑

n∈N

E
(
_n (2 − _n)

)
E

(
1

_2n
‖Gn+1 − Gn‖

2
H

)
=

∑

n∈N

E
(
_n (2 − _n)

)
E‖3n‖

2
H < +∞. (3.36)

Thus, as in (i)(b),
∑

n∈N E‖Gn+1 − Gn‖
2
H < +∞.

(ii)(c)–(ii)(d): These follow from (i)(c)–(i)(d) and Theorem 3.2(vi)(d)–(vi)(e).

(ii)(e)–(ii)(f): These follow from Theorem 3.3(iv)(b)–(iv)(c).

3.3. A stochastic algorithm with random relaxations bounded by 2

We present an implementation of Algorithm 1.2 with an alternative relaxation strategy.

Algorithm 3.7. In Algorithm 1.2, for every n ∈ N, Yn ∈ ℭ(Ω,F, P;H) and _n ∈ !∞(Ω,Xn, P; ]0, 2[).

Proposition 3.8. Algorithm 3.7 is a special case of Algorithm 3.1 where, for every n ∈ N, Xn = 2_nYn.

Proof. Set (∀n ∈ N) Xn = 2_nYn. Following the proof of Proposition 3.5, it is enough to show that

(∀n ∈ N)




Xn ∈ ℭ(Ω,F, P;H);

E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
¾ 0 P-a.s.;

(∀z ∈ Z) E
(
_n〈z + 3n − Gn |3n〉H

��Xn

)
¶ Xn (·, z)/2 P-a.s.

(3.37)

Let n ∈ N. It follows from the positivity and measurability of _n, as well the fact that Yn ∈ ℭ(Ω,F, P;H),

that Xn ∈ ℭ(Ω,F, P;H). Next, since _n ∈ ]0, 2[ P-a.s., we have _n (2 − _n) > 0 P-a.s. and hence

E
(
_n (2 − _n)‖3n‖

2
H

��Xn

)
¾ 0 P-a.s. (3.38)

Finally, let z ∈ Z. It then follows from (3.26) and the fact that _n is positive and Xn-measurable that

E
(
_n〈z + 3n − Gn | 3n〉H

��Xn

)

= _nE
(
〈z | 3n〉H + ‖3n‖

2
H − 〈Gn | 3n〉H

��Xn

)
¶ _nYn (·, z) =

Xn (·, z)

2
P-a.s., (3.39)

which completes the proof.
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As in Section 3.2, we can derive weak, strong, and linear convergence results from Theorems 3.2 and

3.3. For brevity, we provide below only the weak convergence results but, as in Theorem 3.6, strong and

linear convergence results can also be obtained.

Theorem 3.9. Let (Gn)n∈N be the sequence generated by Algorithm 3.7. Suppose that, for every z ∈ Z,∑
n∈N _nYn (·, z) < +∞ P-a.s. and that W (Gn)n∈N ⊂ Z P-a.s. Then (Gn)n∈N converges weakly P-a.s. to a Z-

valued random variable G . If, in addition, for every z ∈ Z,
∑

n∈N E(_nYn (·, z)) < +∞, then G ∈ !2 (Ω,F, P;H)

and (Gn)n∈N converges weakly in !2 (Ω,F, P;H) to G .

Proof. In view of Proposition 3.8, the claim follows Theorem 3.2(v)(d) and 3.2(vi)(d).

§4. Randomly relaxed Krasnosel’skiı̆–Mann iterations

Let us first recall some definitions about an operator T : H → H [5, Chapter 4]. First, T : H → H is

nonexpansive if it is 1-Lipschitzian and α-averaged for some α ∈ ]0, 1[ if Id+α−1 (T− Id) is nonexpansive

[3]. On the other hand, T is β-cocoercive for some β ∈ ]0, +∞[ if

(∀x ∈ H) (∀y ∈ H) 〈x − y | Tx − Ty〉H ¾ β‖Tx − Ty‖2H (4.1)

and it is firmly nonexpansive if it is 1-cocoercive.

The Krasnosel’skiı̆–Mann iterative process is a basic algorithm to construct fixed points of nonexpan-

sive operators [5, 25, 29, 35, 38, 49].We propose a study of its asymptotic behavior in a novel environment

featuring random relaxations and stochastic errors.

Theorem 4.1. Let T : H → H be a nonexpansive operator such that FixT ≠ ∅ and let G0 ∈ !2 (Ω,F, P;H).

Iterate

for n = 0, 1, . . .⌊
take 4n ∈ !2 (Ω,F, P;H) and `n ∈ !∞ (Ω,F, P; ]0, 1[)

Gn+1 = Gn + `n
(
TGn + 4n − Gn

)
.

(4.2)

Set (∀n ∈ N) Φn = {G0, . . . , Gn} and Xn = σ(Φn). Suppose that
∑

n∈N E(`n (1 − `n)) = +∞ and, for every

n ∈ N, `n is independent of σ({4n} ∪ Φn). Then the following hold for some FixT-valued random variable

G :

(i) Suppose that E(‖4n‖
2
H |Xn) → 0 P-a.s. and

∑
n∈N E`n

√
E(‖4n‖

2
H |Xn) < +∞ P-a.s. Then the following

hold:

(a) (TGn − Gn)n∈N converges strongly P-a.s. to 0.

(b) (Gn)n∈N converges weakly P-a.s. to G .

(c) Suppose that T−Id is demiregular at every point in FixT. Then (Gn)n∈N converges strongly P-a.s.

to G .

(ii) Suppose that E‖4n‖
2
H → 0 and

∑
n∈N

√
E`2nE‖4n‖

2
H < +∞. Then the following hold:

(a) (TGn − Gn)n∈N converges strongly in !1 (Ω,F, P;H) and strongly P-a.s. to 0.

(b) G ∈ !2 (Ω,F, P; FixT) and (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

(c) Suppose that T − Id is demiregular at every point in FixT. Then (Gn)n∈N converges strongly in

!1 (Ω,F, P;H) and strongly P-a.s. to G .
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Proof. Let us show that the sequence (Gn)n∈N constructed by (4.2) corresponds to a sequence generated

by Algorithm 3.4. To see this, set Z = Fix T and observe that, since T is nonexpansive,

(
∀n ∈ N

) (
∀I ∈ !2 (Ω,F, P;Z)

)
E‖TGn − I‖2H ¶ E‖Gn − I‖2H. (4.3)

Thus if, for some n ∈ N, Gn ∈ !2 (Ω,F, P;H), then TGn ∈ !2 (Ω,F, P;H) and (4.2) yields Gn+1 ∈

!2 (Ω,F, P;H). This shows by induction that (Gn)n∈N and (TGn)n∈N lie in !2 (Ω,F, P;H). Let us define

(∀n ∈ N)




C∗n =
Gn − TGn − 4n

2
∈ !2 (Ω,F, P;H);

[n =
‖Gn‖

2
H − ‖TGn + 4n‖

2
H

4
∈ !1 (Ω,F, P;R);

Un = 1[C∗n≠0] ;

(∀z ∈ Z) Yn (·, z) =
1

4
E
(
‖4n‖

2
H

��Xn

)
+
1

2
‖Gn − z‖H

√
E
(
‖4n‖

2
H

��Xn

)
;

3n = C∗n ;

_n = 2`n ∈ ]0, 2[ P-a.s.

(4.4)

Now set F = (T + Id)/2. Since T is nonexpansive, F is firmly nonexpansive (see [5, Proposition 4.4] or

[28, Proposition 1.11.2]. Hence, we deduce from Lemma 2.10 and (4.4) that, for every z ∈ Z and every

n ∈ N,

〈
z
�� E(UnC∗n |Xn)

〉
H
= E

(〈
z
���Gn − FGn −

1

2
4n

〉

H

����Xn

)

=
〈
z
��Gn − FGn

〉
H
−
1

2
E
(
〈z | 4n〉H

��Xn

)

¶
〈
FGn

��Gn − FGn
〉
H
−
1

2
E
(
〈z | 4n〉H

��Xn

)

= E(Un[n |Xn) +
1

4
E
(
‖4n‖

2
H

��Xn

)
+
1

2
E
(
〈TGn − z | 4n〉H

��Xn

)

¶ E(Un[n |Xn) +
1

4
E
(
‖4n‖

2
H

��Xn

)
+
1

2
‖TGn − z‖HE

(
‖4n‖H

��Xn

)

¶ E(Un[n |Xn) +
1

4
E
(
‖4n‖

2
H

��Xn

)
+
1

2
‖Gn − z‖HE

(
‖4n‖H

��Xn

)

¶ E(Un[n |Xn) + Yn (·, z) P-a.s. (4.5)

Next, it is clear from (4.4) that Yn ∈ ℭ(Ω,F, P;H). Furthermore, in view of (4.4), (4.2) can be written as

(∀n ∈ N) Gn+1 = Gn − _n3n . (4.6)

On the other hand, since (`n)n∈N lies almost surely in ]0, 1[, we have E(_n (2 − _n)) ¾ 0. Additionally,

for every n ∈ N, `n is independent of σ({4n} ∪ Φn) and, by (4.4), 3n is σ({4n} ∪ Φn)-measurable. Hence,

σ({3n} ∪ Φn) ⊂ σ({4n} ∪ Φn) and _n is independent of σ({3n} ∪ Φn). Altogether, (Gn)n∈N is a sequence

generated by Algorithm 3.4. Finally, it follows from (4.2) and Lemma 2.7 that

(∀n ∈ N) (∀z ∈ Z) E(‖Gn+1 − z‖H |Xn)

¶ E
(
(1 − `n)‖Gn − z‖H + `n‖TGn − z‖H + `n‖4n‖H

��Xn

)

= (1 − E`n)‖Gn − z‖H + E`n‖TGn − z‖H + E`nE(‖4n‖H |Xn)

¶ ‖Gn − z‖H + E`nE(‖4n‖H |Xn)

¶ ‖Gn − z‖H + E`n

√
E(‖4n‖

2
H |Xn) P-a.s. (4.7)
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Further, by invoking the nonexpansiveness of T and the Cauchy–Schwarz inequality, we obtain

(∀n ∈ N) (∀z ∈ Z) ‖Gn+1 − z‖!2(Ω,F,P;H)

=

√
E‖Gn+1 − z‖2H

=

√
E‖(1 − μn) (Gn − z) + μn (TGn − Tz) + μn4n‖

2
H

¶

√
E
��‖Gn − z‖H + `n‖4n‖H

��2

=

√
E‖Gn − z‖2H + 2E`nE(‖Gn − z‖H‖4n‖H) + E`2nE‖4n‖

2
H

¶

√

E‖Gn − z‖2H + 2

√
E`2n

√
E‖Gn − z‖2H

√
‖4n‖

2
H + E`2nE‖4n‖

2
H

=

√����

√
E‖Gn − z‖2H +

√
E`2nE‖4n‖

2
H

����
2

= ‖Gn − z‖!2(Ω,F,P;H) +

√
E`2nE‖4n‖

2
H. (4.8)

(i)(a):We derive from (4.7) and Lemma 2.11(ii) that (‖Gn‖H)n∈N is boundedP-a.s. Hence, for every z ∈ Z,
∑

n∈N‖Gn − z‖HE`n

√
E(‖4n‖

2
H |Xn) < +∞ P-a.s. On the other hand, the assumptions lim E(‖4n‖

2
H |Xn) = 0

and
∑

n∈N E`n

√
E(‖4n‖

2
H |Xn) < +∞ P-a.s. yield

∑

n∈N

E`nE(‖4n‖
2
H |Xn) < +∞ P-a.s. (4.9)

Therefore, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n = 2
∑

n∈N Yn (·, z)E`n < +∞ P-a.s. It then follows from

Theorem 3.6(i)(a) and the assumption
∑

n∈N E(`n (1 − `n)) = +∞ that lim E(‖3n ‖
2
H |Xn) = 0 P-a.s. Hence,

0 ¶
1

2
lim‖TGn − Gn‖

2
H

¶ limE
(
‖TGn + 4n − Gn‖

2
H + ‖4n‖

2
H

��Xn

)

= lim E
(
‖TGn + 4n − Gn‖

2
H

��Xn

)
+ limE(‖4n‖

2
H |Xn)

= 4 lim E
(
‖3n ‖

2
H

��Xn

)
+ lim E(‖4n‖

2
H |Xn)

= 0 P-a.s. (4.10)

Thus, Lemma 2.7 implies that, for every n ∈ N,

E
(
‖TGn+1 − Gn+1‖H

��Xn

)

= E
(
‖TGn+1 − TGn + (1 − `n) (TGn − Gn) − `n4n‖H

��Xn

)

¶ E
(
‖TGn+1 − TGn‖H

��Xn

)
+ E

(
(1 − `n)‖TGn − Gn‖H

��Xn

)
+ E

(
`n‖4n‖H

��Xn

)

¶ E
(
‖Gn+1 − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + E

(
`n‖4n‖H

��Xn

)

= E
(
`n‖TGn + 4n − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + E

(
`n‖4n‖H

��Xn

)

= E
(
`n‖TGn − Gn‖H

��Xn

)
+ (1 − E`n)‖TGn − Gn‖H + 2E

(
`n‖4n‖H

��Xn

)

=
(
E`n

)
‖TGn − Gn‖H + (1 − E`n)‖TGn − Gn‖H + 2E`nE(‖4n‖H |Xn)

¶ ‖TGn − Gn‖H + 2E`n

√
E(‖4n‖

2
H |Xn) P-a.s. (4.11)
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Consequently, Lemma 2.5(i) secures the convergence P-a.s. of the sequence (‖TGn − Gn‖H)n∈N, which, in

view of (4.10), forces

lim‖TGn − Gn‖H = 0 P-a.s. (4.12)

(i)(b): Let us show that W (Gn)n∈N ⊂ Z P-a.s. Let ω ∈ Ω be such that W (Gn (ω))n∈N ≠ ∅ and

lim‖TGn (ω) − Gn (ω)‖ = 0. Let x ∈ W (Gn(ω))n∈N, say Gkn (ω) ⇀ x. The nonexpansiveness of T implies that

Id−T is demiclosed at 0 [5, Theorem 4.27]. In turn, Tx = x andW (Gn(ω)) ⊂ Z. SinceW (Gn)n∈N ≠ ∅ P-a.s.

and lim‖TGn − Gn‖ = 0 P-a.s., we conclude that W (Gn)n∈N ⊂ Z P-a.s. Thus, the claim follows from The-

orem 3.6(i)(c).

(i)(c): By (i)(a) and (i)(b), there exists Ω′ ∈ F such that P(Ω′) = 1 and

(
∀ω ∈ Ω′

)
TGn (ω) − Gn (ω) → 0 and Gn (ω) ⇀ G (ω). (4.13)

It then follows from the demiregularity of T − Id that, for every ω ∈ Ω′, Gn (ω) → G (ω). Hence, (Gn)n∈N
converges strongly P-a.s. to G .

(ii)(a): We derive from (4.8) and Corollary 2.6(i) that (‖Gn‖!2(Ω,F,P;H)n∈N is bounded. Therefore,

(
∀I ∈ !2 (Ω,F, P;H)

)
sup
n∈N

E‖Gn − I‖2H < +∞. (4.14)

In turn, for every I ∈ !2 (Ω,F, P;H),

∑

n∈N

E`n

√
E‖Gn − I‖2H

√
E‖4n‖

2
H ¶

∑

n∈N

√
E‖Gn − I‖2H

√
E`2nE‖4n‖

2
H < +∞. (4.15)

On the other hand, since lim E‖4n‖
2
H = 0 and

∑
n∈N E`n

√
E‖4n‖

2
H < +∞, we have

∑

n∈N

E`nE‖4n‖
2
H < +∞. (4.16)

Altogether, we deduce that

(
∀z ∈ Z

) ∑

n∈N

EYn (·, z)E_n = 2
∑

n∈N

EYn (·, z)E`n < +∞, (4.17)

which shows in particular that, for every z ∈ Z,
∑

n∈N Yn (·, z)E_n < +∞ P-a.s. Thus lim‖TGn − Gn‖H =

0 P-a.s. On the other hand, it follows from Theorem 3.6(ii)(a) and the assumptions that lim E‖3n ‖
2
H = 0.

Hence, proceeding as in (4.10), we obtain limE‖TGn − Gn‖
2
H = 0. Moreover, taking expectations in (4.11)

yields

(∀n ∈ N) E‖TGn+1 − Gn+1‖H ¶ E‖TGn − Gn‖H + 2E`n

√
E‖4n‖

2
H

¶ E‖TGn − Gn‖H + 2

√
E`2nE‖4n‖

2
H. (4.18)

It then follows from Corollary 2.6(i) that (E‖TGn − Gn‖H)n∈N converges. Since lim E‖TGn − Gn‖
2
H = 0,

this implies that lim E‖TGn − Gn‖
2
H = 0. Hence, appealing to (i)(a), (TGn − Gn)n∈N converges strongly in

!1 (Ω,F, P;H) and strongly P-a.s. to 0.

(ii)(b):We deduceweak convergence P-a.s. by arguing as in the proof of (i)(b), while weak convergence

in !2 (Ω,F, P;H) follows from Theorem 3.6(ii)(c).

(ii)(c): As in the proof of (i)(c), it follows from (ii)(b) that (Gn)n∈N converges strongly P-a.s. to G . Further,

strong convergence in !1 (Ω,F, P;H) follows from Theorem 3.6(ii)(d).
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Remark 4.2. Theorem 4.1(ii) extends [20, Corollary 2.7], where the relaxations are only deterministic

and the weak limit is not shown to be in !2 (Ω,F, P;H). Another connected result is [8, Theorem 2.8],

which focuses on the finite-dimensional setting (which implies that demiregularity holds [2, Proposi-

tion 2.4]) with deterministic relaxations and the weaker summability condition
∑

n∈N μnE(‖4n‖H |Xn) <

+∞ P-a.s. The case of deterministic relaxations and deterministic errors was considered in [16, Theo-

rem 5.5(i)], as an extension of the classical result error-free result of [29, Corollary 3].

The following application of Theorem 4.1 concerns averaged operators.

Corollary 4.3. Let α ∈ ]0, 1[, let T : H → H be an α-averaged operator such that FixT ≠ ∅, and let

G0 ∈ !2 (Ω,F, P;H). Iterate

for n = 0, 1, . . .⌊
take 4n ∈ !2 (Ω,F, P;H) and `n ∈ !∞ (Ω,F, P; ]0, 1/α[)

Gn+1 = Gn + `n
(
TGn + 4n − Gn

)
.

(4.19)

Set (∀n ∈ N) Φn = {G0, . . . , Gn} and Xn = σ(Φn). Suppose that
∑

n∈N E(`n (1 − α`n)) = +∞ and, for every

n ∈ N, that `n is independent of σ({4n} ∪ Φn). Then the following hold for some FixT-valued random

variable G :

(i) Suppose that E(‖4n‖
2
H |Xn) → 0 P-a.s. and

∑
n∈N E`n

√
E(‖4n‖

2
H |Xn) < +∞ P-a.s. Then the following

hold:

(a) (TGn − Gn)n∈N converges strongly P-a.s. to 0.

(b) (Gn)n∈N converges weakly P-a.s. to G .

(c) Suppose that T−Id is demiregular at every point in FixT. Then (Gn)n∈N converges strongly P-a.s.

to G .

(ii) Suppose that E‖4n‖
2
H → 0 and

∑
n∈N

√
E`2nE‖4n‖

2
H < +∞. Then the following hold:

(a) (TGn − Gn)n∈N converges strongly in !1 (Ω,F, P;H) and strongly P-a.s. to 0.

(b) G ∈ !2 (Ω,F, P; FixT) and (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

(c) Suppose that T − Id is demiregular at every point in FixT. Then (Gn)n∈N converges strongly in

!2 (Ω,F, P;H) and strongly P-a.s. to G .

Proof. Apply Theorem 4.1 to the nonexpansive operator Id+α−1 (T− Id) and observe that it has the same

fixed points as T.

Remark 4.4. As discussed in [17, 18], the Krasnosel’skiı̆–Mann iterative process for averaged operators

is at the core of monotone operator splitting strategies such as the three operator splitting scheme of

[24], the Douglas–Rachford algorithm [37], and the constant proximal parameter version of the forward-

backward algorithm [39]. Stochastically relaxed and perturbed extensions of these algorithms can be

derived from Corollary 4.3 with weaker assumptions than those of [21, Theorem 4.1].

We now consider a stochastic version of the (forward) Euler method to find a zero of a cocoercive

operator. For simplicity,we adopt deterministic step-sizes (γn)n∈N. This result extends those of [20, 21, 52]

by establishing, under weaker assumptions, weak convergence P-almost surely and, in addition, proving

for the first time weak convergence in !2 (Ω,F, P;H).

Corollary 4.5. Let β ∈ ]0, +∞[ and let B : H → H be β-cocoercive, with zerB =
{
z ∈ H | Bz = 0

}
≠ ∅.

Let (K,K) be a measurable space, let : : (Ω,F, P) → (K,K) be a random variable, let ξ ∈ ]0, +∞[, and let

20



(Bk)k∈K be operators from H to H such that B : (K × H,K ⊗ BH) → (H,BH) : (k, x) ↦→ Bkx is measurable

and

(∀x ∈ H) E(B:x) = Bx and E‖B:x − Bx‖2H ¶ ξ. (4.20)

Let ν ∈ ]2/3, 1] and G0 ∈ !2 (Ω,F, P;H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

:n is a copy of : and is independent of Xn

γn =
2β

(n + 1)ν

Gn+1 = Gn − γnB:nGn .

(4.21)

Then the following hold for some G ∈ !2 (Ω,F, P; zerB):

(i) (BGn)n∈N converges strongly in !1 (Ω,F, P;H) and strongly P-a.s. to 0.

(ii) (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

(iii) Suppose thatB is demiregular at every point in zerB. Then (Gn)n∈N converges strongly in !1 (Ω,F, P;H)

and strongly P-a.s. to G .

Proof. We apply Corollary 4.3 to the reduction technique of [8]. Fix θ ∈ ]0, 2β[ and set

(∀n ∈ N) 4n = BGn − B:nGn = BGn − B ◦ (:n, Gn) and `n =
γn

θ
∈

]
0,
2β

θ

[
. (4.22)

Then, for every n ∈ N, 4n is measurable with E(4n |Xn) = 0 and E`n = γn/θ. Let us also define 4′0 = γ040
and

(∀n ∈ N) 4′n+1 = (1 − γn+1)4
′
n + γn+14n+1 . (4.23)

Set T = Id − θB. Then Fix T = zerB and T is θ/(2β)-averaged [5, Proposition 4.39]. Finally, define, for

every n ∈ N, ~n = Gn − 4′n and Yn = σ(~0, . . . , ~n). Then, we infer from (4.21) that

(∀n ∈ N) ~n+1 = ~n + μn
(
T~n + 4

′′
n − ~n

)
, (4.24)

where

(∀n ∈ N)

{
4′′n = TGn − T~n ∈ !2 (Ω,F, P;H);

‖4′′n ‖H ¶ ‖Gn − ~n‖H = ‖4′n‖H P-a.s.
(4.25)

It follows from the choice of (γn)n∈N, the uniformly bounded variance in (4.20), and [8, Example 2.7 and

Theorem 2.5] that

∑

n∈N

√
E`2nE‖4

′
n‖

2
H =

∑

n∈N

γn

θ

√
E‖4′n‖

2
H < +∞, (4.26)

and

∑

n∈N

E

(
`n

(
1 −

θ

2β
`n

))
=

∑

n∈N

γn

θ

(
1 −

γn

2β

)
= +∞. (4.27)
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Wealso deduce from the proofs of [8, Lemma 2.4 and Theorem2.5] thatE‖4′n‖
2
H → 0 and ‖4′n‖H → 0 P-a.s.

Consequently, by taking (4.25) into account, we obtain

∑

n∈N

√
E`2nE‖4

′′
n ‖

2
H < +∞ and E‖4′′n ‖

2
H → 0. (4.28)

(i): It follows from Theorem 4.1(ii)(a) that (B~n)n∈N converges strongly in !1 (Ω,F, P;H) and strongly

P-a.s. to 0. On the other hand, (4.25) implies that

(∀n ∈ N) θ‖BGn − B~n‖H = ‖θBGn − θB~n‖H

¶ ‖Gn − θBGn − (~n − θB~n)‖H + ‖Gn − ~n‖H

= ‖4′′n ‖H + ‖4′n‖H

¶ 2‖4′n‖H P-a.s. (4.29)

Since E‖4′n‖
2
H → 0 and ‖4′n‖H → 0 P-a.s., we deduce that (BGn − B~n)n∈N converges strongly in

!1 (Ω,F, P;H) and strongly P-a.s. to 0 and, therefore, we obtain the convergence results for (BGn)n∈N.

(ii): We infer from Theorem 4.1(ii)(b) that (~n)n∈N converges weakly in !2 (Ω,F, P;H) andweakly P-a.s.

to some G ∈ !2 (Ω,F, P; zerB). However, for every n ∈ N, Gn = ~n + 4
′
n. Since (4

′
n)n∈N converges strongly

P-a.s. and strongly in !2 (Ω,F, P;H) to 0, we conclude that (Gn)n∈N converges weakly in !2 (Ω,F, P;H)

and weakly P-a.s. to G .

(iii): This follows from Theorem 4.1(ii)(c) using the same arguments as in the proofs of (i) and (ii).

The following special case of Corollary 4.5 concerns stochastic optimization and establishes new re-

sults on the convergence of the iterates generated by the standard stochastic gradient method, a method

that goes back to the classical work of [7, 26, 50].

Corollary 4.6. Let β ∈ ]0, +∞[ and let f : H → R be convex, differentiable, and such that ∇f is 1/β-

Lipschitzian, withArgmin f ≠ ∅. Let (K,K) be a measurable space, let : : (Ω,F, P) → (K,K) be a random

variable, let ξ ∈ ]0, +∞[, and, for every k ∈ K, let gk : H → R be differentiable and such that B : (K ×

H,K ⊗ BH) → (H,BH) : (k, x) ↦→ ∇gk (x) is measurable and

(∀x ∈ H) E∇g: (x) = ∇f (x) and E‖∇g: (x) − ∇f (x)‖2H ¶ ξ. (4.30)

Let ν ∈ ]2/3, 1] and G0 ∈ !2 (Ω,F, P;H). Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

:n is a copy of : and is independent of Xn

γn =
2β

(n + 1)ν

Gn+1 = Gn − γn∇g:n (Gn).

(4.31)

Then the following hold for some G ∈ !2 (Ω,F, P; Argmin f):

(i) (∇f (Gn))n∈N converges strongly in !1 (Ω,F, P;H) and strongly P-a.s. to 0.

(ii) (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

(iii) Suppose that ∇f is demiregular at every point in Argmin f. Then (Gn)n∈N converges strongly in

!1 (Ω,F, P;H) and strongly P-a.s. to G .

Proof. Apply Corollary 4.5 to B = ∇f, which is β-cocoercive [5, Corollary 18.17], and, for every k ∈ K,

Bk = ∇gk.
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Remark 4.7. In Corollary 4.6(ii), the weak convergence P-a.s. and in !2 results are new. In a finite-

dimensional setting, we recover the P-a.s. convergence of [8, Corollary 4.5] with the novelty of the !1

convergence. In the infinite-dimensional setting, we extend the result of [53] where the P-a.s. weak

convergence is stated only for a subsequence of the iterates.

Remark 4.8. Variants of Corollary 4.5 can be explored by modifying the probabilistic assumptions in

(4.20). In the context of Corollary 4.6, see for instance [13, 32, 46] and their bibliographies for possible

candidates.

§5. Application to common fixed point problems

The problem under consideration is a common fixed point problem involving an arbitrary family of

firmly quasinonexpansive operators. Recall that T : H → H is firmly quasinonexpansive [5, Defini-

tion 4.1(iv)] if

(∀x ∈ H) (∀y ∈ FixT) ‖Tx − y‖2H + ‖Tx − x‖2H ¶ ‖x − y‖2H. (5.1)

Example 5.1 ([4, Proposition 2.3]). Let T : H → H. Then T is firmly quasinonexpansive if one of the

following holds:

(i) C is a nonempty closed convex subset of H and T = projC is the projector onto C. Here, FixT = C.

(ii) f : H → ]−∞, +∞] is a proper lower semicontinuous convex function and

T = proxf : H → H : x ↦→ argmin
y∈H

(
f (y) +

1

2
‖x − y‖2H

)
. (5.2)

Here, Fix T = Argmin f.

(iii) A : H → 2H is maximally monotone and T = JA = (Id + A)−1. Here, FixT =
{
z ∈ H | 0 ∈ Az

}
.

(iv) f : H → R is a continuous convex function, s : H → H : x ↦→ s(x) ∈ mf (x) is a selection of mf, and

T = Gf : H → H : x ↦→




x −
f (x)

‖s(x)‖2H
s(x), if f (x) > 0;

x, if f (x) ¶ 0,

(5.3)

is the subgradient projector onto Fix T =
{
x ∈ H | f (x) ¶ 0

}
.

The following formulation covers a wide range of problems in mathematics and its applications [11,

14, 16].

Problem 5.2. Let (K,K) be a measurable space and (Tk)k∈K a family of firmly quasinonexpansive oper-

ators such that T : (K×H,K ⊗BH) → (H,BH) : (k, x) ↦→ Tkx is measurable and, for every k ∈ K, Id− Tk
is demiclosed at 0. Let : : (Ω,F, P) → (K,K) be a random variable. The task is to

find x ∈ Z =
{
z ∈ H | z ∈ Fix T: P-a.s.

}
, (5.4)

under the assumption that Z ≠ ∅.

Remark 5.3. Z is a closed convex subset of H. Indeed, let (zn)n∈N be a sequence in Z that converges to

z ∈ H. For every n ∈ N, let Ωn ∈ F be such that P(Ωn) = 1 and, for every ω ∈ Ωn, let zn ∈ Fix T: (ω) . Set

Ω′ =
⋂

n∈N Ωn. Then P(Ω′) = 1 and

(∀ω ∈ Ω′) (∀n ∈ N) zn ∈ Fix T: (ω) . (5.5)
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Since each set of fixed points is closed [16, Proposition 2.3(v)], we deduce that, for every ω ∈ Ω′, z ∈

Fix T: (ω) , i.e., z ∈ Z. So Z is closed. Likewise, let z1 ∈ Z, z2 ∈ Z, and α ∈ ]0, 1[. Define almost sure

events Ω1 ∈ F and Ω2 ∈ F as above. Then, it follows from the convexity of each set of fixed points [16,

Proposition 2.3(v)] that

(∀ω ∈ Ω1 ∩ Ω2) αz1 + (1 − α)z2 ∈ Fix T: (ω) . (5.6)

Since P(Ω1 ∩ Ω2) = 1, we get αz1 + (1 − α)z2 ∈ Z, which shows that Z is convex.

We propose the following stochastic variant of the extrapolated parallel block-iterative fixed point

algorithm of [16]. It introduces stochasticity at four levels:

• The operators are indexed on a general measurable space rather than a countable set.

• The block of activated operators is randomly selected at each iteration.

• The evaluations of the operators at iterationn are averaged and extrapolatedwith randomweights

(Vi,n)1¶i¶M.

• The relaxation parameter _n at iteration n is random and not confined to the interval ]0, 2[ as in

traditional fixed point methods [5, 16, 25].

Theorem 5.4. In the setting of Problem 5.2, let G0 ∈ !2 (Ω,F, P;H), 0 < M ∈ N, δ ∈ ]0, 1/M[, and

ρ ∈ [2, +∞[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

for i = 1, . . . ,M⌊
:i,n is a copy of : and is independent of Xn

?i,n = T:i,nGn

(Vi,n)1¶i¶M are [0, 1] -valued random variables such that∑M
i=1 Vi,n = 1 P-a.s. and (∀i ∈ {1, . . . ,M}) Vi,n ¾ δ1[‖?i,n−Gn‖H= max

1¶j¶M
‖?j,n−Gn‖H]

?n =
∑M

i=1 Vi,n?i,n

!n =

∑M
i=1 Vi,n‖?i,n − Gn‖

2
H + 1[?n=Gn]

‖?n − Gn‖
2
H
+ 1[?n=Gn]

0n = Gn + !n (?n − Gn)

take _n ∈ !∞(Ω,F, P; ]0, ρ])

Gn+1 = Gn + _n (0n − Gn).

(5.7)

Suppose that there exists μ ∈ ]0, 1[ such that infn∈N E(_n (2 − _n)) ¾ μ and that, for every n ∈ N, _n is inde-
pendent of σ(?1,n, . . . , ?M,n, V1,n, . . . , VM,n, G0, . . . , Gn). Then the following hold for some G ∈ !2 (Ω,F, P;Z):

(i) (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

(ii) Suppose that there exists S ∈ F such that

S ⊂
{
ω ∈ Ω | T: (ω) − Id is demiregular at every point in FixT: (ω)

}
and P(S) > 0. (5.8)

Then (Gn)n∈N converges strongly in !1 (Ω,F, P;H) and strongly P-a.s. to G .

(iii) Suppose that one of the following is satisfied:

[A] There exists χ ∈ ]0, 1[ such that

(∀n ∈ N) E
(
d2Z (Gn+1)

��Xn

)
¶ χd2Z(Gn) P-a.s. (5.9)
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[B] T is linearly regular in the sense that there exists ν ∈ [1, +∞[ such that

(∀x ∈ H) d2Z (x) ¶ νE‖T:x − x‖2H = ν

∫

Ω



T: (ω)x − x


2
H
P(3ω), (5.10)

in which case we set ζ = infj∈N E_2j and χ = 1 − μδζ/(ρ2ν).

Then (Gn)n∈N converges strongly in !2 (Ω,F, P;H) and strongly P-a.s. to G , and

(∀n ∈ N) E‖Gn − G ‖2H ¶ 4χnEd2Z (G0). (5.11)

Proof. We define

(∀n ∈ N)




C∗n = Gn − ?n;

[n =

M∑

i=1

Vi,n〈?i,n | Gn − ?i,n〉H;

Un =
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n]

(
〈Gn | C

∗
n〉H − [n

)

‖C∗n ‖
2
H
+ 1[C∗n=0]

;

Yn = 0 P-a.s.;

3n = Gn − 0n

(5.12)

and shall show that, in this setting, the sequence (Gn)n∈N constructed by (5.7) corresponds to one gener-

ated by Algorithm 3.4. Let n ∈ N. We first infer from (5.12) and (5.7) that

3n = Gn − 0n

= !n
(
Gn − ?n

)

=

∑M
i=1 Vi,n‖?i,n − Gn‖

2
H + 1[?n=Gn]

‖?n − Gn‖
2
H
+ 1[?n=Gn]

(
Gn − ?n

)

=

∑M
i=1 Vi,n‖Gn − ?i,n‖

2
H
+ 1[C∗n=0]

‖C∗n ‖
2
H
+ 1[C∗n=0]

C∗n

=

∑M
i=1 Vi,n

(
〈Gn | Gn − ?i,n〉H − 〈?i,n | Gn − ?i,n〉H

)

‖C∗n ‖
2
H
+ 1[C∗n=0]

C∗n

=
〈Gn | C

∗
n〉H −

∑M
i=1 Vi,n〈?i,n | Gn − ?i,n〉H

‖C∗n ‖
2
H
+ 1[C∗n=0]

C∗n

= UnC
∗
n P-a.s. (5.13)

Next, let us show that

!n ¾ 1 P-a.s. (5.14)

Fix z ∈ Z and, for every i ∈ {1, . . . ,M}, let Ωi,n ∈ F be such that

P(Ωi,n) = 1 and (∀ω ∈ Ωi,n) z ∈ Fix T:i,n (ω) . (5.15)

Thanks to (5.7), we then choose Ωn ∈ F such that

P(Ωn) = 1 and (∀ω ∈ Ωn)
⋂

1¶i¶M

FixT:i,n (ω) ≠ ∅ and

M∑

i=1

Vi,n (ω) = 1. (5.16)

Given ω ∈ Ωn, we consider the following two cases:
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• Suppose that ?n (ω) = Gn (ω). Then [16, Proposition 2.4] yields Gn (ω) ∈ Fix(
∑M

i=1 Vi,n (ω)T:i,n (ω)) =⋂
1¶i¶M FixT:i,n (ω) , hence, (∀i ∈ {1, . . . ,M}) Gn (ω) = ?i,n (ω). Thus,

!n (ω) =

M∑

i=1

Vi,n (ω)‖?i,n (ω) − Gn (ω)‖
2
H + 1[?n=Gn] (ω)

‖?n (ω) − Gn (ω)‖
2
H
+ 1[?n=Gn] (ω)

=
1[?n=Gn] (ω)

1[?n=Gn] (ω)
= 1. (5.17)

• Suppose that ?n (ω) ≠ Gn (ω). Then it follows from the convexity of ‖ · ‖2H that

0 < ‖?n (ω) − Gn (ω)‖
2
H =






M∑

i=1

Vi,n (ω)
(
?i,n (ω) − Gn (ω)

)





2

H

¶
M∑

i=1

Vi,n (ω)


?i,n (ω) − Gn (ω)



2
H
, (5.18)

which implies that !n (ω) ¾ 1.

In view of (1.2), our next task is to show by induction that (Gn)n∈N and (C∗n)n∈N are in !2 (Ω,F, P;H),

and that ([n)n∈N is in !1 (Ω,F, P;R). To this end, let n ∈ N and i ∈ {1, . . . ,M}, and suppose that Gn ∈

!2 (Ω,F, P;H). Then T:i,nGn = T◦(:i,n, Gn) is measurable. On the other hand, for everyω ∈ Ωi,n, 2T:i,n (ω)−Id

is quasinonexpansive with Fix(2T:i,n (ω) − Id) = Fix T:i,n (ω) [16, Proposition 2.2(v)] and hence

2


?i,n (ω)



2
H
=
1

2



2T:i,n (ω)Gn (ω)


2
H

¶


(2T:i,n (ω) − Id

)
Gn (ω) − z



2
H
+



Gn (ω) + z


2
H

¶


Gn (ω) − z



2
H
+



Gn (ω) + z


2
H
. (5.19)

Consequently, since Gn ∈ !2 (Ω,F, P;H) and z ∈ H, we have ?i,n ∈ !2 (Ω,F, P;H) and (5.7) therefore

yields ?n ∈ !2 (Ω,F, P;H). Thus, C∗n = Gn − ?n ∈ !2 (Ω,F, P;H). On the other hand, it follows from the

Cauchy–Schwarz inequalities in H as well in !2 (Ω,F, P;R) that

E
���〈?i,n | Gn − ?i,n〉H

��� ¶ E
(

?i,n




H



Gn − ?i,n



H

)
¶

√
E


?i,n



2
H
E


Gn − ?i,n



2
H
< +∞, (5.20)

which shows that
〈
?i,n

��Gn − ?i,n
〉
H
∈ !1 (Ω,F, P;R). Since this is true for every i ∈ {1, . . . ,M}, we obtain

[n ∈ !1 (Ω,F, P;R). Further, it follows from [5, Proposition 4.2(iv)] that

(∀i ∈ {1, . . . ,M})
〈
?i,n − z

��Gn − ?i,n
〉
H
=

〈
T:i,nGn − z

��Gn − T:i,nGn
〉
H
¾ 0 P-a.s. (5.21)

In turn, the concavity of y ↦→ 〈y − z | Gn (ω) − y〉H yields

0 ¶
M∑

i=1

Vi,n
〈
?i,n − z

��Gn − ?i,n
〉
H
¶

〈
?n − z

��Gn − ?n
〉
H
=

〈
Gn − C∗n − z

�� C∗n
〉
H

P-a.s. (5.22)

and therefore

1

2
E

����
1[C∗n≠0]1[〈Gn |C∗n 〉H>[n][n

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����
[n −

∑M
i=1 Vi,n〈z | Gn − ?i,n〉H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����

∑M
i=1 Vi,n〈z | Gn − ?i,n〉H

‖C∗n ‖H + 1[C∗n=0]

����
2

= E

����

∑M
i=1 Vi,n〈?i,n − z | Gn − ?i,n〉H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����
〈z | C∗n〉H

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����

〈
Gn − C∗n − z

�� C∗n
〉
H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E

����
‖z‖H‖C

∗
n ‖H

‖C∗n ‖H + 1[C∗n=0]

����
2

¶ E

����
‖Gn − C∗n − z‖H‖C

∗
n ‖H

‖C∗n ‖H + 1[C∗n=0]

����
2

+ E‖z‖2H

¶ E‖Gn − C∗n − z‖2H + ‖z‖2H. (5.23)
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Since {Gn, C
∗
n} ⊂ !2 (Ω,F, P;H) and z ∈ H, we thus obtain 1[C∗n≠0][n/(‖C

∗
n ‖H + 1[C∗n=0]) ∈ !2 (Ω,F, P;R).

Hence, arguing as in (3.23), we deduce from (5.13) that

Gn − 0n = UnC
∗
n ∈ !2 (Ω,F, P;H). (5.24)

It therefore results from (5.7) that Gn+1 ∈ !2 (Ω,F, P;H), which completes the induction argument. On

the other hand, since Un ∈ [0, +∞[ P-a.s., (5.22) yields

〈
z
��UnC∗n

〉
H
= Un

M∑

i=1

Vi,n
〈
z
��Gn − ?i,n

〉
H
¶ Un

M∑

i=1

Vi,n
〈
?i,n

��Gn − ?i,n
〉
H
= Un[n P-a.s. (5.25)

Thus, appealing to Lemma 2.10 and (5.12), we obtain
〈
z
��� E

(
UnC

∗
n

��Xn

)〉

H
= E

(〈
z
��UnC∗n

〉
H

���Xn

)
¶ E

(
Un[n

��Xn

)
+ Yn P-a.s. (5.26)

Altogether, the sequence (Gn)n∈N constructed by (5.7) corresponds to one generated by Algorithm 3.4.

Now set ζ = infj∈N E_2n and note that ζ ¾ infj∈N E2_j ¾ μ2/4 > 0. Hence, we infer from (5.7) and

Lemma 2.7 that

E
(
‖Gn+1 − Gn‖

2
H

��Xn

)
= E

(

_n
(
0n − Gn

)

2
H

���Xn

)

= E
(

_n!n

(
?n − Gn

)

2
H

���Xn

)

= E
(��_n!n

��2

?n − Gn


2
H

���Xn

)

= E

(
_2n!n

M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ E

(
_2n

M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

=
(
E_2n

)
E

( M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ ζE

( M∑

i=1

Vi,n


?i,n − Gn



2
H

����Xn

)

¾ ζE
(
δ max
1¶j¶M



?j,n − Gn


2
H

���Xn

)

¾ δζE
(

?1,n − Gn



2
H

���Xn

)

= δζE
(

T:1,nGn − Gn



2
H

���Xn

)
. (5.27)

However, since :1,n is independent of Xn, Lemma 2.8 implies that, for P-almost every ω′ ∈ Ω,

E
(

T:1,nGn − Gn



2
H

���Xn

)
(ω′) =

∫

Ω



T:1,n (ω)Gn (ω
′) − Gn (ω

′)


2
H
P(3ω)

=

∫

Ω



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω). (5.28)

Therefore, for P-almost every ω′ ∈ Ω, (5.27) implies that

E
(
‖Gn+1 − Gn‖

2
H

��Xn

)
(ω′) ¾ δζ

∫

Ω



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω) P-a.s. (5.29)
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Upon taking the expected value in (5.27), summing over n ∈ N, and invoking Theorem 3.6(ii)(b), we

obtain

E

(∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
=

∑

n∈N

E

(
∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω)

)
< +∞. (5.30)

Hence,

∑

n∈N

∫

Ω



T: (ω)Gn − Gn


2
H
P(3ω) < +∞ P-a.s. (5.31)

Let Ω′ ∈ F such that P(Ω′) = 1 and

(
∀ω′ ∈ Ω′

) ∑

n∈N

∫

Ω



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω) < +∞ and W

(
Gn (ω

′)
)
n∈N ≠ ∅. (5.32)

The existence of such a set Ω′ follows from (5.31) as well as Theorem 3.2(v)(a). Fixω′ ∈ Ω′ and let G (ω′) ∈

W (Gn (ω
′))n∈N, say Gjn (ω

′) ⇀ G (ω′). On the other hand, it follows from the monotone convergence

theorem that
∫

Ω

∑

n∈N



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω) =

∑

n∈N

∫

Ω



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω) < +∞. (5.33)

Hence, for P-almost every ω ∈ Ω,
∑

n∈N‖T: (ω)Gn (ω
′) − Gn (ω

′)‖2H < +∞. Therefore, there exists Ω′′ ∈ F

such that P(Ω′′) = 1 and

(
∀ω ∈ Ω′′

)
T: (ω)Gn (ω

′) − Gn (ω
′) → 0. (5.34)

It then follows from the demiclosedness of the operators (Id − Tk)k∈K at 0 that

(
∀ω ∈ Ω′′

)
T: (ω)G (ω

′) = G (ω′). (5.35)

Therefore G (ω′) ∈
{
z ∈ H | z ∈ FixT: P-a.s.

}
= Z. Since ω′ is arbitrarily taken in Ω′, we conclude that

W (Gn)n∈N ⊂ Z P-a.s. (5.36)

(i): This follows from (5.36) and Theorems 3.6(i)(c) and 3.6(ii)(c).

(ii): Let ω′ ∈ Ω′. In view of (5.8), (5.35), and (5.34), there exists F ∋ Ω′′′ ⊂ Ω′′ such that P(Ω′′′) > 0

and

(
∀ω ∈ Ω′′′

)
{
T: (ω) − Id is demiregular at G (ω′);

T: (ω)Gn (ω
′) − Gn (ω

′) → 0.
(5.37)

However, (i) implies that, for P-almost every ω′ ∈ Ω, Gn (ω
′) ⇀ G (ω′). Therefore, by demiregularity, for

P-almost every ω′ ∈ Ω, we deduce from (5.37) that Gn (ω
′) → G (ω′). Thus, (Gn)n∈N converges strongly

P-a.s. to G . Finally, the strong convergence in !1 (Ω,F, P;H) follows from Theorem 3.6(ii)(d).

(iii): This follows from Theorem 3.6(ii)(f) when [A] holds. It remains to show that [B] implies [A]. Let

us first show that

χ ∈ ]0, 1[. (5.38)

First, the concavity of ξ ↦→ ξ(2 − ξ) and Jensen’s inequality yield

0 < μ ¶ inf
n∈N

E
(
_n (2 − _n)

)
¶ inf

n∈N
E_n (2 − E_n). (5.39)
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This quadratic inequality forces

0 < 1 −
√
1 − μ ¶ inf

n∈N
E_n, (5.40)

and Jensen’s inequality guarantees that 0 < infn∈N E_2n = ζ. Next, since μ ∈ ]0, 1[, δ ∈ ]0, 1[, ν ∈ [1, +∞[,

ρ ∈ [2, +∞[, and _n ∈ ]0, ρ] P-a.s., we have _2n/ρ
2 ∈ ]0, 1] P-a.s. and

ζ

ρ2
=
infn∈N E_2n

ρ2
∈ ]0, 1] . (5.41)

It follows then that μδζ/(ρ2ν) ∈ ]0, 1[ and therefore that χ = 1− μδζ/(ρ2ν) ∈ ]0, 1[. Next, let n ∈ N and

I ∈ !2 (Ω,Xn, P;Z). Theorem 3.2(iii), the independence assumption for _n, and (1.2) imply that

E
(
‖Gn+1 − I‖2H

��Xn

)
¶ ‖Gn − I‖2H − E

(
_n (2 − _n)

)
E
(
‖3n‖

2
H

��Xn

)

= ‖Gn − I‖2H − E
(
_n (2 − _n)

)
E

(
1

_2n
‖Gn+1 − Gn‖

2
H

����Xn

)
P-a.s. (5.42)

Upon taking I = projZ Gn in (5.42),

E
(
d2Z (Gn+1)

��Xn

)
¶ d2Z (Gn) − E

(
_n (2 − _n)

)
E

(
1

_2n
‖Gn+1 − Gn‖

2
H

����Xn

)

¶ d2Z (Gn) − μE

(
1

_2n
‖Gn+1 − Gn‖

2
H

����Xn

)

¶ d2Z (Gn) −
μ

ρ2
E
(
‖Gn+1 − Gn‖

2
H

��Xn

)
. (5.43)

Thus, for P-almost every ω′ ∈ Ω, we derive from (5.27) that

E
(
d2Z (Gn+1)

��Xn

)
(ω′) ¶ d2Z (Gn) (ω

′) −
μδζ

ρ2

∫

Ω



T: (ω)Gn (ω′) − Gn (ω
′)


2
H
P(3ω)

¶ χd2Z (Gn) (ω
′). (5.44)

Hence, E(d2Z (Gn+1) |Xn) ¶ χd2Z (Gn) P-a.s. and, in view of (5.38), [A] holds. The conclusion follows from

Theorem 3.6(ii)(f).

Remark 5.5.

(i) In Algorithm (5.7),M is the batch size, i.e., the number of activated sets, ?n is the standard average

of the selected operators, !n ¾ 1 is the extrapolation parameter,0n is the extrapolated average, and

_n is the relaxation parameter, which can exceed the standard bound 2 imposed by deterministic

methods [16].

(ii) Problem 5.2 is studied in [27] for firmly nonexpansive operators with errors. A deterministic al-

gorithm which activates all the operators at each iteration via a Bochner integral average is pro-

posed. The weak convergence to a solution is established; see also [10] for a version in the context

of projectors of Example 5.1(i). This result contrasts with Theorem 5.4 in which the convergence

is guaranteed even when a finite number of operators are activated at each iteration.

(iii) In (5.7), we need not impose a lower bound on the weights (Vi,n)1¶i¶M if we assume that, for every

i ∈ {1, . . . ,M}, Vi,n is independent of σ(?i,n, G0, . . . , Gn). Indeed, in such a case, Lemma 2.7 asserts
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that

E

( M∑

i=1

Vi,n‖?i,n − Gn‖
2
H

����Xn

)
=

M∑

i=1

E
(
Vi,n‖?i,n − Gn‖

2
H

��Xn

)

=

M∑

i=1

(
EVi,n

)
E
(
‖?1,n − Gn‖

2
H

��Xn

)

= E
(
‖?1,n − Gn‖

2
H

��Xn

)
. (5.45)

(iv) Suppose that, for every k ∈ K, Tk : H → H is continuous. Then, to obtain the joint measurability

of T, it is enough to suppose that, for every x ∈ H, T(·, x) : k ↦→ Tkx is measurable [1, Lemma 4.51].

Remark 5.6. In the literature, convergence to solutions has been established in specific instances of

Problem 5.2 and algorithm (5.7).

(i) Several works have focused on the sequential unrelaxed case, that is, the scenario in which

M = 1, _n = 1, and therefore Gn+1 = 0n = ?n = ?1,n = T:1,nGn . (5.46)

In the context of the projectors of Example 5.1(i), [43] guarantees almost sure convergence to a

solution whenH = RN andK is finite. This result is also found in [9] and in [34]. The setting of [34]

involves a Euclidean space H and a general measurable space (K,K), and it also shows conver-

gence in !2 (Ω,F, P;H). When the subsets are half-spaces or when the interior of Z is nonempty,

[43] provides a rate for convergence in !2 (Ω,F, P;H). For general separable Hilbert spaces and

under the assumption that the operators are averaged mappings, [30] shows weak almost sure

convergence. In addition, a convergence rate is established in !1 (Ω,F, P;H) when (5.10) is satis-

fied. The paper [44] involves deterministic relaxations λn ∈ ]0, 2[ in the context of subgradient

projectors of Example 5.1(iv) in H = RN. Assuming that (5.10) holds and, additionally, that the

subgradients are uniform bounded, almost sure convergence to a solution is established.

(ii) We now discuss works that have studied algorithms forM > 1. In [33], K is countable, extrapola-

tions are not allowed (hence 0n = ?n), _n is a deterministic parameter in ]0, 2], and the condition

intZ ≠ ∅ is imposed. Finite convergence is established. In the context of projectors in H = RN,

a similar approach to Algorithm 1.1 is studied in [40] and [42] with the following restrictions:

deterministic relaxations (λn)n∈N in ]0, 2[ and iteration-independent fixed deterministic weights

βi,n ≡ 1/M. Mean-square rates of convergence are established by assuming that (5.10) holds, as

well as ergodic convergence results. However, almost sure convergence is not proved. Similarly,

[41] and [45] use a deterministic relaxation sequence (λn)n∈N in ]0, 2[ and iteration-independent

fixed deterministic weights βi,n ≡ 1/M to solve Problem 5.2 in the context of subgradient pro-

jectors in H = RN. Under linear regularity assumptions and, additionally, uniform boundedness

of the subgradients, rates of convergence in mean-square are provided. Nevertheless, almost sure

convergence of the sequence of iterates is not guaranteed.

Remark 5.7. By combining the proofs to Theorem 4.1 and Theorem 5.4, it is possible to establish conver-

gence results for the following error-tolerant algorithm for solving Problem 5.2: Let G0 ∈ !2 (Ω,F, P;H),
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0 < M ∈ N, and δ ∈ ]0, 1/M[. Iterate

for n = 0, 1, . . .


Xn = σ(G0, . . . , Gn)

for i = 1, . . . ,M


:i,n is a copy of : and is independent of Xn

take 4i,n ∈ !2 (Ω,F, P;H)

?i,n = T:i,nGn + 4i,n

(Vi,n)1¶i¶M are [0, 1] -valued random variables such that∑M
i=1 Vi,n = 1 P-a.s. and (∀i ∈ {1, . . . ,M}) Vi,n ¾ δ1[‖?i,n−Gn‖H= max

1¶j¶M
‖?j,n−Gn‖H]

?n =
∑M

i=1 Vi,n?i,n

take _n ∈ !∞(Ω,F, P; ]0, 2[)

Gn+1 = Gn + _n (?n − Gn).

(5.47)

Suppose that infn∈N E(_n (2 − _n)) > 0, max1¶i¶M
∑

n∈N

√
E‖4i,n‖

2
H < +∞, and that, for every n ∈

N, _n is independent of σ(:1,n, . . . , :M,n, 41,n, . . . , 4M,n, V1,n, . . . , VM,n, G0, . . . , Gn). Then there exists G ∈

!2 (Ω,F, P;Z) such that (Gn)n∈N converges weakly in !2 (Ω,F, P;H) and weakly P-a.s. to G .

§6. Numerical experiments

We illustrate numerically our results in the context of Problem 5.2 with applications of the stochastic

algorithm (5.7) with the deterministic relaxation strategies

(∀n ∈ N) _n = 1.0 (6.1)

and

(∀n ∈ N) _n = 1.9. (6.2)

We also consider the random relaxation strategies

(∀n ∈ N) P([_n = 2.3]) =
1

2
and P([_n = 1.5]) =

1

2
(6.3)

and

(∀n ∈ N) _n ∼ uniform([1.5, 2.3]). (6.4)

Note that (6.3) and (6.4) are super relaxation strategies that satisfy, for every n ∈ N, E(_n(2 − _n)) > 0,

P([_n > 2]) > 0, and E_n = 1.9. Problem 5.2 is specialized to the standard Euclidean space H = RN with

‖·‖H = ‖·‖, K = {1, . . . , p}, and : ∼ uniform(K).

Problem 6.1. For every k ∈ {1, . . . , p}, fk : R
N → R is a convex function and Ck =

{
x ∈ RN | fk(x) ¶ 0

}
.

It is assumed that Z =
⋂

1¶k¶p Ck ≠ ∅. The task is to

find x ∈ RN such that x ∈ Z. (6.5)

Consider the setting of Problem 6.1. For every k ∈ {1, . . . , p}, let Tk : R
N → RN be the subgradient

projector onto Ck of Example 5.1(iv), so that, by [5, Propositions 16.20 and 29.41]

Tk is firmly quasinonexpansive, Fix Tk = Ck, and Id − Tk is demiclosed at 0. (6.6)

Subgradient projectors extend the classical projection operators in the following sense. Let C be a

nonempty closed and convex subset of RN and suppose that fk = dC. Then Ck = C and Gk = projC
[5, Example 29.44]. Their importance in solving Problem 6.1 stems from the fact that they are generally

much easier to implement than exact ones.
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6.1. Signal restoration

The goal is to recover the original signal x ∈ RN (N = 1024) shown in Fig. 2(a) from 20 noisy observations

(Ak)1¶k¶20 given by

(∀k ∈ {1, . . . , 20}) Ak = Lkx +Fk (6.7)

where Lk : R
N → RN is a known linear operator, ηk ∈ ]0, +∞[, andFk ∈ [−ηk, ηk]

N is a bounded random

noise vector. The parameters (ηk)1¶k¶20 ∈ ]0, +∞[20 are known. The operators (Lk)1¶k¶20 are Gaussian

convolution filters with zero mean and standard deviation taken uniformly in [10, 30], ηk = 0.15, andFk

is taken uniformly in [−ηk, ηk]
N. Set, for every k ∈ {1, . . . , 20} and every j ∈ {1, . . . ,N},

Ck,j =
{
x ∈ RN | −ηn ¶ 〈Lkx − Ak | ej〉 ¶ ηn

}
. (6.8)

Since the intersection of these sets is nonempty and their projectors are computable explicitly [5, Exam-

ple 29.21], we solve the feasibility problem

find x ∈ RN such that (∀k ∈ {1, . . . , 20}) (∀j ∈ {1, . . . ,N}) x ∈ Ck,j (6.9)

by algorithm (5.7) implemented with exact projectors.We run two instances with G0 = 0. In the first one,

M = 1. Note that the relaxation scheme of (6.1) leads to the almost sure convergence result of [43] (see
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Figure 2: Experiment of Section 6.1. (a): Original signal x. (b): Noisy observation A1. (c): Solution produced

by algorithm (5.7).
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also [34]), while the relaxation schemes (6.2)–(6.4) are new even in this specialized context of randomly

activated projection method. In the second instanceM = 16. Fig. 3 displays the normalized error versus

execution time.

Fig. 3 (top) shows the benefits of large relaxationswhenM = 1. Fig. 3 (bottom) shows the advantage of

usingM > 1 random blocks, in which case the extrapolation parameter !n is not equal to 1 and can attain

large values. This behavior was previously observed for deterministic algorithms [6, 12, 15, 48]. Fig. 3

also suggests that, on a single run, the use of the proposed random super relaxation scheme can further

improve the speed of convergence. It is worth noting that the execution time can naturally be reduced if

Algorithm 1.1 is implemented on a multi-core architecture where, at each iteration, each (subgradient)

projector is assigned to a dedicated core and all the cores work in parallel.
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Figure 3: Experiment of Section 6.1. Normalized error 20 log(‖Gn−G∞‖/‖G0−G∞‖) (dB) versus execution

time (s) on single processor machine for various relaxation strategies. Green: (6.1). Magenta:

(6.2). Blue: (6.3). Brown: (6.4). Left: Average over ten runs. Right: A single run. Top: M = 1.

Bottom:M = 16.

6.2. Image restoration

The goal is to recover the original image x̄ ∈ RN×N (N = 256) shown in Fig. 4(a) from four observations

{A1, . . . , A4} which are given by the degradation of x̄ via a Gaussian kernel with a standard deviation of

8 and the addition of random noise. The noise distribution is uniform([0, 5]N×N). Let L be the block-

Toeplitz matrix associated with the convolutional blur. Then

(∀k ∈ {1, 2, 3, 4}) Ak = Lx̄ +Fk, where Fk ∼ uniform
(
[0, 5]N×N

)
. (6.10)

The entries of the randomvectors (Fk)1¶k¶4 are i.i.d. Therefore, as shown in [23], for every k ∈ {1, 2, 3, 4},

with a 95% confidence coefficient

x̄ ∈ Ck =
{
x ∈ RN×N | ‖Ak − Lx‖2 ¶ ξ

}
, (6.11)

where ξ = N2E|D |2+1.96N
√
E|D |4 − E2 |D |2 withD ∼ uniform([0, 5]). For every k ∈ {1, 2, 3, 4}, we compute

the subgradient projector onto Ck in (5.3) via the function fk : x ↦→ ‖Ak − Lx‖2 − ξ. In addition, the
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Figure 4: Experiment of Section 6.2. (a) Original image x̄. (b) Noisy observation A1. (c) Solution produced

by algorithm (5.7).

boundedness on pixel values is incorporated as the property set C5 = [0, 255]N×N. Finally, it is assumed

that the discrete Fourier transformF(x̄) of x̄ is known on a portion of its support for low frequencies in

both directions. That is, let S be the set of frequency pairs {0, . . . ,N/8 − 1}2 as well as those resulting

from the symmetry properties of the 2D discrete Fourier transform of real images. The associated set is

C6 =
{
x ∈ RN×N | F(x)1S = F(x̄)1S

}
and its projection is given by projC6

: x ↦→ F−1 (F(x̄)1S +F(x)1∁S).

We run algorithm (5.7) with G0 = 0 and M = 2. Fig. 5 displays the normalized error versus execution

time. These results confirm the conclusions of Section 6.1.
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Figure 5: Experiment of Section 6.2 using M = 2. Normalized error 20 log(‖Gn − G∞‖/‖G0 − G∞‖) (dB)

versus execution time (s) on a single processormachine for various relaxation strategies. Green:

(6.1). Magenta: (6.2). Blue: (6.3). Brown: (6.4). Left: Average over ten runs. Right: A single run.
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